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Foreword 


More than a generation of German-speaking students around the world have worked their 
way to an understanding and appreciation of the power and beauty of modern theoretical 
physics—with mathematics, the most fundamental of sciences—using Walter Greiner's 
textbooks as their guide. 

The idea of developing a coherent, complete presentation of an entire field of science in a 
series of closely related textbooks is not a new one. Many older physicians remember with 
real pleasure their sense of adventure and discovery as they worked their ways through the 
classic series by Sommerfeld, by Planck, and by Landau and Lifshitz. From the students’ 
viewpoint, there are a great many obvious advantages to be gained through the use of 
consistent notation, logical ordering of topics, and coherence of presentation; beyond this, 
the complete coverage of the science provides a unique opportunity for the author to convey 
his personal enthusiasm and love for his subject. 

These volumes on classical physics, finally available in English, complement Greiner's 
texts on quantum physics, most of which have been available to English-speaking audiences 
for some time. The complete set of books will thus provide a coherent view of physics that 
includes, in classical physics, thermodynamics and statistical mechanics, classical dynam- 
ics, electromagnetism, and general relativity; and in quantum physics, quantum mechanics. 
symmetries, relativistic quantum mechanics, quantum electro- and chromodynamics, and 
the gauge theory of weak interactions. 

What makes Greiner’s volumes of particular value to the student and professor alike is 
their completeness. Greiner avoids the al] too common “it follows that... “’ which conceals 
several pages of mathematical manipulation and confounds the student. He does not hesitate 
to include experimental data to illuminate or illustrate a theoretical point, and these data, 
like the theoretical content, have been kept up to date and topical through frequent revision 
and expansion of the lecture notes upon which these volumes are based. 

Moreover, Greiner greatly increases the value of his presentation by including something 
like one hundred completely worked examples in each volume. Nothing is of greater 
importance to the student than seeing, in detail, how the theoretical concepts and tools 
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under study are applied to actual problems of interest to working physicists. And, finally, 
Greiner adds brief biographical sketches to each chapter covering the people responsible 
for the development of the theoretical ideas and/or the experimental data presented. It 
was Auguste Comte (1789-1857) in his Positive Philosophy who noted, “To understand a 
science it is necessary to know its history.” This is all too often forgotten in modern physics 
teaching, and the bridges that Greiner builds to the pioneering figures of our science upon 
whose work we build are welcome ones. 

Greiner’s lectures, which underlie these volumes, are internationally noted for their 
clarity, for their completeness, and for the effort that he has devoted to making physics an 
integral whole. His enthusiasm for his sciences is contagious and shines through almost 
every page. 

These volumes represent only a part of a unique and Herculean effort to make all of 
theoretical physics accessible to the interested student. Beyond that, they are of enormous 
value to the professional physicist and to all others working with quantum phenomena. 
Again and again, the reader will find that, after dipping into a particular volume to review a 
specific topic, he or she will end up browsing, caught up by often fascinating new insights 
and developments with which he or she had not previously been familiar. 

Having used a number of Greiner’s volumes in their original German in my teaching 
and research at Yale, I welcome these new and revised English translations and would 
recommend them enthusiastically to anyone searching for a coherent overview of physics. 


D. Allan Bromley 

Henry Ford IT Professor of Physics 
Yale University 

New Haven, Connecticut, USA 


Preface 


Theoretical physics has become a many faceted science. For the young student, it is difficult 
enough to cope with the overwhelming amount of new material that has to be learned, 
let alone obtain an overview of the entire field, which ranges from mechanics through 
electrodynamics, quantum mechanics, field theory, nuclear and heavy-ion science, statistical 
mechanics, thermodynamics, and solid-state theory to elementary-particle physics; and this 
knowledge should be acquired in just eight to ten semesters, during which, in addition, a 
diploma or master’s thesis has to be worked on or examinations prepared for. All this can be 
achieved only if the university teachers help to introduce the student to the new disciplines 
as early as possible, in order to create interest and excitement that in turn set free essential 
new energy. 

At the Johann Wolfgang Goethe University in Frankfurt am Main, we therefore con- 
front the student with theoretical physics immediately, in the first semester. Theoretical 
Mechanics I and II, Electrodynamics, and Quantum Mechanics -L—An Introduction are the 
courses during the first two years. These lectures are supplemented with many mathemati- 
cal explanations and much support material. After the fourth semester of studies, graduate 
work begins, and Quantum Mechanics II—Symmetries, Statistical Mechanics and Ther- 
modynamics, Relativistic Quantum Mechanics, Quantum Electrodynamics, Gauge Theory 
of Weak Interactions, and Quantum Chromodynamics are obligatory. Apart from these, 
a number of supplementary courses on special topics are offered, such as Hydrodynam- 
ics, Classical Field Theory, Special and General Relativity, Many-Body Theories, Nuclear 
Models, Models of Elementary Particles, and Solid-State Theory. 

This volume of lectures, Classical Mechanics: Point Particles and Relativity, deals with 
the first and more elementary part of the important field of classical mechanics. We have 
tried to present the subject in a manner that is both interesting to the student and easily 
accessible. The main text is therefore accompanied by many exercises and examples that 
have been worked out in great detail. This should make the book useful also for students 
wishing to study the subject on their own. 

Beginning the education in theoretical physics at the first university semester, and not as 
dictated by tradition after the first one and a half years in the third or fourth semester, has 
brought along quite a few changes as compared to the traditional courses in that discipline. 
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Especially necessary is a greater amalgamation between the actual physical problems and 
the necessary mathematics. Therefore, we treat in the first semester vector algebra and 
analysis, the solution of ordinary, linear differential equations, Newton’s mechanics ofa 
mass point culminating in the discussion of Kepler’s laws (planetary motion), elements 
of astronomy, addressing modern research issues like the dark matter problem, and the 
mathematically simple mechanics of special relativity. 

Many explicitly worked-out examples and exercises illustrate the new concepts and 
methods and deepen the interrelationship between physics and mathematics. As a matter of 
fact, this first-semester course in theoretical mechanics is a precursor to theoretical physics. 
This changes significantly the content of the lectures of the second semester addressed in 
the volume Classical Mechanics: System of Particles and Hamiltonian Dynamics. 

The new mathematical tools are explained and exercised in many physical examples. In 
the lecturing praxis, the deepening of the exhibited material is carried out in a three-hour- 
per-week theoretica, that is, group exercises where eight or ten students solve the given 
exercises under the guidance of a tutor. 

Biographical and historical footnotes anchor the scientific development within the general 
context of scientific progress and evolution. In this context, I thank the publishers Harri 
Deutsch and F. A. Brockhaus (Brockhaus Enzyklopddie, F.A. Brockhaus, Wiesbaden— 
marked by [BR]) for giving permission to extract the biographical data of physicists and 
mathematicians from their publications. 

We should also mention that in preparing some early sections and exercises of our 
lectures we relied on the book Theory and Problems of Theoretical Mechanics, by Murray 
R. Spiegel, McGraw-Hill, New York, 1967. 

Over the years, we enjoyed the help of several students and collaborators, in particular, 
H. Angermiiller, P. Bergmann, H. Betz, W. Betz, G. Binnig (Nobel prize 1986), J. Briechle, 
M. Bundschuh, W. Caspar, C. v. Charewski, J. v. Czarnecki, R. Fickler, R. Fiedler, B. Fricke 
(now professor at Kassel University), C. Greiner (now professor at JWG-University, Frank- 
furt am Main), M. Greiner, W. Grosch, R. Heuer, E. Hoffmann, L. Kohaupt, N. Krug, 
P. Kurowski, H. Leber, H. J. Lustig, A. Mahn, B. Moreth, R. Mérschel, B. Miiller (now 
professor at Duke University, Durham, N.C.), H. Miiller, H. Peitz, J. Rafelski (now pro- 
fessor at University of Arizona, Tuscon), G. Plunien, J. Reinhardt, M. Rufa, H. Schaller, 
D. Schebesta, H. J. Scheefer, H. Schwerin, M. Sciwert, G. Soff (now professor at Technical 
University Dresden), M. Soffel (now professor at Technical University Dresden), E. Stein 
(now professor at Maharishi University, Vlodrop, Netherlands), K. E. Stiebig, E. Stammler, 
H. Stock, H. Stérmer (Nobel prize 1998), J. Wagner, and R. Zimmermann. They all made 
their way in science and society, and meanwhile work as professors at universities, as 
leaders in industry, and in other places. We particularly acknowledge the recent help of 
Dr. Sven Soff and Dr. Stefan Scherer during the preparation of the English manuscript. The 
figures were drawn by Mrs. A. Steidl. 

The English manuscript was copy-edited by Kristen Cassereau and the production of the 
book was supervised by Timothy Taylor of Springer-Verlag New York, Inc. 


Walter Greiner 
Johann Wolfgang Goethe-Universitat 
Frankfurt am Main, Germany 
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VECTOR CALCULUS 


Introduction and 
Basic Definitions 


Physical quantities that are completely determined by the specification of one numerical 
value and a unit are called 


scalars (e.g., mass, temperature, energy, wavelength). 


Quantities that for a complete description besides the numerical value and the physical 
unit still need the specification of their direction are called 


vectors (e.g., force, velocity, acceleration, torque). a B 


A vector may be represented geometrically by an oriented A 
distance, i.e., by a distance associated with a direction, such that 
holds; for example: Let A be the initial point and B the endpoint Vector a pointing from A 
of the vector a (compare figure). to B. 

The magnitude of the vector is then represented by the length of the distance AB. A 
vector is frequently described symbolically by a Latin letter with a small arrow attached to 
elucidate the vector character. Other possible representations make use of German letters 
or emphasize the quantity by bold printing. 

The magnitude of a vector a is written as: |a| = a. 


Definition: Two vectors a and b are called equal if 
1. |a| = |b}, 
2. att b = (aligned; parallel). 
We then write a = b. aa 

That means: All distances of equal length and equal tpewestore a and b ale equal. 
orientation are representations of the same vector on equal 
footing. Hence, the specific location of the vector in space is being disregarded. 

A vector with opposite direction but equal magnitude of a is denoted as —a. Oppositcly 
equal vectors have the same length (|a| = | — al) and are located on parallel straight lines 


but have opposite orientations; that is, they are antiparallel (a +) —a). If, for instance, 
— 
A Se AR, then —a = BA. 


tv) 
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Addition: If two vectors a and b are added, the initial 
point of the one vector is brought by a parallel shift to 
coincide with the endpoint of the other one. The sum a+b, 
also called the resultant, then corresponds to the distance 
from the initial point of the first vector to the endpoint 
of the second one. This sum may also be found as the 
diagonal of the parallelogram formed by a and b (compare 
the figure). 


Addition of the vectors a and b. 
Rules of calculation: There hold 


at+b=b+a (commutation law) 
and 
(a+b)+c=a+(b+c) (association law), 


as is seen immediately (compare the figures). 


axe 
c 
pre 

Illustration of the commutativity of the addi- llustration of the associativity of the addi- 

tion of vectors. tion of vectors. 
Subtraction: The difference of two vectors a and b is defined as 

a—b=a-+(--b). 
Zero (Null) vector: The vector difference a — a is denoted ae 
ii otaellceenneannamneee at 

as zero vector (or null vector): 


—a-—0 —a= (0. 
aa or a The zero vector. 


The zero vector has magnitude 0; it 1s orientationless. 


Multiplication of a vector by a scalar: The product pa of a vector a by a scalar p, 
where p is areal number, is understood as the vector having the same orientation as a and 
the magnitude | pa| = |p| - [al. 
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Rules of calculation: 


q(pa) = p(qa) = qpa_ (where p and q are real), 


(p+q)a = pat qa, 
p(a+b) = pa+ pb. a 


These rules are immediately intelligible Oupeee: , 
i ; The multiplication of a vector a by a scalar p (in 
and don’t need any further explanation. this case, p = 3). 


The Scalar Product 


The physical quantities force and path are oriented quantities and are represented by the 
vectors F and s. The mechanical work W performed by a force F along a straight path s is 


W = Fscosg = |F| |s|cos¢, 


where g is the angle enclosed by F and s. W by itself, although originating from two 
vectors, is a scalar quantity. With a view on physical applications of this kind, we therefore 
define: 

The scalar product a - b of two vectors is understood as 


a-b = [al - |b] - cosg, 


where ¢ is the angle enclosed by a and b. a- b is a real number. Expressed by words, the 
scalar product is defined as follows: a - b = |aj| multiplied by the projection of b onto a, or 
vice versa. 


Iblcos@ 
Illustration of the scalar product. 


The visual meaning of the scalar product: 
magnitude of the projection of b onto a multiplied by [a], or 


magnitude of the projection of a onto b multiplied by (bj. 
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Properties of the scalar product: a -b takes its maximum value for g equal to zero 
(cos 0 = 1, a parallel to b) 


a-b = [a}- |b]. 
For g = 2 the scalar product takes its minimum value (cos7 = —1,a antiparallel to b), 
namely 

a-b = —|al: |b}. 
For g = 2/2, a-b = O holds, even if a and b are nonzero (cos7/2 = 0, 


a perpendicular to b); thus 
a DOs eat 7 a ep: 


Rules of calculation: The following are true: 


a-b =hb-a (commutativity); 

a-(b+c)=a-b+a-c (distributivity); 

p(b-c) =(pb)-c (associativity). 
The first and last rules are immediately intelligible; the second rule is illustrated in the 
figure below. 

If b, c, a are not coplanar, the rule of distributivity may easily be visualized by a triangle 


located in space. The vector a may easily be visualized by a pencil or a pointing rod 
(compare the figures!). 


bee Roo 
ae fl 
a na 
hee) 
lal 


lilustration of the distributivity law. 


Mlustration of the distributivity taw in 
space. 


Unit vectors: Unit vectors are understood as vectors of magnitude 1. If a # 0, then 
a 


jal 


is a unit vector pointing along a. Actually, the magnitude of e equals | since je| = 
|a/lal| = |a|/\a| = 1. A possibility frequently used in physics is to assign a direction to 
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a scalarly formulated equation by the unit vector. For example, the gravitational force has 
the magnitude 


It is acting along the connecting line between the two masses M 


and m, hence _ 
mM r M 


ae bd 
Poa) The unit vector pointing 
F is the force applied by the mass M to the mass m. Its direction 0m the big mass to the 


is given by —e, = —r/|r|. Hence it is acting toward the mass M. oe ole ie ie 


Cartesian unit vectors: The unit vectors pointing along the positive x-, y-, and z-axes 
of a Cartesian coordinate frame are defined as follows: 

e; (in x-direction) or also i; 

€2 (in y-direction) or also j; 

€; (in z-direction) or also k. 


There exist two kinds of Cartesian coordinate frames, namely right-handed frames and 
left-handed frames (compare the figures below). 


j 
k k ; 
i 
right-handed system: k points into the di- left-handed system: k points into the direc- 
rection of a right-handed screw when it> j tion of a left-handed screw when i +> j is 
is rotated along the shortest possible way. rotated along the shortest possible way. 


We shall always use only right-handed frames in these lectures! 


Orthonormality relations: i, j, k or e;, e2, €; will be used in the following always con- 
currently, depending on convenience. 

We now consider the properties of the Cartesian unit vectors with respect to formation of 
scalar products: Since the enclosed angle is each a nght one, the following relations hold: 


k-k=1 (because of g = 0, hence cos0 = 1); 


is (2.1) 
k=j-k=0 (because of g = 7/2, hence cos7/2 = 0). ; 


i]: 
i- 


i-j= 
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These relations are combined by defining 


0 for v # pL, 


e, ey = dy, where dyy = ee: 


and is called the Kronecker symbol.' For the three-dimensional space, and v are running 
from 1 to 3,e; =i,eo =j,e =k. 


'Leopold Kronecker, b. Dec. 7, 1823, Liegnitz (Legnica)—d, Dec. 29, 1891, Berlin. Kronecker was a rich 
plivate person who moved to Berlin in 1855. He taught for many years at the university there, without having 
a chair. Only in 1883, after retirement of bis teacher and friend Kummer, he took a professorship. His most 
important publications concern arithmetics, theory of ideals, number theory, and elliptic functions. Kronecker 


was the leading representative of the Berlin School, which claimed the necessity of arithmetization of the entire 
mathematics. 


Component 
Representation 
of a Vector 


The vector a, which is uniquely represented by the sum of 

vectors—in our example by the sum of the vectors b, c, d, f— b 

is called the linear combination of the vectors (e.g., b, c, d, 

and f). The term “‘vectors” and their “linear combination” thus 

graphically form a closed polygon, the vector polygon. One 

may, of course, conclude from given vectors b, c, d on the 

linear combination that yields the arbitrary (but fixed) vector a. 
According to the definition introduced above, the vector a The vector polygon. 

then must be a linear combination of the vectors b, c, d; 

thus 


a=q)b+qce+ q3d. 


qi, q2, and q3 are denoted as components of the vector a with respect to b, ¢, d. The vectors 
b, c, d must be linearly independent, that is, none of the three vectors may be represented 
by the other two vectors. Otherwise not every arbitrary vector a could be combined out 
of the three basic vectors b, c, d. If, for example, d could be expressed by b and c, hence 
d = ab + Be, then a = (g; + q3@)b + (g2 + 938)e would always be confined to lie in the 
plane spanned by b and c. But an arbitrary vector a in general does not lie in this plane 
(e.g., points out of this plane). One says: The base b, ¢ is incomplete for arbitrary vectors 
a. In the three-dimensional space one therefore always needs three basic vectors that are 
linearly independent (i.e., cannot be expressed by each other). 


Component representation of a vector in Cartesian coordinates: Any vector of the 
three-dimensional space may be represented as a linear combination of the Cartesian unit 
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vectors i, j, k. This representation leads to 
simple and transparent calculations, due to 
the orthogonality relations. One then has 


a = a,i + ayj + ak, 


a---~---------}> 


where a, = a-i,ay =a-j, anda, =a-k 
are the projections of a onto the axes of the 
frame. The unit vectors i, j, K (or e;, €2, €3) 
are also called base vectors. icin ae 

Besides the representation as a sum of vec- 
tors along the unit vectors, the vector a still k 
may be represented as 


= row notation), : 
St ee i ) The components of a vector are obtained by 


a, parallel projection. 


a=|ay (column notation). 


If the base vectors are known, it is sufficient to know the three components. 


Calculation of the magnitude of a vector fromthe components: According to the theo- 
rem of Pythagoras, the magnitude of a vector a is calculated from its Cartesian components 
as follows: 


code oy ae 
(ale j@ ae@y ride 


Addition of vectors expressed by components: One has 


3 3 3 
a Di= yo aie te > be = KC + bie; 
et = = 


= (a, + bye; + (az + b2)e2 + (a3 + b3)e3 
= (a; + by, a2 + b2, a3 + b3). 


Here both commutativity as well as associativity of vector addition have been used 


repeatedly. Thus, the components of the sum vector are the sums of the corresponding 
components of the individual vectors. 


The scalar product in component representation: Onc has 


a-b = (a,i+a,j +a,k) - (bi + b,j + 6,4), 
oo a,byi z i + a,byi -j =| a,b Ai ¥ k + ayb,j i i + aybyj -j + ayb.j : k 
+ a,b,k -i+ a,byk -j+a,b.k-k. 
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Taking into account the orthonormality relations (2.1), we then get 
a-b=4,b, +a,by +a,b,. (3.1) 


Finally, setting for the indices x = 1, for y = 2, and for z = 3, then one can write 
3 
a-b= Yo aibi. (3.2) 
=I 


Hence, the scalar product of two vectors may be evaluated simply by multiplying the cor- 
responding components of the vectors by each other and summing over the three products. 


Problem 3.1: Addition and subtraction of vectors 


A DC-10 “flies” north-west at 930 km/h relative to ground. A strong breeze blows from the west with 


120 km/h relative to ground. 
What are the velocity and direction of flight of the plane, assuming that there is no wind deflection? 


The relative directions of wind and airplane velocity. 


Solution Let 
\v,,| = 930 km/h, the velocity of the plane in the wind, 
[¥o| = the velocity of the plane without wind, 


|w| = the wind velocity. 
Now we can write 


w = 120e,, 
V,, = —930cos(45°)e, + 930sin(45°)e, 
= —65/,0le, 1 697.01e;, 
Vp == Vy, — W = -~—777.6le, + 657.61e, 
=> Vp = |Vo| = 1018.39 km/h, 
Voy | 


tang = —~ = 0.846 
|vo, | 


=> g=40.2°. 


ile 
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The position vector: A point P in space may be 
uniquely fixed by specifying the vector beginning at 
the origin of the coordinate frame and pointing to 
the point P as endpoint. 

The components of this vector, the position vec- 
tor, then correspond to the coordinates (x, y, z) of 
the point P. Thus, for the position vector, which is 
mostly abbreviated by r, there holds 


F= x14 yj + 2K, “or w= (x, ¥.2); 


eae 


The angle between two vectors: From the knowl- 
edge of the two possibilities for represent- 
ing the scalar product 


a-b = |a| |b| cosy = a,b, + ayby + a,b,, 


PGY;0) 


The position vector and its coordinates. 


one obtains the following relation for the angle enclosed by a and b: 


a-b a,b, + ayby + a,b, 


0S 9 = —— = — 
lal IDl fa? + a2 + a2,/b2 + b2 +B 
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The Vector Product 
(Axial Vector) 


One may define a further product between vectors. Here a new vector arises that is defined 
as follows. 


Definition: The vector product of two vectors a and b is the vector 
a x b = ({a| - |b] sing)n, (4.1) 


where n is the unit vector being perpendicular to the plane fixed by a and b, and pointing 
out of the plane as a right-handed helix when rotating the first vector of the product into 
the second vector. Note that the rotation has to be per- 

formed along the shortest path. TIL. 7 


- ; h=bsing y) 
The magnitude of the vector product is equal to the area 
of the parallelogram spanned by a and b, as is seen from ® 
the figure. Geometrical interpretation of the 
F = |a x b| = [al [bl sing = absing, absolute value of the vector prod- 
uct as area. 


Properties of the vector product: a x b takes its maximum magnitude for g = 7/2, 
sin(7/2) = 1, a perpendicular to b, |a x b| = |a| |bI. 
a x b vanishes for g = 0 (sin0 = 0, a parallel to b). 


ae ifat) b or (J) means antiparallel) 
axb= 

ifa t+ b. (tt means parallel) 
The formula also includes the special case a = b, thus 


axa—0. 
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Notations: 


© represents a vector perpendicular to the drawing plane and pointing out of the plane 
(arrowhead). 


® represents a vector perpendicular to the drawing plane and pointing into the plane 
(arrowbase). 


Rules of calculation: The vector product has the following properties: 


its axb=-—bxa (no commutativity); 
Il. ax (b+c)=axb+axe (distributivity); (4.2) 
ill. ax (bx c)#(axb) xe (no associativity); 


IV.  p(a xb) = (pa) x b=a x (pb). 


Rule I follows immediately from the definition of the vector product (compare with the 
figure). 

Rule III: The vector on the left side lies in the plane spanned by the vectors b and e; the 
vector on the right side is in the plane spanned by a and b. The subsequent example also 
shows that associativity does not hold. One has e; x (€2 x €2) = 0, but (e; x e2) x er = —e;. 

Rule II: The proof is given in two steps: 


1. Let a be perpendicular (L) on b and ¢, that is, a-b = a-c = 0. Thena x (b+) = 
a x b+ a x c. The proof for that may be read off immediately from the two figures. 
a x b stands | on b and a, is rotated against b by 90°, and is longer than b by the factor 
ja|. The situation is similar for a x ¢ and a x (b +c). The parallelogram of the vectors 
a x b, a x c, a x (b + c) emerges from that of the vectors b, ¢, (b + c) by a rotation 
about a by 90° and subsequent stretching by |a]. 


bxa=-—axb 


Illustration of the calculational rule 1. The direction of rotation is shown. 
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Perspective view of the special case: a 1 banda 1c. Plan view from top of the special case: a | b 
anda tc. 


2. We now decompose in the general case 
b=b, +b, 
c=cC, +Cj, 


that is, b and ¢ into components _L and || to a (compare 
with the figure). 
Then, on the one hand, the following holds: 


, axb The general case: the vectors 
a x b = ((a| - |b] - sing) Arie b and ¢ are both decomposed 
into components parallel (jj) and 
and, on the other hand, perpendicular (1) to a. 
axb 
a x by = (al - [bi |) —_ 
la x bl 
: axb 
= (al - |b] - sing) ——, 
la x bi 
and therefore 
ax bax bi. (4.3) 


This holds for any arbitrary vector b. Therefore, one immediately concludes a x ¢ = 
a x ¢,. We may then conclude 


ax (b+c) =ax (b+ ce); =ax (6b; + ¢€)) 
= xD) 4-8. Ci (because of the special case in 1) 


=axb+axc (because of (4.3)) 
q.e.d. 
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Rule IV: The rule for multiplication by a scalar p is immediately evident if we remind 
ourselves of the meaning of pa. 


Vector products of the Cartesian unit vectors: There holds 
ixi=jxj=kxk=0, and ixj=k, 
or e; Xe; =e) XQ =—e;xe,;=0, and e; xe, =63. (4.4) 


This product satisfies the cyclic permutability. For an anticyclic permutation one has to 
multiply by the factor —1, for example, j x i = —k. 


Vector product in components: We now denote the Cartesian unit vectors by e;, e2, €3 
instead of i, j, k. 
Let 


3 3 
a= aye; + ae. + a3e3 = Yo aie; and b= \ > bie; 


0 i=] 


be two arbitrary vectors. When forming the vector product of the two vectors a = s.. ae; 
and b = )7)_, bie;, one obtains 


a x b = (aye; + aze2 + a3e3) x (bye; + be. + d3e3) 
— ayb2e3 = a7b\e3 + a7b3e, _ a3b2e, + a3b,e2 oa ay b3e2 (4.5) 
= (a2b3 — a3b2)e, + (a3b, — a)b3)e2 + (ayb2 — arb; )es. 


It is now practical to introduce the determinant notation. 


Determinants: A rectangular array of numbers is called a matrix (see the figure). 


column 
J 
4) 412... Aig 
42; 422. .-- Arg < row 
G@p1 Apr ..- Ang 


For the case q = p, the matrix is called quadratic. One then can assign a numerical value 
D to it, called a determinant. It is defined as follows: 


I. det(ay1) = Jay | = ayy; 
Aj, aj2 ayy ayn 

Il. det = = 11422 — }247); (4.6) 
a2; a22 ax, an 
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Q@\1; 12 
HI. det ay} a2? 
a3, 432 
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4\3 Qi) 423 
a3) = 1421 22 a3 
a33 43, 432 433 

422 423 a2, 423 a2, 422 

= ay} =a + 413 : 

432 «433 a3, 33 a3, =—32 


The evaluation of the 3 x 3 determinants may be simplified by using the so-called Sarrus 
tule.! The procedure is: Establish an additional auxiliary matrix by writing the first two 
columns of the original matrix once again to its right side, and form the product terms, 
involving signs, according to the following scheme. 


4, yy (43 (ay 


Oo 


l 


a ae Pe Eg 
= OS SS 5 ae 
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Multiple-row determinants may be reduced to determinants of lower order by expansion 
with respect to a row or column (formation of subdeterminants), analogous to (eq. (4.6), 
TI). We will see this method at work in Example 4.4 on the Laplace expansion theorem. 


Rules of calculation: 


nants are 


The most important rules for calculations involving determi- 


1. If two rows or columns of the quadratic matrix are identical or proportional to each 
other, then the determinant of this matrix = 0. 


2. When permuting any two neighboring rows or columns, the sign of the determinant 


changes. 


3. The determinant of the matrix reflected at the main diagonal (also called the transposed 
matrix) is equal to the original determinant. 


' Pierre Frédéric Sarrus, b. 1798—4, 1861, Saint Affriques. Sarrus was professor of mathematics in Strasbourg 
from 1826 untill 1856, He dealt mainly with the numerical solution of equations with several unknowns (1832), 
with multiple integrals (1842), and with the determination of comet orbits (1843). The rule for evaluating three-row 
determinants is named after him. 
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4. The expansion theorem that has been used in equation (4.6), III, with respect to the first 
row, holds for the first column in the same way. 


These rules may easily be checked explicitly in the cases quoted above (eq. (4.6), I, Il, 
Il). The cases I-III are the most important ones in the present context. The properties 
of the 3 x 3 determinants will be outlined and discussed in more detail in the context of 
Problem 4.3. The rules hold, however, in general for arbitrary determinants. 

The vector product (4.5) may now be written as a three-row determinant: 


e & & 
axb=|a, a. a3 
b, bo b3 

= €4(a2b3 — a3b2) + €2(a3b, — ayb3) + €3(a1b2 — api). (4.7) 


If the two vectors of the cross product are equal, then the two lower rows of the determinant 
are also equal, and the vector product vanishes. 

Further, one may easily check based on equation (4.6), III, that the sign of the determinant 
changes under permutation of rows (or columns). This corresponds to the anticommutativity 
of the vector product. 


Representation of the product vector: As we already stated in the definition of the 
vector product, the magnitude of the product vector may be visualized by a distance but 
better by the area of the parallelogram formed by the vectors. This vector is not determined 
by its length and orientation only (such vectors are called polar vectors) but is called 
an axial vector. To understand this difference, we consider space reflections: We thereby 
change from the components a), a2, a3 to the new base vectors a; = —a), @, = —dn, 
a, = —a3. The vector a is thus reflected at the origin. Under a space reflection, which 
is also called a parity transformation, a polar vector changes its sign: a > —a. An axial 
vector, on the contrary, remains unchanged: a x b = (—a) x (—b). 

The invention of these new vectors is necessary since certain physical quantities need a 
handedness for a complete description. The handedness is taken into account by an axial 
vector. Such kinds of quantities are, for instance, the angular velocity and the angular 
momentum. One should get straight in one’s mind that a handedness remains unchanged 
under a space reflection! 


An axial vector may, however, also be represented by an oriented distance. 


The double-vector product: The vector product a x (b x ¢) is called the double-vector 
product. To evaluate it, we denote the components of b x ¢ as follows: Let 

(b xc), be the x-component, 

(b xc), be the y-component, and 


(b xc), be the z-component. 
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For the x-component of the double-vector product, it then follows that 
(a x (bx c)), =a,(b x c), —a,(b x ©)y 
== @y(,Cy — b,c.) — a,(b,c, — b,c). 
We add a,b,c, — a,b,c, = 0 and obtain 
(a x (bx c)), = 5, (a,€,; + aycy + a,c) ~ ¢, (a,b, + ayby + a,b) 
= b,(a-c) —c,(a-b). 
Analogous considerations for the y- and z-components of a x (b x ¢) yield the 
GraBmann expansion theorem: One has 
ro rae 
a x (b x c) = (a-c)b — (a- b)e, 
od > 
while ~ . 
(ax b) xe =(a-c)b— (b-o)a. (4.8) 


This is another proof of the fact that the vector product is not associative (see (4.2), IIT). 


Problem 4.1: Vector product 
(a) The vector (1, a, b) is perpendicular to the two vectors (4, 3, 0) and (5, 1, 7). Find a and 5. 
(b) Evaluate in Cartesian coordinates the vector product a x b fora = (1,7, 0) andb = (1, 1, 1). 


(c) Show that 
(a x b)* = a°b* — (a-b)’. 


Solution (a) It must hold that (1, a, b) - (4, 3, 0) = Oand (1, a, b)- (5, 1, 7) = 0. This yields the two equations 


4+3a=0 and S5+a+7b=0 => a=--,b=-—. 


(b) 
(ax b), = (a,b; ne a-b,) =7; 
(a x b), = (a,b, — a,b.) = —1; 
(ax b). = (a,b, cee ayb;) = —6. 
(c) 
(a x b)? = ((a|- [b| - sing - e,)? = |al?|b|? sin’ y(e,)? 
= |al*|bl?(1 — cos y)(e,)” 
=a’h* —(a-b)* 


Here @ : 4 (a, b) and e, is the unit vector along a x b. 
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Problem 4.2: Proof of theorems on determinants 
The most important theorems on determinants are as follows: 


(a) Under permutation of rows and columns (reflection at the main diagonal), the value of a deter- 
minant remains unchanged. 


(b) Under permutation of two arbitrary neighboring rows, the sign of the determinant changes. 
(c) If all elements of a row contain a common factor c, then it may be pulled out of the determinant. 
(d) If two rows of a determinant are proportional to each other, then the determinant = 0. 


(e) The value of a determinant remains unchanged when adding a multiple of any row to another 
row. 


Check these rules for a general 3 x 3 determinant. 


Solution From the lecture we know the definition of the 3-determinant: 
Qj) G2 4j3 
D=la, @2 ay 
a3; @3 ax 
= )1 (72433 — @23432) — }2 (421433 — Q2a4a1) + 413(@21432 — 222031) 
= Gy} 472033 — 411473032 — 42421433 + G1 247343) + G1 342}432 — 43427203). (4.9) 
(a) Permutation of rows and columns of D (reflection at the main diagonal) leads to 
@y G2 G3 
D=lay ay ay 
433° @3 ay 
= G}} (472033 — G32G2,) — 2 (12433 — 4324)3) + 3, (@\2A24 — 4224}3) 
== 122443 — Gy, G32024 — A2) 12443 + A214324)3 + G31A)2423 — 431422043 
= Ay) (472433 ~ 423432) — A)2(421433 — 42343)) + A43(A2132 — A241). 


A comparison with D (see above) yields 


2p. (4.10) 
(b) Permutation of, for example, the second and third rows of D yields 
ay, aj ay;| 
, 
D = Jaz a32,—— x3 
42) 422 23 
= );(G32423 — 33422) — @\2(43\423 — A3342)) + @)3(a3;42 — a32a2;) 
= 411432473 — Q11433@22 — A)743) 424 + 41244347) + A304, 422 — 4430324). 


By means of 4.9, one immediately concludes that 


Ne (4.11) 
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This means: When we permute the second and third rows, the determinant changes its sign. Similarly, 
one may check that for permuting other rows. From (a) the same result follows for the columns: 
When we permute neighboring columns, the determinant also changes its sign. 

(c) We investigate 


ay a)2 Qy3 

” 
De= Car, CQ? Can, 
a3 432 a33 


= Ay) (CO2243, — €423432) — 212 (€A21433 ~ CA7303,) + A43(Ca21432 — €A2243)) 


= € [4)) (422433 — 473432) — A)2(A21433 — 423031) + 413 (421432 — A2243))] 
and compare with 4.9. Obviously, 
D” =cD. (4.12) 


(d) For example, let the third row be proportional to the second row; thus 


ayy a\2 Ay3 
D'= ay ax 23 
Aan Aa27 ar; 
= Q)1(Aa272423 — Ad23422) — 4)2(Aa2;473 — AQ23421) + 443(Ad2;@22 — Aaz242)) 
=f) (4.13) 


Similarly, one may check the assertion for the proportionality of other rows. From (a), it follows 
immediately that the determinant also vanishes if two columns are proportional to each other. 
(e) We add, for example, a multiple of the first row to the second row. Then 


a} aj2 a\3 
Pe 
D" =\a7, +a); ax2+Aay a3 +Aay3 
a3} 32 a33 
= ay [Caz + Aa}2)a33 — (423 + has)ax| 
= a2{ (an + ha}; )a33 — (a23 + Aays)asi | 
+a)3| (a2 + haj;)a32 — (a22 + Aai2)asi| 
= 11472433 + AG) 1@12433 — A) 473432 — Aa\1413432 
= G27) 433 — A124), 433 + G)2473431 + AQ\241343, 


+ 321832 + A130); 432 — A)3427243) — A4)34)243) 


= )) (422433 — 473432) — 17 (421433 — 23831) + 413(421432 — 427431). 
A comparison with 4.9 yields the assertion 


D" =D. (4.14) 
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Problem 4.3: Determinants 


Calculate using the theorems on determinants: 


x xt x+2 ad xa+yd aS: 922 
(a) |0 1 2 (b)ib e€ xb+ye (c) |8 li 44 
8 3 3 Cam XC ii sh 


Solution (a) We form the linear combination 
a-(2. row) +8-(3. row) wih o=1,8 = - 


and obtain (x, x + 1,x +2), thus just the first row. From (i) and (ii) of (4.6) it follows that the 
determinant is always equal to zero. 


(b) The third column is a linear combination of the first and second columns with the factors x and y: 


a d xa+ yd 
(} +y|¢}=| xb+ye 
c i xe + yf 


From this it follows that the determinant becomes zero. 


(c) We expand with respect to the first row: 


11 44 
4 
| 


8 44 
=5 


8 
ae - 
ab gl 3 


= 4(—297) — 5(—124) + 22(23) = —62. 


Example 4.4: Laplace expansion theorem 


Let A = (a,,) be an x n matrix, and S,, be the submatrices of A obtained by erasing the ith row and 
the kth column of the matrix A. The matrices 5;; thus are (n — ) x (n — 1) matrices. For each i with 
1 <i <n, itholds that 


det A = Soe ai, det S;, (expansion with respect to ith row) 
rel 
and also 
det A = Vena: det S;; (expansion with respect to ith column). 


k=! 


We check the theorem explicitly for 3-determinants and expand at first the general 3 x 3 determinant: 
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Qi 4&2 3 
Expansion of detA = |a,,; a2 _ ay4| with respect to the first row yields 


43; 432 33 


det A = (—1)*! ayy Sy) + (-1)' 7 aySi2 + (-1)' FaisSi3 (4.15) 
Saree ax: an — a2, @73 Sas a2, ay (4.16) 
Q32 33 ay; = 33 G3, 432 


Expansion of the 3-determinant with respect to the second column yields 
det A = (—1)'*ay2S}2 + (-1)°7 22S + (- 14792 Sy. (4.17) 


The first term on the right side is identical with the second term of 4.15. The last two terms of 4.17 
read explicitly 


ayy 43 a) 3 
= Ay (441433 — 443431) — 432 (41123 — 413421). (4.18) 


a2; 423 


— ax 


Ax; 33 


The sum of the first and third terms of 4.15 or 4.16 yields 


ay an 42) 2 
= @))(G22433 — 473432) + 4)3(G21432 — A7743))- (4.19) 


43) €32 


ayy + 43 


432 433 


Obviously, 4.18 and 4.19 coincide. Hence, it is clear that the expansions of the 3-determinant with 
respect to the first row and the second column, respectively, yield the same. Similarly, one may 
verify that the expansion with respect to other rows or columns leads to the same result. Hence, the 
expansion theorem for 3-determinants is seen to be valid. 

We still evaluate the 3 x 3 determinant by expanding with respect to the second row, and subse- 
quently with respect to the second column, for the example of the determinant 


4557) 22 
detA=|8 11 44]. 
3 eet 
This yields 


(a) Expansion with respect to the second row: 


det A = (~1)?*" ay) Soy + (—1)?* 92 Son + (—1)?4a95 S23 


42 Ay ay, ay3 ai Ay2 
= —a2) + a2 — an 
a2 ax 43, 433 a3} ‘ 
522 4 22 4 5 
=—8 +11 = = —62. (4.20) 
fl, 3 1 s} 7/ 
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(b) Expansion with respect to the second column: 


det A = (—1)*'ay28)2 + (-1)?? an Sx + (-1)? FanSx 


a2) 23 ay, a3 ay, 43 
=A)? + ax — a32 
a3; 433 a3, 4433 az, 493 
8 44 EL SP) 4 22 
=—5 +11 -7 = ~—62. (4.21) 
3 | Se 8 44 


The Triple Scalar 
Product 


Definition: The triple scalar product of the three vectors a, b, and c is defined as 
a-(bxc), 
that is, a combination of a scalar and vector product. The triple scalar product is therefore 
also denoted as a mixed product. The triple scalar product is a scalar. 
Triple scalar product in component representation: 
a- (b x ¢) = (a), a2, a3) - [(b1, bz, bs) x (C1, C2, €3)] 
ley 2 & 
= (a},42,03)-|b; bo bs 


ef] thee = ee} 


= (a), a2, a3) + (203 — b3c2, —b, C3 + b3¢1, bi c2 — b2c 1) 
= a;(b2e3 — b3c2) — az(bic3 — b3c1) + a3(byc2 — boc). 


The three terms may again be combined to a determinant, such that 


a) @ 4 
a-(bxc)= |b; bb. b3| =(axb)-e. (5.1) 
Cio es 


Cyclic permutability: The factors of the triple scalar product may be permuted cyclically. 
One has 


a-(b x c)—b- (c x a) =c- (a x b). 
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These rules may be confirmed easily by successive permutations of the rows in the deter- 
minant (5.1). The following simplified notation for the triple scalar product may be found 
occasionally in the literature: 

a-(b x c) = [abe] =[beal= (cab. 

Geometrically, the triple scalar product represents 
the volume 

V =a-(bx ec) =acosgbcsiny 

= abe cos @ sin y 


of a parallelepipedon formed by the three vectors (see 
figure). Illustration of the triple scalar product. 


Note: The volume has a positive sign (+) if a 

lies on the side of b x c, but a negative sign (—) if a lies on the side of —b x c. Hence the 
volume might be associated with a sign. In general, however, this choice is not used, and a 
positive sign is always required. This is achieved by the definition V = ja: (b x c)|. 


Properties of the triple scalar product: From 
a-(bxc)=0 follows g= _ and/or y =0, (5.2) 


that is, the three vectors are coplanar or (and) two vectors lie on a straight line. 
This is again a very clear proof of the theorems on determinants already mentioned 
above: 


1. If two row vectors (or column vectors) are equal or proportional to each other, then the 
determinant equals zero. 


2. When we permute two neighboring rows, the determinant changes by a factor (— 1). 


Application of Vector 
Calculus 


Application in mathematics: 


Problem 6.1: Distance vector 


Solution 


Calculate the length of the vector a that represents the distance vector 
between the points r) and rj. 


a=fYr—T, 


= (x2e; + yr2e2 + 2283) — (xe) + y€2 + 213) 
= Oy — Xe; + Oo — vies + G2 = 21) G3; 


hence a reads in row notation 


a= (%2 —%1, 2 — 1, 22 — 21); 
; : The distance vector be- 
and the magnitude of a is therefore tween the points r; and 


(ay Ga 31) ey) ee Zi) * - ie 


Problem 6.2: Projection of a vector onto another vector 


Solution 


Given 
p= (A Il, I). 
[Seah =2), 7), 
c = (3, —4, 2), 


what is the absolute value of the projection of the sum (a + b) onto 
the vector c? 


The projection of the sum 
a+b onto the vector c. 


This projection is given by the scalar product of (a + b) and the unit vector e, along c. 


c (3, ~4, 2) 


le] 3274427422" 


e& = 


ral 
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(a+b) = (2 +1, 1—2,.1+42); 


1333 - leas? ae 
(a+ b)-e,. = Ti ae 


Problem 6.3: Equations of a straight line and of a plane 


Let the points A and B be given by their position vectors a and 
b. What is the equation of the straight line through A and B? 


Solution The straight line AB is parallel to (b — a). Moreover, it passes 
through point A. Hence, the equation determining any position 
vector x of a point X on the desired straight line reads 


x=a+t(b— a), 


with ¢ being a real number (running parameter —00 < ft < 00). 
If two points A and B are not given but one point A and a vector 
u specifying the orientation of the straight line are given, the 
equation of the straight line reads 


The point-direction form of a straight 
line. 


x=a+tu. 


This is called the point-direction form of the equation of a straight line. 


Example: 
a = (a), a2, a3), u = (4), U2, U3), 
x= (a, + tu), @2 + tuy, a3 + tu3) 

= (x, y, z). 


A plane in space may be fixed by specifying be- 
sides the position vector a and the orientation vector 
u still a second orientation vector y: 


Xp =at+tut kv, 


where u ## v and also u #4 v and k,t € R. The 
notation 44 and 4} indicates that u and v are neither Representation of a plane in space spanned 
parallel] nor antiparallel. by the vectors u and v from point Pp. 

This is the point-direction form of the equation of 
the plane. 


Example 6.4: The cosine theorem 


The cosine law of plane trigonometry is obtained by scalar multiplication b c 
of the equation c = a — b by itself: 
c-c = (a—b)-(a—b) =a? +b’ —2a-b a 
=a’ +b’ — 2abcosy. The vectors a, b, and c 
es C= a +h aaron y. characterize the sides of 
the triangle. 


For y = 1/2 there results the theorem of Pythagoras. 
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Example 6.5: The theorem of Thales 


In order to prove the theorem of Thales’ we introduce the 
following vectors according to the sketch: 


MA = —MB ae MC ab: 
It holds that 


ja] = jbl, BC aye: and AC Sb a. 


The scalar product (a + b) - (a — b) has the value The theorem of Thales, demonstrated 
with the help of vectors. 


(a—b)- (a+b) =a’ — b? = Jal’ — [bf = 0. 
For the angle enclosed by (a + b) and (a — b), it follows that # = w/2 or 
(a+b) 1 (a—b) (theorem of Thales). 


Example 6.6: The rotation matrix 
The opposite figure shows into which vectors e, ande, the  €5 §° 
Cartesian unit vectors e,; and e, are transformed under a 
rotation in the x, y-plane by the angle 6 around the z-axis: 
e, =e, cos 8 +e, sinf +e;-0 
e, = e;(—sin B) + e. cos B +e; -0 (6.1) 


e, =e, -0+e,-0+e;-1. 


s ; _— : —e,sinB 
This system of equations may be written in matrix form (see e, 
equation 6.7): 


e,cosf 


Case 1: vector r stays at rest; the co- 


eis cosB sinB O e; ordinate system is rotated. 
(« 2 (- snp cosf ) . (-) 


e, 0 0 1 e; 
d),€; + dye) + dj3e3 
= (ae + dre, + dre; (6.2) 
dx,e; + d3€) + 330; 
or briefly as 


e, = ies @,,. 
un-l 


"Named atter Thales uf Milet t about 624 1 —d. 546 we. He is the first representative of the Ionic School. 
Acceraing to wrtmgs he did far travels te g. to Egypt) and was very active as 4 politician. The theorem named 
after him was for the first time strictly formulated by him. 
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where 
cosB sing 9 
dy, =e,-e, or (dy,)= | —sinB cosB 0 
0 0 1 


represent the direction cosines. Note that sing = cos(@ — 2/2). The matrix (dy,,) describes the 
transformation of the base vectors. For a rotation in the three-dimensional space in the x, y-plane 
(i.e., about the z-axis), the rotation matrix reads 


cosB snp O 
D=]|-sinB cosB 0} = (dy,). (6.3) 
0 0 1 


Case 1: r=r' fixed in space. If r = r’ is fixed in space but the coordinate frame rotates, one has 
Daer= Dae. 
v u 
Multiplication of this equation with e’, isolates x;,: 
x= xe ee) = chit 
v v 
Thus, the transformation of the components of a position vector that is kept fixed in space is given by 


r= Dr, (6.4) 


where D denotes the rotation matrix. Explicitly, this means because of x; = x’, x = y’, x4 =z’: 


xe cosB sinf O iG 
y’ = {-—sinB cosB O}-| y : (6.5) 
a new base 0 0 1 Z? old base 


The addendum “new base” at the column tuple shall indicate that the components x’, y’, z’ of the 
column tuple are to be interpreted as coefficients of the base vectors e}, e,, and e,. Written explicitly, 
the vector in the new basis thus reads 


r=xei+y'e,+ze,. 


Case 2: r is tightly fixed to the rotating coordinate frame. 
Thus, r rotates with the coordinate frame. This means 


S rye =) x,€, 
> x= ou ey) 
Se 
= Yds : (6.6) 


Case 2: vector r is rotated together 
with the coordinate system. 
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x), are the new components of the rotated vector with 
respect to the fixed system e,: x, are old components of 
the vector with respect to the fixed system e,,. 

Note: Both x), as well as x, in this case are defined in the old system (base e,, ). They denote the 
components of the new (rotated) and old (not rotated) vector, respectively! 


In the preceding we have already used the matrix multiplication. It shall once again be clearly 
defined here. 


Definition of the matrix product: The common element C;; of the row i and the column j of the 
product matrix C = A - B is obtained by forming the sum 


Ci; = > Aix By, , (6.7) 
k 


where A and B are the factor matrices. 
Thus, the components of a vector a = (a), a2, a3) under rotations of the coordinate frame would 


change to 
a‘ cosB sinf 0 a 
a’, =a ={-sinB cosB 0]-{ a 
a’, new base 0 0 il a3 


cos 6 a, + sin B ay 


i} 


—sinBa;+cos Ba, ], 


a3 


ts 
a, = > dyAy . 
v 


The vector itself remains fixed in space. Its components change, however, because the base was 
rotated (case 1). If the vector would rotate (case 2), then we would obtain according to 6.6 


a; cos B a, — sin B az 

a) = | sinBa, +cos Bap |; a, ~ > aunts = Dy duiay, 
/ v v 

G37 new hase a3 


where ee = d,, is the transposed rotation matrix. The transposed of a matrix is simply the matrix 
reflected at the main diagonal (from the upper left to the lower right corner). 


Application in physics: 


Problem 6.7: Superposition of forces 


Four coplanar forces are acting at the point 0, as shown 
in the sketch. 


Calculate the net force acting at the point 0! 


Solution a == (—95.3,55.0)N, b= (—150.4, -54.7)N, Forces acting on point 0. 
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kg m 
c = (70.7, 70.7)N, d= (80.0, 0.0)N N = Newton = 1 : 
It holds that 
Fyes =at+b+e+d= (—95.0, 71.0) N, 


[Foes| = ¥ 95.0? + 71.0? N = 118.6N. 


We remember that 


a+b —< > ae; + >> bie = W@ + Be; = (a, + by), ao + bo, a3 + b3). 


Graphical determination of the force: Representation by means 
of polygon of forces. 

The angle 6 enclosed by F and the x-axis may be calculated 
easily. One has 


F = (-95.0,71.0)N, — =tanB =-——; 


Graphical determination of the 
net force F. 


from there it follows that B = 143°. 


Example 6.8: Equilibrium condition for a rigid body without fixed rotational axis 


A rigid body is under the action of the forces F; at the positions r;. We investigate the equilibrium at 
the point A (position vector a) the body may rotate about. All forces F; are now added and subtracted 
at A such that nothing is changed in total. 


-F F 


A rigid body is in equilibrium with respect to A pair of forces results in a torque M = 
point A if the sum of all torques with respect to r x F. These forces set the body on 
A and the sum of all forces in A vanish. If this which they act into rotation. 

condition is valid in A, it is also valid in every 

point B. 
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The procedure is illustrated for the force F| in the figure on the next page; for the other forces 
we proceed in the same way. Now the forces F, at r, and —F, at a are forming a pair of forces that 
generates the torque (compare with the Problem 6.9) 


M (a) = (mr — a) x F; (6.8) 


and will rotate the body. Similarly, all other forces F, (at r,) and —F; (at a) are forming pairs of forces 
with the torques 


M; (a) = (r; — a) x F.. (6.9) 
The total force acting at the point A is therefore 


B=) ¥,, : (6.10) 


and the total torque about A is 


M(a) =) M,(a) = ) (ri; — a) x Fi. (6.11) 


At the point B (position vector b ) a similar construction would yield the total force 


b> FF (6.12) 


and the total torque about B, 


Mob) = ) > M,(b) = ) \(r;, — b) x Fi. (6.13) “ 


The total force F tries to accelerate the body as a whole. 
The total torque tries to rotate the body. If there shall be 
equilibrium with respect to point A (position vector a), then 
both the total force F and the total torque M(a) must vanish: 


F=0, (6.14) 
Ma) = 0. (6.15) © 


The question arises of whether an equilibrium at point A Equilibrium with respect to point A 
also means an equilibrium at point B. To answer it, we |MPlies equilibrium with respect to 
recalculate the eqs. 6.14, 6.15 to the point B (eqs. 6.12 seule 
and 6.13). We realize: 6.14 is identical with 6.12. Further, it holds that 


M(b) = )(r; — b) x F; = ) (rn; — a +0) x F; 


=) (r, —a) x Fi —-)oexF, 


= M(a)-¢ x ) F/ = M(a) =0. 


——{—, 
=0 because of 6.14 


Therefore we may claim: If the equilibrium conditions 6.14,6.15 are fulfilled at a point A, then they 
also hold at any other point B. 
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Problem 6.9: Force and torque 


The following external forces are acting on a body: 


F, = (10,2,—1)N at point P,(2, 0, 0) cm, 


(N = Newton = 18) aa 
; | b 
F, = (0,0,5)N at point P,(1, 3,0) cm ‘ody Center of 


rotation 
and 


F, = (—6,1,8)N at point P3(6, 8, 1) cm. illustration of the torque induced 


by two forces. 
Find 
(a) components, magnitude, and orientation of the resulting force F, 


(b) the torque with respect to P. 


Remark (kp = kilopond). The kilopond is no longer a legal unit. all forces are measured in 


Newtons (N): 
IN = 1kg: — = 10° ©" = 10° dyn, 
S S 
Lkp = 9.81N. 


Solution (a) 


F=F,+F,+F, = (4,3, 12)N, 
\F| = /4 + 324 122N = 13N, 
Fy 


cos B, = ial = 0.308, B; = 10s. 


Ji 
cos B2 = ih SOI, fies TF 


F, 
cos 6; = — = 0.923, ne 
Bs Fi Bs 


These are the direction cosines of the force. They describe the direction of force 


F 

ni ry = (cos B), cos Bo, cos B;) = (0, 308; 0, 231; 0, 923). 

(b) The torque of a force F,, acting at point 0 
P(x, y, z), that is at the position r = (x, y, z), is je ‘ 
defined with respect to the coordinate origin (center ¥’\ e 
of rotation) as the vector 

Center of 

Me= rx Fa rotation 


Here r is the position vector from the cen- The absolute value of the torque results from 
ter of rotation to the action point of the force the force component perpendicular to the dis- 
F,. The magnitude of M is obviously given by VEE NeCIOG 
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M =r-F’,where F’ = F sind is the force component perpendicular to the position vector (compare 
in the figure). This may also be expressed as follows: M = distance from center of rotation to action 
point of the force times force component perpendicular to the distance vector. 

This torque M is also caused by a pair of forces, as 
discussed in Example 6.8. If one adds at the center of 
rotation the forces —F and F, in total 0 (compare to the Center of 
figure), then the forces —F at the center of rotation and F —- rotation 
at r form a pair of forces. The force F acting at the center 
of rotation presses onto the bearing of the rotation axis and 
is received there. 

If several forces F, are acting on the rigid body at 
the points r,, the total torque is 


Mae), oe 


In our example 


The pair of forces responsible for the 
torque. 


M = (r, x F;) + (12 x F,) + (3 x Fy), 
Yr; = p; — Pp = (1, —3, 0) cm, 
lr) = Po — P2 = (0,0, 0) cm, 
Fr; = p; — Pp = (5,5, 1) cm, 
where p;, P2, and p; are the position vectors of the points P,, P,, and P;. Hence one obtains 
M, =r, x F, = (3, 1,32) Ncm, 
M> =f x F, =/()Niem, 
M; =F, Xx F, = (39, —46, 35) Ncm. 
The total torque is 
M = M, + M; + M; = (42, —45, 67) N cm, 
and |Mj =91.0Ncm. 


Problem 6.10: Forces in a three-leg stand 


Solution 


Find the rod forces in a three-leg stand that is movably linked at the points A, B, C to a vertical wall 
and loaded at the point D by the force F. 


Only longitudinal forces may act in the rods, because of the movable links of the suspension rods 
(neglect of bending forces). The forces at the cut-out branching point D are to be considered as 
external forces and are obtained from the equilibrium condition 


F,+F,+F,;+F=0. (6.16) 


Using the unit vectors e; (i = 1,2, 3) along the rod axes and the magnitudes F; (i = 1, 2,3) of 
the rod forces, 6.16 may be written as 


Fie; + Foe. + Fae; = —F. (6.17) 


To get the rod forces, 6.17 is scalar-multiplied successively by the vectors e, x e; (i # j), where 
(e, x e;) by definition points perpendicular to e,, hence the scalar products e; - (e, x e;) vanish. 
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Using the definition of the triple scalar product A - (B x C), one then obtains from 6.17 for F; 


(i = 1253) 
pee 8) ee eA) pe (6.18) 
e@; - (€2 x e;) 2 - (e3 x e) e; - (e; x €2) 


Putting a coordinate frame into the branching point D according to the above figure, one gets for 
the unit vectors 

e; = (—cosa, sina, 0), 

e. = (cosa, sina, 0), (6.19) 

e; = (0, sin B, — cos B). 


Insertion of equation 6.19 into equation 6.18 yields 


F, Fy F, 
F-(e@) x €3)=|cosa sina 0 (6.20) 

0 sinfB —cosf 

= —F, sina cos B + F, cosa cos B + F, cosa sin B 
and 

—cosa sing 0 

€;-(@: x @)=| cosa sina 0 (6.21) 
0 sinB —cosB 


= 2sina cosa cos f. 


From there one obtains for the component F; 


1 ioe F, F, tan B 
DO eel (pe ee es 
(= sine — sina i c=) 


A three-leg stand fixed at a vertical wall. 


The forces acting at the three-leg 
stand. 
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The calculation of the scalar triple products for F> and F; from equation 6.18 runs in an analogous 
manner; one gets 


1 i, Ie , tan 
F=3(- -~-— Bes ‘). (6.23) 
2 cos@ sina sina 
F, 
F, = ——. 
: cos B 


Problem 6.11: Total force and torque 


(a) Determine the components F’,, F, of the force F = (2N, F,, F,) acting at point P, (1, 2. 3) msuch 
that it is perpendicular to the plane defined by the three points P,, P2(2, 3,4) m, and P;(2, 2, 1) m. 


(b) What is the magnitude of the force F and which torque M does it apply with respect to the point 
P,(0, 1,2) m? 


(c) What is the component of the torque vector M that points perpendicular to the plane? 


The force F acting at P; applies a torque around P,. 


Solution (a) Because the vectors (r; — r2) and (r,; — r;) are within the represented plane, the vector product 
R = (r; —r) x (r) — 13) yields a normal vector R perpendicular to the plane. If the force F shall be 
perpendicular to the plane, that is, parallel to the vector R, the following must hold: 


R= (R,, Ry, R,) = @) —12) x fF — 3) =AF=A(QN, #,, F)- (6.24) 
From there it follows that 
1 1 ] 
he F, = —-R,, F,= —R,. FE 
2N oe aks i (6.25) 


For the points P;(1, 2, 3) m, P2(2, 3,4) m, P;(2, 2, 1) m, and P,(0, 1, 2) m specified in the problem, 
one easily gets the position vectors r, (i = 1, 2, 3,4) as well as their differences (r; — r,) (¢ # j): 
(7 — rm) = (-1, —1, —-1) m, 
(r; —¥3) = (—1,0, 2) m, (6.26) 
(e; — Fa) = (1, 1, 1) m. 
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For the vector product in equation 6.24, it then results that 
R = (r, — 1m) x (tr) — 13) = (—2, 3, —1) m’ = (Ry, Ry, R,)- 


Inserting these values in 6.25, one obtains 


1 
paren eal ay hae 
A one m 


R, 

f= 2 2-3n, (6.27) 
R, 

F,=—=I1N 
a 

Thus, the components of the force F are 

F = (2, —3, 1) N. (6.28) 


(b) The magnitude of the force F is obtained as 
[F\ = (F? + FP + F2)'? = (2? +3° 4 1)'7N%3,74N. (6.29) 
The torque M with respect to the point P, results from the vector product 
M = (r, — 4) x F = (1,1, 1) x (2, —3, 1)Nm = (4, 1, —5) Nm. (6.30) 


(c) The component of the torque vector M perpendicular to the plane, that is, along the orientation of 
the force F, results from the definition of the triple scalar product as 


F 
[My] = [(r1 — 14) x F]- iF =0. (6.31) 


Differentiation 
and Integration 
of Vectors 


Formation of the differential quotient: The vector A may occur as a function of a 
parameter. Let’s consider, for example, the position vector r(t) that—as a function of the 
time t—describes the path of a mass point. If one decomposes A into its components with 
respect to fixed unit vectors, then these components are functions of the parameter. We 
write 


A(u) = A, (ujer + Ay(ujez + A,(u)es. (7.1) 


The differential quotient of a vector is formed by differentiating its components sepa- 
rately, as corresponds to the differentiation rule for sums. Because the unit vectors are not 
variables, they are conserved under differentiation, 


dA(u) ae A(u + Au) — A(u) 
duos Au->0 Au 
p (ASE o ee Ay(u + Au) — Ay(u) 
= lim | ——————e, + e 
Au->0 Au Au 


A Au)—A 
a A ees) Oe) 
Au 

The limit of the sum is equal to the sum of the limits, that is, when passing to the limit, 
one obtains 

dA(u) dA,(u) dAy(u) dA,(u) 

= ———e coms y 
du dee 2 du oa du 


e3. (7.2) 
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By comparing (7.1) with (7.2), one notices that the differentiation of a vector in an 
arbitrary coordinate frame with fixed unit vectors amounts to the differentiation of the 
components of the vector. Generally, the rule for the n-fold differentiation of a vector reads 


a"A(u) _ aA; (4) | dM Ay(u) | ie d"A,(u) 
du" ——s dw" A du" 4 du” 


ea: (7.3) 


Neen eee ee — ee 
Example 7.1: Differentiation of a vector 
A(u) = (2u* — 3u) e; + (5: cosu) e2 — (3: sinu) e;, 
~—— er —— —S 
Ax (u) Ay(u) Az(u) 


= (2u* — 3u,5-cosu, —3- sinu), 


— = (4u — 3)e, — (S-sinu)e, — (3 - cosu)e; 
u 
= (4u — 3, —5-sinu, —3-cosu), 
aA 
2 = 4e,—5-cosu-@2+3-sinu-e 
du 


= (4, —5-cosu,3-sinu). 


For composite functions the usual differentiation rules apply. For example, for the product 
of a scalar function and a vector function, or for the scalar or vector product of two vector 
functions (parameter u), the product rule applies. 


Differentiation of the product of a scalar and a vector: 


d A d 
ee = Fp uyArwbes + $(U)Ay (wer + HUA (u)es). 
u du 
Now 
d(pAx) _ do dA, 
aE? la ee 
and analogously for the other components: 


d d d : 
ao = qm ae a (i = 1, 2, 3). 
This yields 


d(p(u)-A(u)) _ do do d 
arama Gr 


Aces + pons fe tom es + oon 


or simply 


d(@(u)A(u)) = dd 
woe a - (7.4) 
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Differentiation of the scalar product: One has 


3 


d(A(u)-Bu)) d (2 _y4 
ae (>: soo = De ge an) 


il 


7 dAj(u) aBi(u) 
“(= Bi(u) + Alu) ) 


1 


and therefore, 


d(A(u) Buy) dA dB 
ner =— 7. 
du ~ du ae due a) 


Differentiation of the vector product: It is performed analogously to the differentiation 
of the scalar product. Because the vector product is not commutative, one has to take care 
of the ordering of the factors. 


gat) x B(u) + A(u) x ——— pRB) (7.6) 
u du 


d 
7 aw) x B(u)) = 
u 


This is easily proved by checking the individual components (e.g., the x-component) on 
both sides of the equation. 


Example 7.2: Differentiation of the product of a scalar and a vector 


For the scalar function g(x) = x + 5 and the vector function A(x) = (x? + 2x + 1, 2x, x + 2) the 
second derivative of the products ¢ - A is to be calculated. 
The differentiation of the product yields 
d°>(pyA) _ d {dg dA d*y 4 dA dA 
ea ns od i ee eee mag GR ead 
dx? dx i °%)= oe sg dx dx a Pax? 


The derivatives of the individual functions read 


do d’y dA aA 
=_ = So ae 0 —— = 2x 1? 1 , Amey 
er: 1, An | (2x +2; 2, 1) qa (2, 0, 0) 
From the above, it results that 
d’(gA 
oa ) = (4x + 4, 4, 2) + (2x + 10, 0, 0) = (6x + 14, 4, 2). 
x 


Application: Position, velocity, and acceleration of a mass point on a defined trajectory 
may be represented as vectors. The position vector for the motion of the mass point on 
an arbitrary trajectory B is the vector from the origin of the coordinate frame to the mass 
point; the variation of the position of the mass point with the time may be represented as 
time variation of the position vector (compare with the figure). 
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Zz Ar= r(t+At)—r(t) 


Definition of the orbital velocity: Ar = r(t + At) — F(t) is a secant vector to the orbit at the point r(t). The 
velocity is then given by v = limar.+o Ar/At. 


The velocity is defined as the first derivative of the position vector r(t) of the orbital 
curve with respect to the time: 
Ar 2) 8G AD a3) de 


v= lim — = lim 


, (7.7) 
Ar>0 At Ar0 At dt 


From equation (7.7) one notices that the vector of the velocity represents the limit position 
of the secant through the position vectors r(f + At) and r(t) divided by the time interval 
At in the limit At — 0, that is, the velocity points along the tangent to the trajectory at the 
point r(t). 

The acceleration is obtained as the first derivative of the velocity with respect to the time, 
or as the second derivative of the position vector with respect to the time: 


dv(t) _ li Av d(dr/dt) _ d’*r(t) 


~ , (7.8) 


sy) SS — 
att) dt Ai>0 At dt dt? 


Because the position vector is a vector, its derivatives with respect to the scalar time (1) 
are again vectors. Thus, the velocity and acceleration are vectors, too. 


Problem 7.3: Velocity and acceleration on a space curve 


Solution 


Let the position vector be given by r = (t* + 21, —3e7', 1) m. Find the velocity and the acceleration 
as well as their magnitudes for the time points f = 0s andt = 1s. 


For the velocity and acceleration, we get 
V(t) =F = Gr +2,3e7,1) =, 
a(t) =i = (61, —3e"', 0) = 
For the time ¢ = 0, the results are 


YOSC30=, aGeno 3,0). 
s s? 
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(Oy ee 3. 
s s2 


Fort = 1's, 


3 


W=6,2.D=, af) =6,-2,0)5, 
e S é $s 


v1) =5.22~, — a(l) =6.1 =. 
s $ 


- Example 7.4: Circular motion 
The Cartesian components of a circular motion are given by 
x(t) = Rcosat, 
y(t) = Rsinwt, 
FA) 10) 
w is the so-called angular velocity or also angular frequency. It is related to the revolution period T 
via wT = 27. The position vector is now 
r(t) = (x(t), y(t), z(t) 
= x(f)e; + y(ther + z(t)es, 
r(t) =(R-coswt, R- sinwt, 0) 
=R-coswte, + R-sinwt e, + Oes. 


For the velocity one gets 


dr 
i FF = (—oR : sinwt, Rwcos wt, 0). 
There holds 
dr : : 
Ewsio for any time point, 
=>vir, Circular motion. 


which is immediately clear for a circular orbit. 
For the magnitude of the velocity, one obtains 


dx\? (dy\? (dz\’ 
He Kal = de + ci + et ie Vw? R? sin? wt + w* R? cos? wt + 0 
dt dt dt 


: 2rR circumference 
= y/w? R2(sin? wt + cos? of) = wR = —— = ——____—_. 
ip revolution period 


The acceleration is obtained as 


dv dr 
b= — = —— 
dt dt? 

= (—w’ R cos wt, —w’ R sinwt, 0) = —w*(Rcosot, R sin wt, 0), 


= —w’Y. 
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It turns out that the acceleration points opposite the orientation of the position vector (centripetal 
acceleration). The magnitude of the acceleration is given by 


b= (22 -. dy + (4) ; 
Pais dt2 rr : 7% 


Example 7.5: The motion on a helix 
The Cartesian coordinates of the helix read Zz 


x(t)=Rceoswt, y(t)=Rsinwt, z(t) = bat. 


The position vector is obtained by insert- 
ing in the relation 


r(t) = (x(¢), y(t), z(t), 
that is, it holds that 

r(t) = (Rcoswt, Rsin wt, bwt). 
Remark: b > 0 means right-handed he- 
lix, b < 0 means left-handed helix. 


The velocity results analogously to that 
of circular motion 


The helix and its pitch. 


v= (—Rowsinwt, Rwcosat, bw). 


The third component v; = bw implies a uniform (constant) upward velocity (z-direction) if the 
parameter f represents the time. 
One has 


Iv] = V R2@? + bw? = wy R? + b?, 


that is, the magnitude of the velocity is constant. 
The acceleration is the derivative of the velocity 
b = —a@ -(Reoswt, Rsinwt, 0) = —w’r,, 
where 
r, = (Reosot, Rsinwt, 0) = (r-e,)e, 


and €, = (coswt,sinwrt, 0) is the polar unit vector in the x, y-plane. We thus obtain the same 
acceleration as for the circular motion. For the magnitude, it holds that |b] = wR. 
ee SSSSSSSSSSSSSSSSSSSSSSFFFFFFMMee 


Integration of vectors: The integration rules may be applied also to vectors in the 
customary way. For a vector A depending on a parameter (e.g., u), it follows that 


[aw du = | (A, (we, + Ay(ujer + A,(u)e3) du 
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= [ Awe aut f Avwerdut f Aswerdu. 


If the unit vectors are constant, they may be pulled out before the integral symbol: 


fAcoau=er f Accdu ter f Ayu du +e f Aw) du, 


Thus, we may formulate the following rule: A vector is integrated by integrating its 
components. This vector integration graphically means a summation of a large number of 
vectors according to the integral limits; for example, the sum of all forces acting on a body. 
More strictly speaking: A(u) is a vector density, and dA = A(u) du is the vector associated 
with the interval du. These dA are summed to yield the integral. An example is the impulse 
of force K, which is understood as the force K acting on a body over a time interval; thus 
Ke— f F(t’) dt’. The impulse of force is therefore the sum of the forces F(t’) acting 
during the time interval]. For more details, see Chapter 17, equations (17.14) and (17.15). 


Example 7.6: Integration of a vector 


A = (2u’ — 3u, Scosu, —3sinu), 


2 3 
[Ara = (5 = Tl +c) e, + (Ssinu+C,)e, + (3cosu+Cy)e; 


2 3 
= (Fu = 5) e; + (5 Sin 2 )ey + (3 cos u)e; + Cie, fe Cre, + C3e; 


M 3 ; 
= | <u* ~ =u, 5sinu, 3cosu} +C. 
3 2 
The integration constants arising in the components are composed to the vector C. 


Problem 7.7: Integration of a vector 
Calculate 


[aw dn with A = (3n? — 1, 2n — 3, 6n? — 4n). 
0 


. 2 2 
Solution / A(n)dn = | (3n? —1,2n — 3, 6n? —4n)dn 
9 0 


= [(n* — n,n? — 3n, 2n? — 2n’)], 


=O, =). 
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pe oh i a ee EE eee 
Problem 7.8: Motion on a special space curve 


Solution 


(a) Which curve is passed by the vector 
r(t) = (x(t), y(t), z(t)) = (t cost, t sint, ft) 
when ¢ is running from 0 to 27? 
(b) Calculate the velocity and acceleration of the point at the time r. 
(c) What are the velocity and acceleration for t = 0 and t = 2? 


(d) How do the magnitudes of radius vector, velocity, and acceleration vary for large time 1? 


(a) We first consider the vector F(t) with Z(t) = 0 
(projection onto the x, y-plane). 


T(t) = (t cost, tsint, 0). 
Because 
[F (t)|} = (t? cos? t + #? sin? r)'/? = t, 


there results a spiral line with a radius from 0 to 27. 

If z(t) = ¢ additionally runs from 0 to 27, we obtain 
a spiral line on the surface of a cone of height 2 with 
the vortex at (0, 0, 0). 

The figure at the top of the facing page illustrates this 
result. 

(b) For the velocity v(t) and acceleration b(r), it re- 
sults that 


The resulting spiral line with a radius 
varying from 0 to 27. 


dr 
vit) = iad (cost —tsint, sint +¢tcost, 1), 


dy dr 
b(t) = — = — 
) dt dt? 
= (—sint — sint —t cost, cost + cost —fsint, 0), 
= (—2sint —tcost, 2cost — tsint, 0), 
(c) One has 
v(t = 0) = (1,0, 1); ve 0) 2, 
v(t = 2) = (—2.23, 0.08, 1); lv(r = 2)| = ¥6, 
b(f=0)= (02,0); \b(t = 0)| = 2, 
b(t = 2) = (—0.99, -2.65,0);  |b(t = 2)| = VB. 
(d) 


(r(t)} = (t? cos? ¢ + £? sin? t + yes = /2Itl, 


|v(t)| = ((cost —tsint)? + (sint +tcost)? + We 
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The spiral line on the surface of a cone. 


= (2+)! = It (1 rn a 
2 


1 
= |t| {1 + 7 -—O (=:)} ase \t| (by a series expansion of the square root), 


|b(t})| = ((2sint + t cost)? + (2cost — t sint)?)'” 


2. 


ad 
= (4+1)'? = jt] (1 - =) 
c= | {1 -++ ras O (::)| —> {t| (by a series expansion of the square root). 
Problem 7.9: Airplane landing along a special space curve 


An airplane is landing. Thereby it is moving on the space curve 


r(t) = (x(t), y(t), z(t)) = (Rcos@t, Rsinwt, (H — bat)), 


with 
R = 1000m, 
L =| 
(ays 7 Sem 
H = 400m 
b=H/6n, 


t € [0,427]s. 
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What is the velocity of the plane on landing (at 1 = 427 s)? Would you try landing this way? 


Solution _—_The velocity is calculated to be 


d 
Ve = = (-@R sinwt, wR cos wt, —bw), 


and its magnitude is 
[vj = (wR? sin? wt + w? R? cos? wt + b’w*)'” 
= @(R? +b°)'?, 
Obviously, it is independent of t! Insertion of the values yields 
Cs ly 
=) ms 
~1429ms' = 5144kmh'. 


1 
|v] = 7 (100 + 


This kind of landing is certainly unsuitable; the approach velocity should better be reduced. 


if 


The Moving Trihedral 
(Accompanying 
Dreibein)—the 
Frenet Formulas 


In some cases it may be simpler to express velocity and acceleration in natural coordinates. 
This means that the velocity and acceleration are not derived from the variation of the 
position vector with the time, but from its variation with the passed way s, the arc length, 
the starting point being arbitrary. Let the curve itself be given by the position vector 
r(t) = (x)(t), x2(t), x3(t)). For infinitesimally small segments, the increase of the arc 
length is |dr| = ds. 

The arc length s of the curve between the parameter values 
f and t is then obtained by integration: 


As 


t t t 
oe | as = | \dr| = len (8.1) 
ty fg fo dt 
dxy\" , (dx\" | (dx\" 


0 


In the limit of small At, the 


The magnitude of the velocity is absolute value of the secant 


d d d vector Ar becomes the line 
iv] = a dr] _ aa element ds, that is, |Ar| > 
dt dt dt ds. 


In order to become independent of the coordinate frame, a set of orthogonal unit vectors 
is put at the point of the trajectory of the mass point given by s. The set of unit vectors 
moves along with the mass point: it is therefore also called the “moving trihedral” or 
“accompanying dreibein.” As unit vectors one uses 
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T tangent vector, 
N principal normal vector, 


B _ binormal vector. 


Because the vectors form an orthonormalized set, it holds that (N x B) = T, cyclically 
permutable. In the following we give the precise definition of these three base vectors of 
the moving trihedral and show how they are calculated for a given space curve r(¢). 

The function r(#) describes a space curve depending on the time f as a parameter. To 
determine the moving trihedral, one has to convert the function r(t) into r(s); this is done 
by substituting the time t = f(s) from s = s(t) (compare with equation (8.1)). 

The moving trihedral is determined from the local properties of the trajectory. dr /ds is 
a vector along the limit position of the secant, i.e., the tangent. 


a a We plave 
O aton 


T(t+Ar) 


A curve in space and the moving trinedral (shown at an arbitrary point P of the curve). 


The magnitude of this vector is |Ar|/As. For infinitesimally small segments one has 
|dr| = ds; thus |dr|/ds = 1. Hence one has determined the tangent unit vector: 
dr 


T= —. 
ds 
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Because ds = |dr|, it also holds that 
ar dr / dt v 


~ |dr| |dr/dt| |v 


In order to determine the principal normal 
vector, one first forms 


4h oft es Il. 


: a The difference vector AT is a measure of the 
By differentiating the scalar product of the tan-  guryature of the curve. AT points toward the 


gent vector, one obtains “inner side” of the curve. A straight line has 
no curvature, and the normal vector N is not 
4p -TD= aT my ae ey Ue aT =) uniquely defined. 
ds ds ds 


Because the commutative law holds for the scalar product, T-dT/ds is zero. This implies 
that dT /ds is perpendicular to T. 

The vector dT /ds gives the orientation of the principal normal vector. We characterize 
its position by constructing, besides the tangent defined by T(s), a second tangent T(s + As) 
(neighboring tangent) that differs from the first one only by an infinitesimal vector AT (see 
figure). The principal normal vector lies in the plane spanned by the two tangents T(s) and 
T(s + As). Because the magnitude of dT /ds in general differs from unity, one still has to 
introduce a factor « for normalization: 


where « = |dT/ds|. This is the first Frenet formula. The value « is always defined as 
positive. This is possible since the orientation of N may be chosen in an appropriate 
manner. The factor « is called the curvature of the space curve. 

The third unit vector, the binormal vector, is formed out of T and N: 


Bi— hah 
The orientations of all three unit vectors are functions of the arc length. 


The vectors of the moving trihedral (accompanying dreibein) may be differentiated with 
respect to the arc length. The three differential quotients are called Frenet’s’ formulas and 


read 
dT 
—=KkKN, 8.2 
sai (8.2) 
d 
say =tB-—<«T, (8.3) 
ds 


Jean Frédéric Frenet, b. Feb. 7, 1816—d. June 12, 1900, Périgueux (Dordogne). In 1840 Frenet entered 
the Ecole Normale in Paris as a scholar, was appointed as professor in 1848, and taught until 1868 at Lyon 
University. His research mainly concerned problems of differential geometry, and in 1847 he found the Frenet 
forms independently of Serret. 
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dB dB 

-—-=-tN of |r| =|—}. (8.4) 
ds ds 

T is a conversion factor and is called the torsion. The torsion describes the winding of the 
curve out of the T, N-plane. The quantity dB/ds is exactly a measure for this winding. 
From the curvature and torsion one gets 


torsion radius. 


af 


1 
Q@=-—_ curvature radius, os 
K 


The curvature radius of a curve at a definite point equals the radius of the osculating 
circle having the same curvature as the curve at that point. 

Formula (8.2) has already been introduced as a definition. For a transparent derivation 
of the remaining formulas, one utilizes the statement that any vector may be represented as 
a linear combination of the three unit vectors. 


Derivation of the second Frenet formula: Because the moving tnhedral spans the entire 
three-dimensional space, it holds that 


dae eo 
ds 


where a, B, y are to be determined. Because N is a unit vector, N- N = 1. 
By differentiating the scalar product N - N, one obtains 


d d 
—(N-N) = —(1) =0 
a ) as | ) 
or in other notation (product mule) dN/ds -N+N-dN/ds = 0, or, because the commutative 


Jaw holds for the scalar product: 


dN 
2N-.— =0. 
ds 


Because in the nontrivial case neither N nor dN /ds is equal to zero, this means that 
aN /ds is perpendicular to N, i.c., there is no component of dN /ds along N. Therefore, 


: dN 
B=0; ie, 7 =oT +B. (8.5) 


Moreover, according to the definition of the unit vectors, T -N = 0. By forming the first 
derivative of this scalar product one has 


dT dN 

Using the first Frenet formula, we find 

dT 

7 ee Nee (8.7) 
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By inserting (8.7) in (8.6), we obtain 


dN dN 

aii rlreaca or eae ok 
Multiplication of equation (8.5) by T yields 

dN 
T-—=aT-T+yB-T=«a. 

ds 
Because T - dN/ds = —x«, it follows that a = —«. Hence 
= —KT + TB, 


where y = Tt is defined and inserted as conversion factor. 


Derivation of the third Frenet formula: We first try with the preceding trick and start 
from B - N = 0. If we differentiate the scalar product B - N, the product rule yields 


But this does not help immediately. We therefore simply start from the definition of B. 
Because B = T x N, it follows that 


dp d dT dN 
— =—(TxN)=— xN+Tx —. 8. 
ds agin nie ee cae eS) 
The first term of the equation may be transformed as follows: 
T 
ON = EN KN SO. (8.9) 
ds 
By inserting equation (8.9) in (8.8), it follows that 
ae Ss a 
ds ds 
With 
= = tB—x«T, 


it follows that 


oe px GR cD). oD PB) CE: 
ds ds 


Because 
TxB=-N and Tx T=0, 


it follows that 
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Darboux rotation vector: The Frenet formulas can be formulated in a very elegant way. 
To this end, we define a vector D as follows: 


D=tT+xB. 
This vector D is called the Darboux? rotation vector. We now consider 


D x T= (tT +xB) x T 
= 1(T x T) + «(Bx T). 


Because T x T = 0 and B x T=N, it follows that 
D x T=KN. (8.10) 
Correspondingly, one has 


Dx N= (tT+x«B) xN 
=t(TxN)+«(BxN). 


Because B x N = —T and T x N = B, it follows that 


DxN=t1tB-xT (8.11) 
and there holds 
Dx B=(tT+x«B) xB 
= t(T x B)+x(B x B). 


Because B x B = O andT x B = —N, it follows that 
Dx B=-—tN. (8.12) 


Using (8.10), (8.11), and (8.12), one may rewrite Frenet’s formulas in the following, 
highly symmetric form: 


dT dN dB 
—=DxT, —- = ? — = 7 
ds x ae DxN a DxB 


*Jean Gaston Darboux, b. Aug. 14, 1842, Nimes—d. Feb. 23, 1917, Paris. Darboux came from modest 
relations. After graduating from Ecole Polytechnique and Ecole Normale in 1861, he decided for a teacher’s 
profession at the Ecole Normale. Supported by influential Parisian scientists, he got two teaching assignments 
after his doctorate in 1866. In 1881 he was appointed as professor. From 1880 on, he rendered merits as dean of 
the faculty of natural sciences on reorganizing the Sorbonne. From 1900 he served as permanent secretary of the 
Académie des Sciences. His main results concern the theory of areas. But he always aimed at joining to possibly 
all branches of mathematics, to penetrate them geometrically, and to work out the organic connection between 
mechanics, variational calculus, theory of partial differential equations, and theory of invariants. 
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Problem 8.1: Curvature and torsion 


Prove the relation 
dr fdr dr t 
—-|-~x —}=-. 
ais alg? @lg® Q 
Solution _ By inserting Frenet’s formulas and T = dr /ds, it follows that 
arya Tr ac dT dN dk 
pga (geben ar bse pee sg weed 
ds (S - a) E - (« ds aN ds n)| 
— xX cS) =T- (kN x «(tB—xT)) 
S 


= Tx? - (N x (cB — «T)) = K?T - ((N x TB) — (N x xT)) 


=OT Nx B)=erT-Tacr= 5, 


Examples on Frenet’s formulas: 


Example 8.2: Frenet’s formulas for the circle 


Given the position vector 
r(t) = (Rcoswt, Rsinwt, 0), 


calculate the vectors of the moving trihedral. 


Tangent vector: One has R be 
T= dr Tangent and normal vector of the circle. 
~ ds’ 


and with ds = |dr|, it follows that 
adr dr/dt v 


~ idr| |dr/dt| |vi 


The velocity is 


dv 

ae v= (—Rwsinot, Rocos wt, 0) = Rw(— sinwt, cos wt, 0), 
dr : 

Sale |v| = V Ra sin? wt + R2w* cos? wt = Ro. 


Hence, for the tangent vector one obtains 


Rw(— sin wt, cos wt, 0 : 
ie ( a ) = (—sinwt, coswt, 0). 
(43) 
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Normal vector: According to the first Frenet formula 


dT dT /dt 
«N= — = ——.. 

ds ds/dt 
We start from the time derivative: 
cls == —w(cos wt, sin wt, 0), 
dt 
ds dr 
— =|—| = Ro, 
ise) tahoe 
dT _ ~@ (cos wt, sin wt, 0) 
ds Ro / 
This means 


1 
kN= Tag OS eat, sin wt, 0) = = 


One has 

|(cos wt, sinwt, 0)| = 1. 

Because the curvature « is defined as a positive quantity, thus always x > 0, the following holds 
1 1 

KN = —(—cosa@t,—sinwf,0), thus « =|«||N| =—. 
R R 

Thus x = 1/R, and consequently one has 

N = (—cos wt, — sinwt, 0). 


As was expected, the curvature radius g = 1/K = R because R is the radius of the circle. For an 
arbitrary space curve the curvature radius in general varies continuously; it equals the radius of the 
osculating circle at a point of the curve. The geometric position of the centers of curvature of a curve 
(the centers of the osculating circles) is called the evolute. For the example of a circle the orientation 
of the normal vector is opposite to that of the position vector. The normal unit vector always points 
toward the center of the curvature circle. In this case the evolute is the center of the circle. 


Binormal vector: The vector B is calculated from B = T x N. 


e; e) 1) 
B=|-sinwt coswt i e;(sin’ wt + cos? cot) = @. 


—~coswt —sinet 0 


B = (0,0, 1). 

dB 

— =(0,0,0)=-rN, > r=0. 

ds 

The torsion (winding) equals zero because the curve lies within a plane. One easily realizes that the 
torsion vanishes for all plane curves because T and N are within the plane, therefore B = T x N 1 to 
the plane and is therefore constant. Hence, from the third Frenet formula and from dB/ds = 0, it 
follows that t = 0. The torsion specifies how fast the curve is running out (winding out) of the plane. 


rr nee 


EXAMPLES ON FRENET’S FORMULAS 57 


Example 8.3: Moving trihedral and helix 


The moving trihedral of a helix is calculated analogously to the case of a circle. The position vector 
describing the helix in space reads 


r(t) = (Reoswt, Rsinwt, bot). 


Tangent vector: 


ae dr /dt s (—Rosinwt, Rwcos wt, bw) 


lv} ds/dt — \/ Ru? (sin? wt + cos? wt) + Bar 


__ (—Rsinet, R cos wt, b) 


A REEB 


Us 


Normal vector: 
dT a¥/dt —Rw(coswt,sinwt,0) _ 
ds ds/dt JR?+Ro/R'+ER 
The curvature « is always defined as positive; correspondingly, the orientation of N is fixed 


(compare p. 34). One thus obtains 


&.l 
N = (—cosot,—sinwt,0), |x| 


|k|N. 


Ras: 
R245? 
The curvature of the helix is somewhat smaller than that of the circle, which is geometrically 
plausible. 
Binormal vector: One forms the cross product 
B= XN, 


In determinant notation: 


1 e, e2 ey 
B= —=—— _|-Rsinwt Rcoswt b 
VR? + b? 
—coswt —sinat 0 
bsinwt —bcos wt (R sin? wt + R cos? wt) 


ee + 
‘Veee JR eR | JR? +8 


= (bsinwt, —bcoswt, R). 


| 
~ JR2+6 
Forb > 0,B = constant = (0, 0, 1). To calculate the torsion, one forms 


dB dB/dt — (1/VR* + b*)(bacosat, bw sin wt, 0) 


ds ds/dt OsREE Pe: 


b : 
= Re 4 pe oS ot, sinwt, 0), 
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The vector N has already been calculated above: N = (— cos wt, — sinwt, 0). From there follows 
the torsion of the helix. It holds that 
—b b 
Set CS eee Orem 
The torsion radius: o = 1/t = (R’ +b’)/b. 
For b = 0, it follows that r = 0. r is a measure for the variation of B, i.e., for dB /ds. In other 
words: t is a measure of how the curve is winding out of the plane. 


The three unit vectors T, N, and B define three planes that have particular names: 


TandN span the osculating plane, 
N and B -sspan the normal plane, 
Band T span the rectifying plane. 


Remark: For a straight line r(t) = a+tex = 0 (9 = oo) andt = 0 (o = oo). N and 
B may then be put arbitrarily 1 to T = e. This is quite clear. 


Velocity and acceleration of a mass point on an arbitrary space curve: For arbitrary 
space curves it is sometimes convenient to express the velocity and the acccleration by 
means of the new unit vectors. After introducing the vector T one has 


1 a. v=|v|-T=v0T. 
|| 


This relation may be used to derive the acceleration. 


dr dv a dv dT 
dt? dt dt ee: dt a dt 


By transforming the second term, one obtains for the acceleration 


dT aTds dT 


= = v 
dt ds at ds 


The acceleration is composed of two components: the tangential acceleration dv/dt T 
pointing in the tangential direction, and the centripetal acceleration v"/@ N pointing toward 
the center of the circle of curvature. For a uniform motion of a mass point on a circle 
(Example 7.4) there exists only the centripetal acceleration, because dv/dt = 0 due to the 
uniformity of motion. 
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The Evolute and the Evolvent: The evolute 
E (t) of a curve r(t) is the geometric position of 
the centers of curvature (centers of the osculating 
circles) of the curve r(t): 


E(t) =r(t)+ a 


=r(t)+ NU), 
K(t) 
where 1 /« = gis the curvature radius of the curve 
at point r. For plane curves, (t = 0) this holds: 
The tangents of the evolutes are simultaneously Parallel evolvents d(t) belonging to the 
normals of the initial curve, because aU 
dE dr dN 


ma + NW) +e 


ds do ds 
= iiss ata ay NW) eee — KT) 


d d: d 
= (5 - oF) + aN (because t = 0) 
=| 
~ dt 


The evolvent (or involute or unwinding curve) J(t) is the geometric position of the arc 
length s plotted along the tangents: 


J(t) = r(t) — s(t) - T(t). 


s is measured from an initial point Po. Depending on the choice of the initial point Po, 
one obtains a family of curves, whereby two evolvents in each point have a constant 
relative distance in normal direction. Such curves are called parallel curves. This is seen 
immediately by demonstrating that the tangent to the evolvent is perpendicular to the 
tangent of the initial curve, i.c., T-T, = 0. But this is evident because 


GM aks ds 
~— = ~ Sts) S th T, ~ —N. 
Ty a ae a (t)—; us Ty 
eee ane’ 


-0 


If one is dealing with plane curves, then the construction of the evolutes and of the 
evolvents are in some kind of inverse relation with respect to each other. One finds: 


I. One of the evolvents of an evolute is the initial curve itself, symbolically written as 
Jez (8) = r(s). 
If. The evolute of each evolvent of a curve is the initial curve itself, that is, 


Ej, (G)) = el) 
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Here we have written the corresponding initial curve as an index; thus J;(s) is the 


evolvent of the curve r(s), and Ey, (s) is again the evolute of the evolvent IJr(s). 
We prove the second assertion: It reads 


1 
Ey_(6) = Je (6) + —Ny = (r(s) ~sTy ()) + —Ny. 
Ky Ky 


The normal of the curve J, is obtained by differentiation of the tangent vector T; = —N, 
with respect to the arc length s, (i.e. not with respect to s = s,!). Therefore, 


ee ee 


7 ¢, dsp ey dsy \ as 
1 ds Kk ds 
= —~— —— (tB, — xT,) = — —T 
Ky ds; Soin kj; dsj ; 


if the torsion t vanishes (plane curve!). 
The derivative of the arc length of the curve r with respect to the arc length of the evolvent 


Jr is obtained because 


dJ, dj, ds ds |T;| 1 
j= =——; thos — = ——_ = ——_ = —. 
ds; ds ds; ds; |dJ,/ds|  s\dT,/ds| sx 


Because Ny and T, are unit vectors, it must hold that 


We see that the curvature radius of the evolvent just equals the corresponding arc length 
s of the “unwound” curve, as is expected clearly. 
For the evolute of the evolvent, we now obtain 


l 
Ej, = r(s) — sT,(s) + ~ NS 
J 


] 
= r(s) — sT,(s) + —T,(s) 
Ky 
=r(s) — sT,(s) +5T,(s) = r(s). 
Thus, assertion II is proved. Assertion I may be proved in a similar way. 
Note: By adding a term pointing along the binormal direction, the definition of the evolute 


may be generalized in such a way that the assertion holds also for general space curves 
with torsion t # 0 (compare to Example 8.6). 
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Example 8.4: Evolvent of a circle 
The evolvent of a circle is a spiral. The centers of curvature of this spiral are located on the circle, 


which therefore is the evolute of the spiral (compare the figure). 


\, Evolvent 
ed 


\ 
\ 
a \ 


\ 
\\ Evolvent iN 


\ \ 


\ 
\ 
\ 
! 


Evolute 


p’ 


The circle and two of its evolvents. 


Problem 8.5: Arc length 


Calculate the arc length of the space curve given by 
r(t) = 3 cosh(2r) e, + 3 sinh(2t) e, + 6re, 


for the interval 0 < t < 2. Outline the curve! 


Solution One has 
ar 


ds 
s=fas=[Fa= oF dl, 
because ds = |dr|, 
dr : 
dt = 6 sinh(2t) e, + 6 cosh(2t) e, -- 6e,, The space curve. 


; = a 
Pa = 6,/ sinh? (2t) ++ cosh?(2r) + 1 = 6 2.cosh?(21), 
because sinh? x = cosh? x — 1 — |dr /dt| = 6/2 cosh(2r), 


1. 2n 
1 
G= [ 6vacoshc2 Ate 5602 f coshx ds = 3/2 sinh(27r). 
0 


0 
The space curve comes from the first octant, intersects the x, y-plane at the point (3,0,0), and enters 


the eighth octant—twisted hyperbola: Consider the x, y-components: x = cosh 2r, y = sinh 2r, then 
form x? — y* = cosh? 2t — sinh? 2¢ = 1 + x? — y? = k (k = constant). This is the equation of a 


hyperbola, see Chapter 26. 
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a 


Example 8.6: Generalization of the Evolute 


The definition of the evolute may be extended to the case of nonplanar curves, i.e., curves with torsion 
t(s) 4 0 in such a way that 


Jnp(s) = rs) (8.13) 


further holds. For this purpose we start from a general ansatz allowing that the evolute runs out of 
the osculating plane of the curve r(s), namely 


E(s) = r(s) + A(s)N(s) + (5s) B(s) (8.14) 


with two indeterminate functions A(s) and jz(s). 
To calculate the evolvent of E, one needs the derivative 


dE dr dia dN dp dB 
peel nan oee apaae  pemee greg et t sat 
ds Pager a ee 


= T(l — KA) + NA — wt) + Bia + 1A), (8.15) 


where the Frenet formulas have been utilized. The dot denotes differentiation with respect to s. 
The evolvent of the evolute then has the form 


dE 
Jr, (s) = E,(s) — se(s)Tx(s) = E,(s) — sz SP Pee 


ds dE 
=r+AN-+ uB— s; — — 
. SE sp ds 


ds ‘asian 
=r~- geo —KA) +n[a rene ee (A == u)| 
ase. 
+B E ae (+ “| : (8.16) 
Sp 


In order to fulfill 8.13, all additional terms on the right side of 8.16 must vanish. Because the 
vectors of the moving trihedral are orthogonal, one is led to three independent equations: 


1~—Ka = 0; (8.17) 

a a ae (8.18) 
dsr 3 

ps (b+ th) =. | (8.19) 
dsr : 


The first equation again yields the old result 


MS) a (8.20) 


ds ar 1/K —K 
Ls aa GE Aa (8.21) 
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and insert this in equation 8.19: 


ut (4 + tA) = 0. (8.22) 


K 
K+ tk? 
This is a differential equation of first order for the function j2(s), 
K iz 
pete? +—n+—=0. (8.23) 
K K 
In order to solve 8.23, we multiply by «, 


(kpetku) + re7y? +7 =0. (8.24) 


We substitute Y(s) = «(s)(s); hence 
d 
peat las sea) (8.25) 


This may be integrated by separation of variables, 


hence 
+arccotY = fase +C 


0 
or 


I fee 
A= mo fi ds't(s')+ 7 5 (8.26) 
0 


The generalized definition of the evolute therefore reads 


E(s) = r(s) + aN 5) oe —~ ao elf ds' t(s')+ | B(s). (8.27) 


Because C is an arbitrary constant, there exists an entire set of evolutes. 


O Surfaces in Space 


It may happen that the position vector is not a func- 
tion of one parameter only but depends on two pa- 
rameters u and v: 


r(u, v) = (x(u, v), y(u, v), 2(u, v)). 


The position vector then describes a surface in 
space. This shall be visualized: Let r be a func- 
tion of two parameters u and v. We first choose a 
fixed value v, for v and let u vary continuously. 
T(u, v,;) then describes a space curve (compare to 
the figure). 

Now we choose another fixed value of v that is 
not widely spaced from v; and denote it by v2. u is 
again varied continuously. 

There results a space curve r(u, v2) that does not differ too much from r(u, v,). This 
procedure may be repeated many times, and one obtains many neighboring space curves 
(see figure overleaf). 

Then, the same procedure may be performed in the opposite manner. By choosing a fixed 
value for u and varying v continuously, one obtains distinct neighboring lines r(u,,, v) for 
a fixed u, (see next figure). 

If the spacings between u and v become more and more dense, one obtains a surface 
in space. One may form the derivative along such a curve (¢.g., fixed u = uy and varying 
v). The derivative in which one of the parameters is considered variable while the other 
parameters are considered fixed is called a partial derivative and is denoted by a round 4 
(spoken: “d partial” or “d partially derived with respect to”). 


Illustration of the space curves r(u, vp). 


dr(ui,v) _. _ ar(u, ) 


u =u; = constant : 
dv Ov 
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The net of coordinate lines. 


In the same way one forms the tangent vector r,,: 


dr(u, vj) dr(u, v) 
Sh] Cush: = = hh, S 
du . ou 
The plane fixed by r, and r, is called the tangent plane of the surface. From r, and r,,, one 
easily forms the normal vector n, which is perpendicular to the tangent plane. 


¥,2 


oa 


¥ 


yr 


The normal vector is 


n(u,v) = LHS 
ry X Ty 

If r,, -r, == 0 at any point of the surface, the mesh 
formed by the curves for u = constant and v = 
constant, respectively, is called an orthogonal mesh. 
For example, the meridians and parallels of constant 
latitude of a sphere form an orthogonal mesh. A sur- 
face for which a normal vector may be constructed 


x 
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at any point is called orientable. There are surfaces Iilustration of a surface in space with 
with only one side, as for example the Mobius strip _ tangent and normal vectors and a tan- 
(see Section 14). On such a surface, any point can be 9Nt plane in one point of the surface. 


reached from any other point by a continuous dis- 
placement of the normal vector. Such surfaces are 


} not orientable. Orientable surfaces have inner and outer sides. By acontinuous displacement 
of the normal vector, one stays always on the same side of a orientable surface. The normal 
n of an orientable surface is defined as positive for external (convex) surfaces, and negative 


for concave ones. 


Example 9.1: Normal vector of a surface in space 


The position vector r(u, v) = acosusinve, +a sinu sin ve, + acos ve; with variable parameters 


describes a surface in space. 
Find the normal vector as a function of u and v. 


Solution r, = —asinusinve, +acosusinuve, + 0e;, 

WW Tr, = acosucosve, + asinucosv ee — asinue, 
at ec, e e3 

«Ula! r, XT, =|—asinusinv§ acosusinv 0 


acosucosv asinucosv —asinuv 


2 52 2 5 c 
= —a’ cosu sin’ ve, — a’ sinu sin’ ve, — a* sinvcos vey, 


2 . - . . 
fe, <te ll Sa cos? u sin’ v + sin? u sin v + sin? v cos? v 
2 ; Wy pee oe 
= a°,/(cos* u + sin? 4) sin’ » + sin? v cos? v 
= a’ sin? v (sin? v + cos? v) 


= a’|sin v|, 


n = (—cosusinv, —sinusinv,—cosv) for sinv > 0. 
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The result means that the normal vector always points opposite to the position vector, which is the 


case for a sphere. One may easily prove that the function of the position vector represents a sphere, 
by calculating the magnitude of the position vector: 


x =acosu sin v, 
=asinusiny, 


Z=acosv. 


The absolute value (the normalization) |r| = r of the position vector is calculated from 
ir? =x? + y’ +2? =a’(cos’u sin’ v + sin? u sin? v + cos? v) 
= a’(sin’ v (cos* u + sin’ u) + cos’ v) 
G 
Sail 


From there it follows that r = a = constant, 1.e., the given position vector determines the surface 
of a sphere. 


Because 


r, -Ty = —a’ sinu cosu sinv cos v +a’ sinu cosu sinv cosv + 0(—asinv) = 0, 
the mesh spanned by the u, v-lines represents orthogonal coordinates. One easily confirms that the 


u-v-lines are the meridians and parallels of equal latitude on a sphere. 


Coordinate 
Frames 


In an n-dimensional space one may always define n linearly independent base vectors out 
of which any arbitrary vector may be composed by a linear combination. For the sake of 
simplicity, vectors of magnitude unity are usually adopted as base vectors. 

Corresponding to the number of base vectors, the position of an arbitrary point may 
be specified by n independent real numbers u;, i = 1,...,n. Each coordinate frame 
is characterized by a mutually unique assignment between the space points and these n 
numbers, the coordinates. 

A vector in the n-dimensional space reads 


n 
r= > mies, 
HE 


where the n base vectors e; again shall satisfy the orthonormality relation e; -e; = 4;,;. 
The scalar product of two n-dimensional vectors a = {a;} and b = {b;} may be defined by 
a-b = )-/_, a;b;, in analogy to the three-dimensional space. 

The introduction of a coordinate frame implies that the coordinates of a space-fixed point 
change if the frame is displaced or rotated. From there it follows that for any special system 
a reference point and a definite orientation in space must be given. 

Physically seen, both quantities may be fixed by tying the coordinate frame, for example, 
in a rigid body as a reference body; in a completely empty space it would make no sense to 
speak of the position of a point. Of course, a coordinate frame must not be “at rest” (e.g., 
all frames tied to the earth are accelerated frames due to the earth’s rotation). 


Special examples 


1. The position of a point on an arbitrarily curved line (n = 1) 
is already specified by giving one number. In the simplest case 
one adopts the arc length s measured from a reference point in 
a defined direction of motion as a “natural parameter.” This is a cater sillar ona blade 
one-dimensional space. of grass: 


ry 
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2. The surface of the earth, although being formed in 
a highly complicated manner (mountains, etc.), is an 
area with n = 2. Each point on it may thus be uniquely 
determined by two numbers. As is known this may be 
achieved by fixing two angular quantities: geogra- 
phic length and latitude. Arbitrarily chosen reference 
quantities are the zero meridian through Greenwich 
(geographic length = 0) and the equator (geographic 
latitude = 0). This is a two-dimensional space. An ant crawling on a sphere. 


In order to change from one coordinate frame (q1, 92, q3) to another one (here specifically 
the Cartesian frame: x, y, z), the following equations have to be set up: 


Transformation equations: 


gi =qi(%, y, 2) x =X(q1, Ga, 93) 
G2 = qo(x, y,z) and theirinversion y = y(q1, g2, 43) (10.1) 
G3 = q3(X, y, Z) Z = 2(41, 92, 93). 


Cartesian coordinates: Given are the three base 
vectors €;, €2, €3 along the directions of three mu- 
tually perpendicular axes. The coordinates x, y, z 
of a point P are the projections of the position 


vector r = OP onto the axes, 
I =e] te yen 4-283, ene 


By convention the three unit vectors form a 
right-handed frame. Because they are mutually 
perpendicular, they constitute an orthogonal frame. 
Moreover, the unit vectors are always parallel to 
the axes, that is, fully independent of the position 
of the point P in space. 

This constancy of direction of the unit vectors combined with their orthogonality is 
the reason for preferred usage of Cartesian coordinates. For many special problems with 
particular symmetry, it turns out as convenient to use coordinate frames that are adapted to 
the geometric conditions and therefore simplify the calculations. For example, the motion 
of a plane pendulum may be described in terms of one angular coordinate, the motion of a 
spherical pendulum in terms of two angular quantities. 


The definition of Cartesian coordinates. 


Curvilinear coordinate frames: To explain the denotation, we suppose the coordinates 
x, y, z of r to be expressed by qj, q2, g3 according to (10.1). There results 


¥(qi, 42,93) = {x(q1, G2, 93), Y(Gi, 92, 93), 2(41, 92, 93)}- 
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Two of these three coordinates g;, q2, q3 are now kept constant; let only the third one be 
variable. All points satisfying this condition are located on a space curv >. There arise the 
three coordinate lines: 


Ly: r=r(q 92 = C2, 43 = 3), 
Lj: r=r(q =¢1,9 103 6.) (10.2) 
£3: r=r(q@i =¢1,92 = 02,93 ). 


As is immediately seen from the scheme, the three coordinate lines \aave exactly one 
common intersection point P (cj, c2, c3). 

In the Cartesian frame these lines are straight lines parallel to the three ixes. If, however, 
at least one of the lines is not straight, one speaks of curvilinear coordina:es. One may still 
proceed one step further and keep only one of the three coordinates constant, while the 
other two remain variable. There arise two-dimensional (in general curve 4) areas in space. 


Coordinate areas: 


Fy: r=41(qi = ¢1,q2 » 43), 
Fy: r=r(q 42 = €2, 3), (10.3) 
Be T= Tr 42 , 43 == C3). 


One may imagine the coordinate lines z 
as resulting from the intersection of two of 
these areas. In the Cartesian system the co- 
ordinate areas are planes with the common 
point P. 

Generally an arbitrary point may be rep- 
resented as the intersection point of its three 
coordinate areas (and, of course, also co- 
ordinate lines). One presupposes that each 
space point is traversed by exactly one area 
from each of the three sets of coordinate 
areas. The three fixed parameters of these ne , 
areas are the coordinates of the point. NUSNAGH Si SOSBNAE SOEBCES: 

The vector r(q, 92, 3) as a function of the three parameters q), q2, g3 «lescribes a space 
region. Actually, if one of the coordinates is kept fixed, e.g.,q¢3 = 3, accorling to Chapter 9 
we are dealing with an area in space. If q3 changes to q3 = q3 + Aq3, a seighboring area 
emerges. If q3 is running continuously, there emerge more and more ar itrarily densely 
located areas in space that, in total, cover a space region. 


pet en te 


ae 


g.curve "SS ’g.curve 


General specification of base vectors: As normalized base vector (wit vector) €g, at 
point P, we choose a vector of magnitude | tangential to the coordinate line.77 = c2, 3 = C3 


at P. Its orientation shall correspond to the direction of passage of the coo dinate line with 
increasing value qj. 


COORDINATE FRAMES 1 


This introduction of the unit vector corresponds exactly to the geometric meaning of 
the partial derivative; hence, e,, may be calculated by partial differentiation of the position 
vector with respect to q, and subsequent normalization: 


or /dq\ or or 
e,, = ———— — hye —=hje,; i=1,2,3. 10.4 
” ar /dqi| aqi aa Ogi re oly 


Here h; are scaling factors, namely h; = |dr/dq;|. In curvilinear coordinate frames the 
direction of at least one of the coordinate lines changes by definition. Therefore, these 
frames are, contrary to the Cartesian frame, coordinate frames with variable unit vectors. 

See ee ee Eni ereee ee eS ee 


Cylinder coordinates: The coor- 
dinates used are 


gy: angle between the projection of 
the position vector onto the x, y- 
plane and the x-axis, 


g: separation of the point from the 
Z-axis, 


z: length of the projection of the po- 
sition vector onto the z-axis (as in : 
the Cartesian frame). x ae? 


; ; The definition of cylindrical coordinates. 
The coordinate areas extend to in- 


finity (see figure, showing limited 
sections) and are 


O = 0}: circular cylinders about the z-axis, 
=: half-planes containing the z-axis, (10.5) 
Ye a Fae planes parallel to the x, y-plane. 


Coordinate lines are two straight lines and a circle. 


Transformation equations: From the figure one may directly read off the relations: 


r = (x1, 2, x3) = (QO cos¢y, oO sing, Z) 


or in detail: 
x=o0Ccosg, Q9=/x?+y?, 
y=osing, gy = arctan — arcsin a (10.6) 
x Q 


f= &> He = Me 
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To ensure that one point cannot be characterized by distinct combinatiois of coordinates, 
we agree on the following restrictions: 


o> 0; 0<@ < 2n. 


The representation is not completely unique since the angle remains inc efinite for points 
with 9 = 0. But inversely—and this is the more important requiremer t—to each triple 
0, Y, z only one space point is associated. 


Unit vectors: According to the geometric 
introduction as tangent vectors to the coordi- 
nate lines, the unit vectors €,, ey, €, are given 
by ys 


_ 9r/de _ (cosy, sing, 0) 


€, is parallel to the x, y-plane and points in 
radial direction from the z-axis outward. 


ee, = = é : 
2 Yor /3e! | 
aie: dr /dy 6 ey) | 
jar /dg| Q 

_ dr/dz _ ,0,1) - 
so jar/az} ot C] 


e, is tangent to the circle z = 71,9 =o, * 
that is, also parallel to the x, y-plane. Illustration of cylindrical c ordinates. 


e, corresponds to the Cartesian e3. 
Thus, €, and e, may be projected onto the x, y-plane without any char ges. One has 


€p = cosye, + singe, 


14 : w 

€, = COs (9 + =) e; + sin (¢ + =) €, = — singe; + cospey, 

€, = (cos ¢, sing, 0), 

e, = (— sing, cos¢, 0), (10.8) 
Ce = (0), iD). 


The same result follows by partial differentiation of r with respect to g, g, and subsequent 
normalization (see equation (10.7)). 


To check the unit vectors, we form the triple scalar product 


cosp sing O 
€,:(€@, x e€,)=|—sing cosy 0] =1. 
0 | 
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This is the unit volume spanned by the vectors e,, ey, e,. Thus, the cylindrical coordinates 
form an orthogonal frame with variable unit vectors. For solving kinematic problems it is 
important to know the derivative of the unit vectors with respect to time. Let the functions 
a(t), y(t), z(t) be known. The generalization of the chain rule for a function of several 
variables then yields 


de, de,do degdy  de,dz 

dt agdt | ay dt az dt 
=0+(-—sing,cosy,0)¢+0 =e, 

de, 

dt 

de; 


=(-—cosy,—sing,0)¢ =-—Pe,, (10.9) 


dt 


The derivative of a vector e of constant magnitude has no component along the direction 
of e and hence must be perpendicular to it: e -e = constant > e-de/dt = 0! 

The equations given above fulfill this condition! We still note that from now on we shall 
frequently abbreviate the time derivative of a quantity by a dot above this quantity, as, for 
example, dy/dt = @ or de,/dt = €p, etc. 


Velocity and acceleration in cylindrical coordinates: Let a point move along a path 
described by the position vector r(t). One has 
(a) the velocity v(t) = dr/dt, 
(b) the acceleration b(t) = d*r/dt? = dv/dt. 
In cylindrical coordinates let g(t), g(t), z(t) be given. The position vector is 
r= ge, + ze,. (10.10) 


Note: These base vectors are now not fixed but are coordinate-dependent by themselves. 
One has to take care in component representation: For instance one cannot simply dif- 
ferentiate r = (0, 0, z)! In order to avoid errors, one has to write out the vector, as, for 
example, 


(a) 
Ir = 0€, + 0, + Ze, + 2€,. 
This yields the velocity: 
r = 2€y + Ge, + Ze,. (10.11) 
(b) 
F = (G€, + Q€,) + (QG€y + OGE, + OGEy) + (Ze, + Z€;). 
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This yields the acceleration: 
i = (6 — a9" Jeo + (0G + 20G)ey + Zeer. (10.12) 


Hence, in the cylindric frame both the velocity and acceleration are cc mposed of three 
components: a radial component, an azimuthal component, and a coniponent in the z- 
direction. 


Spherical coordinates According to the figure below, the coordinates i re 


r: length of the position vector, 
8: angle between the position vector and the z-axis (polar angle), 
y: azimuth (as in the cylindric frame). 


The previous figure illustrates the various coor- a 
dinate areas and lines. The point P is the inter- 4A € 
section point of a circular cone about the z-axis Me i 
with the vortex at the origin 0, a half-plane includ- y SK & 
ing the z-axis, and a sphere with the center at 0 
that results by keeping the radius r constant and 
varying the two angles. The coordinate lines are 
two circles and a straight line: (1) r = constant, 
y = constant, 3% variable — meridian; (2) r = 
constant, ? = constant, gy variable — parallel of oN 
constant latitude; (3) y = constant, 9 = constant, fo 
r variable — radial ray. 

The coordinate areas are a conical area (0 = 
constant), a half-plane (g = constant), and a 
spherical area (r = constant). 


snaimsar ai Asan Anan Ahan SMannnAenARQanSnnsnsnnannn Wa 


The definition of spheri:ai coordinates. 


Transformation equations 
r= xX/e; + xX2€2 + 133 =rsind cosye; +rsinvd singe, +rcos te. 
When the equations are written in detail, we get 


x =rsind cos, r= VJx2+ y2 422, 


: : y 
y=rsinv sing, = arctan ~, 
7 ? (10.13) 


Zea TCOs ys 0 = arctan (v2? = ¥/z) : 
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r=const. 


Coordinate surfaces and coordinate lines for cylindrical coordinates (left) and spherical coordinates (right). 
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To reach uniqueness, the following restrictions are agreed upon: 


r>0, C= 9 < 27, 0<0D <n. (10.14) 


Unit vectors for spherical coordinates: The position vector is 
r=r(sin? cos g, sin ? sing, cos 77). 


Partial differentiation yields 


or : : or 

— = (sin? cos 9g, sind sing, cos 7), Ae) iL 

or or 

she > Osi Oe ieee es ee (10.15) 
0 = r(cos 3 cosy, cos # sing, — sin 7 der eeu : 

0 ; or : 

pa = r(—sin?# sing, sind cos 9g, 0), he = [=| =rsinvd. 

ay ag 

The unit vectors follow by normalization: 

e, = (sin? cos g, sin? sin yg, cos 7); 

€; = (cos ¥ cos y, cos 8 sing, — sin?); (10.16) 


€, = (— sing, cos g, 0). 


Geometrical interpretation: One has re, = r; hence, e, points along th position vector, 
that is, it is the normal to the surface of the sphere. 

e, lies tangential to the circle r = rj, ® = %, namely, parallel to the x, y-plane. Its 
component representation may accordingly be seen from the previous fig ure when setting 
the circle radius equal to r sin. 

€s has a component sin 9 along the negative z-direction. We know that ey is the tangent 
vector of the }-coordinate line, namely the tangent to the meridian. The question whether ey 
points upward or downward is decided by the z-component:(— sin %): ey s0ints downward 
as in the figure. 

One may easily convince oneself that the spherical coordinates also constitute an 
orthogonal frame with variable unit vectors, by evaluating the triph: scalar product 
e, -(@) X ey) = 1. 

We write the equations (10.16) explicitly: 


e, = sind cos ge, + sind sing e + cos # e3; 
€) = cos ? cos ye; + cos ? sing e2 — sin? e3; (10.17) 
e, = — singe; + cos ge, + 0e3. 
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and solve them for e;, €2, €; according to Cramer’s rule'. For example, for e; one finds 


e, sindsing cosd sindcosg sindsing cos? 
€;}=J/e;s cos’?sing —sini? cos#cospy costsing —sini} , 
fe COs 0 — sing cos 0 


_@ sin ¥ cos g + ey cos ? cos g + e,(— sing) 


sin? » cos? y + cos 9 cos? g + sin? y 
e; = sind cosge, + cost cosyey —singey, | (10.18) 
and similarly for e2 and e3: 
€2 = sin singe, + Cos # sing €y + COS 9 Ey; 


e; = cose, —sinvde,. (10.19) 


Velocity and acceleration in spherical coordinates: To calculate the velocity and ac- 
celeration in spherical coordinates, we still need the time derivatives e,, €y, €y. One finds 


: de,- de, 
é,= aa ao! 
= (cos 3 cos g, cos ¥ sing, — sin v)d + (—sin } sing, sin} cos 9, 0)¢ 
= des + sind¢ey, (10.20) 
and similarly 
é, = —de, + cos? dey, 
é, = — sind ge, — cos? Gey. (10.21) 


Now we may calculate the velocity in spherical coordinates. The following hold: 


Paine 
r=re, +re, 
=re, tries +rsind Peg, (10.22) 
r—re, +ré, +rdey trodes tres 
+Fsind pe, t+rcosdd Pe, +rsind Ge, +rsind pe, 
(after inserting (10.20) and (10.21) ) 


' Gabriel Cramer, b. July 31, 1704, Geneva, as son of a physician—d. Jan. 4, 1752, Bagnols near Nimes. After 
his studies at the university of Geneva, Cramer became appointed as professor for philosophy and mathematics. 
From 1727-1729 he made an informative trip through many European countries. After his return home Cramer 
held important municipal posts in Geneva. His rapidly decaying state of health led him to southern France where 
he soon died. His main work is the {ntroduction a [Analyse des Lignes Courbes Algébriques (1750), where among 
other things the theory of solving systems of equations by means of determinants is outlined. 
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‘gg a . : 
= (¢ - rd? —rsin’ 9 9”) e, + (50) = r sin cos 84?) & 
I 


b, 


sh eee 
+(55 sin 8) ey 
ed 


be 
= be, + byes + boty. 


by 


(10.23) 


If ¢ = 1/2, that is, sind = 1, #& = 0, cos = 0, (10.22) and (10.23) t mm into 


r=re, +rge, 
and 


i = (F —r¢’)e, + (27G+rGey, 


respectively. These expressions for velocity and acceleration in plane poli r coordinates are 


already known from the discussion on cylinder coordinates. 


Problem 10.1: 


Solution 


A particle moves with constant velocity v along the heart curve 
or cardioid r = k(1 + cos) (Greek kardia = heart). Find the 
acceleration a, its magnitude, and the angular velocity. (Note 
that r denotes here the coordinate o of the cylindrical coordinate 
frame.) 


The differentiation of the path equation with respect to time yields 


r=k(1+cosg), (10.24) 
r= —ksing@, (10.25) 
F = —k(~’ cosy + G sing). (10.26) 


For the discussion below it is useful to conclude from 10.24 that 
2 
cosg=——1 and sin’ = 1— (= ~1) a ae a 
k k 
According to 10.25 we obtain 


: . ip IR on 
P=k sin’ gg =k (2; = =) ¢ = 2kr¢@’ — r7¢?. 


Velocity and acceleration in cylindrical coordinates 


2k 


The heart cut ve or cardioid. 


(10.27) 


(10.28) 


Because we are dealing with plane polar coordinates, we write for the radius vect or 


r=re,, 
rF=Tre, +r9ey, 
f= (F —r@’)e, + (G+ 2?g)e,. 


(10.29) 
(10.30) 
(10.31) 
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Because the velocity is given as constant, from 10.30 it follows that 


v= VP +r¢, 


and with 10.28 it follows for the angular velocity that 
Dv 


v 2kr , 


because namely 


v=( (05 - fe +r) o= ar 


(10.32) 


For r —> 0, obviously @ — oo. This is due to the “turn-over’ of the polar angle at r = 0 (compare 
the remark at the end of the problem). The e,-component of the acceleration is 


2 2 
a, = Fe, =F -rg? = -k (5 cose + sings) ~ F. (10.33) 
hie 


The angular acceleration g follows from 10.32, whereby v = 0: 


vr v? sing 


j= — = 10.34 
3 ar 2kr 4r? ( ) 
Equation 10.34 inserted in 10.33 yields 
ue ff ® er v 
, = —k— | r-—cos sin -— 
weve a oT 
v? r v 
= Gara coapy? «t P2eese + cos ¥)~ ap 
3 v* : : 
a, =—-—, radial acceleration. (10,35) 
For the second component of the acceleration (azimuthal acceleration), 
Gh =, = AD ae Date 
v’ sing v’ sing 3 v’ sing 3v* — sing 
= = = =< ‘ 10.3 
4r 2kr 4 er. 4k 1+cosg Cos) 


Obviously, a, > —oo for g — 180° (the angle y tums over — compare the remark at the end of the 
problem). 

Because the acceleration components a,e, and a,e, are orthogonal, the magnitude of the acceler- 
ation is given by 


ee 3? sin? g 3 v7 a 
PEt i wt Jat ray A erence Elander adh ior meaeRET 
4k (l+cosg)? 4kYV1+cosy 


For the total acceleration, it also holds that a —> oo for g — 180°. 
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Remark: The angular velocity 
10.32 and the angular acceleration 
10.34 become infinite for r = 0. 
This singularity is implied by the 
choice of the coordinate frame and 
is independent of the motion along 
the cardioid. Consider, for exam- 
ple, the uniform motion of a parti- 
cle on an arbitrary path in polar co- 
ordinates. Let the origin be located 
on a normal to the path. Because 
«) = v/d, the angular velocity de- 
pends on the separation between 
origin and path: w; < a <...< 
@,. In the limit with the origin lo- 
cated on the path, the angular ve- if the origin of the polar coordinates is located on the path, the 
locity becomes infinite. angular velocity becomes infinite. 


Problem 10.2: Representation of a vector in cylindrical coordinates 


Wnite the vector A = ze; + 2xe2 + ye; in cylindrical coordinates. 


Solution _ For the solution, we make the ansatz A = A,e, + Aye, + A,e,. The unit vectors of the Cartesian 
frame have to be replaced by those of the cylinder system. Moreover, the components, namely, z, 2x, 
and y, have to be expressed by cylindrical coordinates. 

The system of equations 


&, =e; cosp + e2 Sing, 


& = —e, sing + e€2 cosy 
may be solved for e;, e2 and yields 


€; =e, cosy — e, sing, 


&) = €, sing + e, cos p. 
It further holds that 


xX =oecosy, y=osing, Z= 


a) 


Insertion yields 
A = 2(@, cosy — ey sing) + 2e cos y(e, sing +e, cosy) + osinge,. 
Thus the components are 


A, = ZC0S@ + 2e cosy sing, 
A, = 2g cos’ y ~ zsing, 
A, =osing. 
—— eee 
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Problem 10.3: Angular velocity and radial acceleration 


A rod rotates about P; in a plane with the angular velocity P 
w = ke"? At the time t = 0, let g = 0. The straight line 
intersects a fixed circle of radius a at the point P). 


(a) Find the angular acceleration of the rod. —@\ 
P, 
(b) Find the velocity v, and the acceleration b, of the point a a 
P, along the rod. 


Motion around P, with angular ve- 
(c) Find the velocity and the acceleration of the point P, with |ocity w. 
respect to the center of the circle. 


Solution _—_(a) The angular velocity is 
w=o=ke™ 
=>» for the angular acceleration 


@ = G =kwcosge""” 


= ke"? cosa. 


Motion around P; as seen from O. 


(b) The position vector to the point P, on the rod is 
ene where 9 =2acosgp = r= 2acospe,. 
The velocity of P, is obtained from the relation 
F = 0, + OGey, 
and the acceleration is 
i = (6 — og’ )e, + (0G + 20¢)e, . 
Insertion yields 
v=r=—2asing ge, + 2acospge, 
= 2a (—sing Ge, + cos ggey,) , 
b = fF = 2a[(—¢sing — 2¢’ cos¢) e, + (Pcosy — 2¢’ sing) e, | . 
For the velocity and acceleration along the rod axis, that is, in the e,-direction, one obtains 
Vv, = —2agsinge, , b, = —2a (¢ sing + 2¢° cos ¢) eg. 
The negative sign indicates that both v, as well as b, point toward the center of rotation P,. 
(c) The rotation angle of O P, equals 2y, and the velocity along the circle is 
ip 20 Up, = a9 — ore ©. 


The normal acceleration is 


2 
7] ; 
P. .: 
bp» ee ea 4ak7e75in? | 
a 
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the tangential acceleration is 
Pip = aa = 2ag = 2ak* cos ye?" ; 


and the total acceleration is 


bi, +53, = 2ak’e?*/4 + cos? y. 
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7 7 Vector Differential 
Operations 


Scalar fields: The notion of scalar field means a function @(x, y, z) that assigns a scalar, 
the value @(x), y, Zi), to any space point P(x,, y,, z;). Examples are temperature fields 
T(x, y, z) and density fields o(x, y, z) (e.g., mass density, charge density). 


Vector fields: A vector field correspondingly means a function A(x, y, z) that assigns a 
vector A(x), yj, Z1) to any space point P(x}, y1, 21). 

Vector fields are, for instance, electric and magnetic fields, characterized by the field 
strength vectors E and H, or velocity fields v(x, y, z) in flowing liquids or gases. 


The operations gradient, divergence, and curl (rotation) 


Gradient: Given ascalar field @(x, y, z), the gradient of the scalar field at a fixed position 
Po(xo, Yo. Zo), denoted by grad $(x0, Yo, 20), is a vector pointing along the steepest ascent 


maximum ascent at the point Po(xo, Yo, Zo). 

In this way, any point of a scalar field can be associated with a gradient vector. The set 
of gradient vectors forms a vector field associated to the scalar field. Mathematically the 
so-defined vector field is - by the relation 


BOG e2) = Bae = Cie $+ = “oer #. (11.1) 
To simplify the mathematical mete the following notation is used: 


a 7) a 
grad d = V9, where V = e,— ax gal or te a 


(V: spoken “nabla” or “nabla operator’’.) 
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Definition of an operator: The nabla operator is a symbolic vector (vector operator) 
that, when applied to a function ¢, generates the gradient of ¢. Taken as such, the operator 
is meaningless; it has to operate on something, for example a scalar function $(x, y, Z). 

We now demonstrate that the vector field V@ has the properties quoted above. For this 
purpose we need the total differential of @, namely 

i) 

dp = sax + ae + sea. (11.2) 
This quantity describes the main part of the total increase of the function ¢ if x changes by 
dx, y by dy, z by dz, that is, 


Ag © (x + dx, y + dy, z + dz) — O(, y, 2). 
The Taylor expansion up to the first-order term yields 


o(r+ dr) = o(x + dx, y+ dy,z+dz) 


= d(x, y, 2) + dx + Pay + cae +- 
and therefore 
Ag = o(r + dr) — $(r) = eax ++ oe = sede sie 
= dd + terms of higher order. (11.3) 


This explains the name total differential for the main part of the total increase of the function 
d. We thereby have used the Taylor expansion of a function (up to the first terms in the 
small quantities dx, dy, dz). In Section 22 Taylor expansions will be outlined in detail and 
explained by numerous examples. We recommend that you have a look at this section now. 

Using the infinitesimal position vector dr = (dx, dy, dz), we may also write the total 
differential as follows: 


Soy 1 O08 00 2 
df? = Vd ar= (=, ay’ De =<). (dx, dy, dz) W=A 
a 
= ba, + Pay + eae, | (11.4) 


Equipotential surfaces are surfaces on which the function @ takes a constant value, 
(x, y, Z) = constant. 
As has been shown above, there is the relation 


Vo -dr= dd, with av = (dx. dy, az). (11.5) 


Because d@ represents the sum of the increases of ¢ in each direction dr, dé = 0 means 
to stay on an equipotential surface. For this case, it holds that 


0 =d¢ = Vo - dregs, (11.6) 
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where drs lies in the equipotential surface 
ES. The scalar product V@ - drgs vanishes 
only then if the cosine of the enclosed angle 
vanishes (compare the opposite figure), pro- 
vided that Vd # 0. This implies that V@ and 
d¥ gs are perpendicular to each other. Thus the 
gradient of ¢ is always perpendicular to the 
equipotential areas. 

We now consider the increase d@ along the 
gradient vector at a fixed point of the scalar 
field: Here dr is parallel to V@ and then V@-dr 
takes the maximum value. Therefore, the vec- 
tor grad ¢ = V¢ always points in the direction 
of the strongest increase of $; see the opposite —_Equipotential lines and the direction of the 
figure. . gradient. 


Divergence: Contrary to the gradient operation, the divergence is applied to vector fields. 
Given a vector field A = (A,,A,, A,), we further imagine a cuboid-shaped “control 
volume” (rectangular box) with the edge lengths Ax, Ay, Az. 

The “vector flow” across an area represents the entity of vectors penetrating it perpen- 
dicularly, that is, the normal components of the vectors integrated over the entire area. 

The lateral faces of the cuboid are denoted by y 
awe ono ats 

We now calculate the vector flow across all 
lateral faces of the cuboid (rectangular box). 
The edge lengths Ax, Ay, Az shall be chosen 
so small that the vector on the cuboid faces may 
be considered as nearly constant, such that the 
integration of the vector across the faces may be 
replaced by a simple summation. We shall count 
the vector flow as positive if it flows out of the 


volume, and negative if it flows into the volume. é 2: eee i 
The vector flow through the faces is The flow across a cuboid. The extension in 
the z-direction (out of the paper piane) is 
Si: —A,(x)AyAz, not shown. 
$2: A,(x + Ax)AyAz, 
2 x Uf ( 1 7) 
53: —Ay(y)AxAz, 
Sae Avy + By Axaz, 
and in the third space direction is 
$5: —A,(z)AxAy, 
: : (11.8) 


Ge A,(z + Az)AxAy. 
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A Taylor series expansion up to terms of first order, which is satisfied for small Ax, Ay, Az, 
yields 


7) 
Ax(x + Ax, y, Zz) = Ax(, y, 2) + ae Yi Z)Ax +:*-, 
4) 
Ay(x, y + Ay, 2) = Ay(x, y, 2) + oe Vac yAy es (11.9) 


a 
A,(x, y, 2+ Az) = A,(x, y,z) + ae y, 2Az+:::. 


The terms indicated by dots --- are of higher order in the small increments Ax, Ay, Az 
and may be neglected. The resulting vector flow through the control volume follows by 
summation over the lateral faces: 


(Ax (x =“ AX, Y,Z) > Ar, Ys z))AyAz 
+ (Ay(x, y + Ay, z) — Ay(x, y, 2)) AxAz 
Se (A.(x, y,z+ Az)—A,(@, y, z))AyAx, 


ri) ) a 
= ay eG: y, z)AxAyAz+ ao y, z)AxAyAz+ ag te y, z)AxAyAz 


Ox 


Thus the “flow” (total flow) through an infinitesimally small volume (Ax -> dx, Ay > dy, 
Az — dz) reads 


) 0 a 
= (Aste ys Zz) + ay y; z) + eae y, 2) AV. 


i) ) C) 
dV -| —A,+ —A,+—A, }. 11. 
(2 ae ary :) (11.10) 
The expression in brackets is called divergence of the vector 
field A: 


d Aye d A Wile. 
ay” oa ON 
Thus, the divergence represents the vector flow through a 


volume AV per unit volume. It may also be written in the 
form 


0 
divA = —A, + 
Ox 


divA =V-A(x, y, 2). (11.12) 


Illustration of the divergence 
This last relation may be interpreted as analytic definition. As as flow of the vector field 
has been shown, it is identical with the geometric definition, through a volume. 

namely: 


fl f th ‘ 
diy A = tm, SOW of the vectored Attrough AV 7G Jamaidh (0am 
AV-+0 AV AV->0 AV 


While the argument of the gradient operation is a scalar, the divergence represents the 
scalar product of the operator V and the vector A. For a vanishing divergence, the total flow 
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through an infinitesimal volume equals zero, that is, the in-flow just balances the out-flow. 
If at some point of the vector field div A > 0, one says that the vector field there has a 
source; for div A < 0, one speaks of a sink of the vector field. This is immediately clear 
from the definition of the divergence as net flow = out-flow — in-flow per unit volume. 


Curl (Rotation):! The operation curl A assigns a vector field curl A to a given vector 
field A. The vector field curl A informs about possible “vortices” of the field A (a vortex 
exists if there is a closed curve in the vector field fulfilling the condition that the contour 
integral ¢ A - ds # 0—see theorem of Stokes). The mathematical formulation of curl A is 
given by 


1. curlA = V x A, or 
2. n-curlA = limarso(¢ A+ ds) /AF. 


n is a unit normal vector on AF. n 
The second definition states that the rotation may also be determined 
by forming the contour integral. The integration is performed over the 
vector field along a curve. More strictly speaking: One integrates over AF 
the projection of A onto ds along the tangent to the curve forming the 
border of AF. After division by AF, this yields the component of curl A Oriented surface 


element. 
along n. 
The rotation is thus determined by two distinct definitions. The first of these reads in 
detail 
e 2) 2) 
culA=VxA=]a/ax da/dy a/dz 
Ay A, AS 


e (=: dAy ie (= dA, ip om, JA, (11.14) 
= -— - e; | — — : 
'\ay dz Vaz ax 2 \ aaa, 

One has to prove that both definitions are iden- 


tical. Here we show the identity only for the 
x-component. 


x-component of the curl of A: One may 
integrate about an area AF = 4AyAz in the 
y, z-plane (see the lower figure). n then points 
along the x-axis, that is, n - curl A just yields 
the x-component of cur] A, namely (curl A),. 


Ilustration of a vector field A with vorticity on 
surface element AF with normal vector n. 


‘In German literature, curl is named rotation (rot), so curl A =rot A. 
po IE i en ALTAR hh che ct che Bet LES ee AS 
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Calculating the x-component of the curl of A. 


For the loop integral one has 


(f.a-ar) =f dads + fi Ady +f Ade, (11.15) 
fe fo Cc 
= fiaray + A,dz), 
C 


since for this orientation of the area concerned (see figure) Ax = 0 (i.e., Ax does not enter 
at all). In other words: Because x remains unchanged (dx = 0), i A,dx drops out. For the 
exact definition of the contour or loop integral we refer to Chapter 12. It is recommended 
to study this section in brief right now. 


Remark: ¢ shall indicate that the integration is performed over a closed curve (contour 
or loop integral) in the counter-clockwise direction. means integration over a section of 
the curve. For calculating a contour integral, we employ the values of the functions in the 
middle of the individual sections (marked points). 


P,P; Om OP 
(f.a-cr) =[+f+ [+ [asa+aan 
*— PRs SER 
= Ay(x, y,z— Az)2Ay + A,(x, y + Ay, 2)2Az 
— Ay(x, y,z + Az)2Ay — A,(x, y — Ay, z)2Az. (11.16) 
According to the Taylor expansion this yields 


dA aA 
od ae ad 2Ay + E + Ay] 2Az 
dz dy 
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aA aA 
—| Ay + —Az| 2Ay — | A, -- —Ay | 2Az 
dz dy 


dy dz 
The enclosed area is AF = 4AyAz. From that, it follows that 


.d Vee 
lim f- *) cy le (11.17) 
AF-0 AF }, dy dz 


Hence, the x-components corresponding to the two definitions of curl A coincide. For 
the remaining two components, the equivalence of the definitions may be demonstrated in 
an analogous way (which will be skipped), q.e.d. 

The second definition of curl A implies that the rotation at some point of the field A 
vanishes if the contour integral ¢ A - ds (loop integral) enclosing this point equals zero — 
see the theorem of Stokes. From there originates the name “rotation.” A finite value of the 
loop integral expresses a certain rotation, that is, vortex formation of the vector field (to be 
visualized as a flow field). 


0A dA 
=4AyAc| : | 4 


Multiple application of the vector operator nabla: Given a scalar field f(r) and a 


vector field g(r), then 
(a) 
Oo, 20 fas ea 
VS aaa a I) (11.18) 
where A is introduced as a new operator: 
a2 a2 a2 iS = ¥ 
(Ds == + + == Wo NY 


(A, spoken: delta, is called the Laplace operator’). V - (V f) = div Vf isa scalar field. 


2Pierre Simon Laplace, b. March 23, 1749, Beaumont-en-Auge—d. March 5, 1827, Paris. After his school 
education Laplace became a teacher in Beaumont and, by mediation of D’ Alembert, became appointed as professor 
at the Military School of Paris. Because Laplace used to quickly modify his political convictions, he was swamped 
with honors both by Napoleon and by Louis XVIII. Among his works his Analytic Theory of Probability (1812) 
and the Celestial Mechanics (1799-1825) became significant. The theory of probability calculus contains, for 
example, the method of the generating functions, the Laplace transformations and the final formulation of the 
mechanical materialism. The Celestial Mechanics presents, for instance, the cosmologic hypothesis of Laplace, 
the theories of the earth’s shape and of the moon's motion, the perturbation theory of planets, and the potential 
theory with the Laplace equation. 
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(b) 
Qe) & & 

V x (V f) = curl grad f = |2 = £ =0, 
Cie ahs 
ax dy az 


Thereby it is of course required that f is twofold continuously differentiable. The physicist 
always presupposes functions that are sufficiently often continuously differentiable; this is 
also assumed below. Hence, a gradient field has no vortices! 


(c) 
08x dgy =) 
V(V:-2=Vj—+—-4+ = 
— (GE + 4S 
0 (0g, . OBy “| 0 (Se ORy | 
= — (| — + — + —Je+— Sp aeo ge = |] 
oH + eS ay Ox Oy | (bz) 
d (0g, . OZy “:) 
+ (% ‘! dy a az n 
= grad(divg) isa vector field. Aa 
em, 
(d) ( i = \\e 
V-(V x g) = div(curlg) = 0. f 
oy 
Hence, a rotation field has neither sources nor sinks, as 7 


is graphically clear: The vector field A = w x r with 


@® =constant is so to speak an optimum vortex field (the The velocity field of a rotating 
velocity field of a rigid body rotating with the angular ‘rigid body: A = xr. 
velocity @). 
For this maximum vortex field one has curl A = 2@, that is, itis a 
constant vector field that obviously is divergence-free. One should 
note the similarity of V with a vector: The triple scalar product 
involving identical vectors vanishes. 


(e) The rotation of the ve- 
; locity field above: curl A = 
V x (V x g) = curl(curl g) curl w x f = 20. 


SN 2a avis 
= grad(div g) — Ag 
is a vector field. 
The proof is simple, because according to the expansion theorem, 


C x (Bx A) = B(C- A) — (C- B)A. 


This twofold application of the rotation operator physically and geometrically means that 
the vortices of the vortex field are calculated. 
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Problem 11.1: 


Solution 


(f) 

div(B x C) = C.- (curl B) — B- (curl C). 
(g) 

Vege vy BY og 

(h) 


Vx(fp=Vfxge+fV xg. 


Gradient of a scalar field 
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Given the scalar field g = x? + y? =r’, find the gradient of g. 


Vo = 2(xe, + ye,) = 2x? + ye, = 2re,. = 2 (er Jey 


Problem 11.2: Determination of the scalar field from the associated gradient field 
Let Vy = (1 + 2xy)e, + (x7 + 3y’) e,. Find the associated scalar field. 


Solution 


ay 
Ox 


a 
oe = (x? + 3y?) = 
dy 


By comparison: 
fiOV= yer), 
thus, 


fox) =x4+Cy; 


g(x, yy=xtx7y ty +C. 


Problem 11.3: Divergence of a vector field 


Solution 


Calculate the divergence of the field of the po- 
sition vectors: 


rF=xe; + ye. + Ze. 


i eed 
ox dy az 
Thus, the vector field r everywhere has a 
finite divergence (i.e., source density) of mag- 
nitude 3. To generate this field in practice by a 
flow, one would have to attach sources of inten- 
sity 3 to any space point. 


g(x,y) =x’y+y" + fal). 


The field of the position vector A(x, y, z) = r. Flow 
out of the volume element AV is larger than flow 
into the volume element. 


2 ; 
= (1 + 2xy) => g(x,y) =x+x7y + fily), p= 1G + Luy)ax «¥ +% ye $Y 
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We 5 
Problem 11.4: Rotation of a vector field 


Calculate the rotation of the vector field 


A = 3x*ye, + yz’e, — x2e3. 


2 2 
Solution Be Oe es a3x?y _ A(=x2)\ (2 _ 03x 2) 
curl A = e; ( By a + €2 ag pera ee By 


= —2yze) + ze: — 3x" e. 


Problem 11.5: Electric field strength, electric potential 


Let a positive electric charge of magnitude Q be localized at the origin of the coordinate frame. The 
field intensity E describing the electrostatic field is given by 


where r denotes the spatial distance from the coordinate origin, and e, represents the corresponding 
unit vector in radial direction. Calculate the associated potential field (let U denote the potential field, 
: then E = —VU) and show that it satisfies the Laplace equation AU = 0, except for the origin. 
Solution 


Hee ae 


ae 
r? rer 


baa (11.19) 


Because E points in the radial direction and the gradient means the derivative along this direction, 
one has 


dU 
IE] =-—., 
dr 


and because E is a function of r only, it follows that 
d 1 
u=—| mar=-0f [=0"+c. 
Go r 
One easily confirms the relation 11.19 for this potential field, for example, for the x-component 


dU a8Q dr a {1 x 
eae oa eee 


etc. The constant C is usually set to zero, that is, the potential vanishes for r > oo. 


: a x a y 
Cire es 4 oe ee a 
Vv Q Ax (x? + y? 4 22)372 ate dy +p +7 (11.20) 
a z 
: az (x2 + y? + 72)3/2 | =< (11.21) 


div(VU) = AU = 0 forr #0. Atr = 0, one has divE = —div VU # 0 (see below: the Gauss 
theorem). 


eee 
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Problem 11.6: Differential operations in spherical coordinates 
Given a scalar field @(r, 3, g) and a vector field A(r, #3, 9), 
which are the relations for (a) V¢, (b) V- A, (c) V x A, 
(d) V*@ in spherical coordinates? 
Solution (a) Gradient: For the total differential, it holds that 
do = Vo- dr. (11.22) 
In spherica) coordinates one has 


ao ab ag 


dd = —d —d?3 Hae 11.2 
Dargo + goat? ie - 
or or or oe — 
dr = —-dr + —-d0 + —dg So) 
ae oe ae “2 rsinddp 
=e,dr+re; dd +rsinvd e, dg, (11.24) — Spherical coordinates: A reminder. 


and 
Vo = (V¢)-e, + (VO)a€s + (VG) ye, - 


The partial derivatives of the position vector have already been calculated in Chapter 10 when 
formulating the unit vectors: 


or or 


or ; 
pas prea th — =rsin? ey. See, p75 (11.25) 


dg 


By insertion and comparison of coefficients, 11.22 immediately yields for the components of the 
gradient in spherical coordinates 


0g dp ap 


(Vo),dr + (Vob)er dd + (Vd) r sind dg = —dr + — -dd + —dg, 
or ov ag 
ap ld¢ 1 d¢ 
ee rape see 
¢ ar 8 r ao? ae rsind ay? 
= (V¢),e, + (Vo)s€s + (VO) ey. (11.26) 


(b) Divergence: The divergence may be expressed by the flow of the vector A across the surface 
of an infinitesimal volume element AV: 


esi 11.27 
Vii agg sl 
The figure shows the volume element with the magnitude 

AV =r’ sin? Ar Ad Ag. (11.28) 


Calculation of the flow components (to first approximation): The flow in the e,-direction across 
the area ADH E is 


A(r, 3, ge, AF, = A,r’ sind Ag AD, 
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the flow across the back area BCG F is 
7) ; 
A(r + Ar, 0, ye AF yar = Arr?sind Ag Ad + — (? sind A, Ag Ad) Ar. 


The difference yields the contribution of the flow in the e,-direction to the surface integral in | eae 
The flow excess is 


a 
sin 3 a ArAg Ad Ar. (11.29) 
r 
The flow excess in the ey-direction (areas ABF E and DCGH) correspondingly follows as 
ao Ae 
rag sin PAs) Ag Ar Ad. (11.30) 
The flow excess in the e,-direction is 


a Ar Ad Ag. (11.31) 
dy 


Summation of the contributions 11.29, 11.30, 11.31 yields the flow integral ¢ A -ndF. Then, 11.27 


yields the expression for the divergence: 


14 a 1 @ 
V-A=——(rA, —(sindA Se ¥ 
r? Or Seo a rsind ad an) ah rsind ag? ica 


(c) Curl (Rotation): The geometric definition traces the rotation operation back to a contour integral: 


n-curlA = lim je 


ey (11.33) 


Component along e,: 


The e, component of the rotation is obtained when performing the contour integral along the curve 
ADHEA (n= e,). The enclosed area is then 


AF =r’sind0 Ad Ag (compare fig.), (11.34) 
Doe GH En A 
fp  Acas=f+fafoy. 
ADHEA 
A D HH E 
The partial integrals are 


A:ds=A-egrAd = Apr AD, 


A-ds=A-(-e,)rsind? Ag = —Agr sind Ag. 
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And to first approximation, 


E 
a 
fa .ds= -(ravas re J (rAoAo)d¢), 


H 
a 

fa -ds=rsindA,Ag + a9 sin 3} A, Ag) Ad. 

D 


Then the contour integral along the closed curve is 
a a 
f A- ds =r—(sinB A,)Ag Ad — r—(Apg)ADd Ag. (11.35) 
ADHEA a0 ay 
From 11.33, 11.34, 11.35, it follows that the e,-component of the rotation is 


1 al oe 0 


Accordingly for the curve AEF BA with AF = rsind ArAg, 
a ; a 
f A- ds = ——(A,r sind Ag) Ar + —(A,Ar)Ag 
AFFBA dr ag 


and because n = €;, it follows that 


a a 
= === AY asin ; .37 
curl A aa E A sind rAy)| (11.37) 


Investigation of the curve ABC DA yields 


178 a 
ee | ea 4) 
as ~(a0 aa ) cee 


The results 11.36, 11.37, 11.38 may be combined into a determinant: 


e@ re, rsnve, 
I : 
a | a 
ie ar a0 ag 
A, rAg rsinvd A, 


(d) Laplace operator: The Laplace operator is defined by 


V'¢ aoe div Vo. (11.39) 
Using the results 11.26 and 11.32, it follows that 
2», 1 8 [ 26¢ 1 8(/. ,a¢ 1 3% 
Vo=-—-— oe : ——_ oe ‘ y 
7 rar (« 2) ‘ r°sind ad (sin | i r?sin? 3 dg? (11.40) 
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Differential operators in arbitrary general (curvilinear) coordinates 


In Chapter 10 we outlined curvilinear coordinates (e.g., spherical and cylindrical coordi- 
nates). In Problem 11.6, the differential operators V, div, and curl have been derived in 
spherical coordinates, basing on special considerations. Now we shall develop the general 
approaches for calculating differential operators in arbitrary curvilinear coordinates. 


Brief repetition: Let r(x,) = pe X,e, be the position vector in Cartesian coordinates 


x, (v = 1, 2, 3) that are related to the curvilinear coordinates g, (o = 1, 2,3) viax, = x, 
(4;, 92, 93). The x, may then be inserted in the position vector, which yields 
r(x,) = F(%y(go)) = F(qo)- (11.41) 
The new unit vectors e,,, which in general are characteristic for the point q,, may be 
defined at each point q, (0 = 1, 2, 3): 
ACK 
4 {8r(qu)/8go\’ 


or 


= 1, 2, 3, (11.42) 


or(qy) 
0Go 


dr(q,.) 


= hee, with h, = 
0Ga 


(11.43) 


Here the h, (0 = 1, 2,3) are scaling factors. The unit vectors e,, point along the g,- 
coordinate line toward increasing q,. 

The coordinate areas are obtained by solving the three equations x, = x,(q1. 42, 3) 
for qo: 


do = qo(%1, X2, X3) =e (y)). (11.44) 


9o = constant = c, (o = 1, 2, 3) are the equations for the coordinate areas. 

One may now construct other unit vectors 
E,, at the point P(x, y,z) = P(q1, q2, 43) 
(see the figure), namely 


Vda 
IVqol' 


The E,, are obviously perpendicular to “4 
the coordinate areas gq, = c,. Thus, there U — Ses 
are two sets of unit vectors at each point _pitferent basis vectors at the same point P. 
P(q,), namely e,, and E,, . In general, these 
sets are distinct. We shall demonstrate in the following that these two basic frames coincide 
only then if the curvilinear coordinates are orthogonal. One also has to take into account 
that both C0 (41, 92,93) as well as E,, (q1, q2, q3) depend on the point P(q1, 92, 43), that 
is, their orientations in general vary from point to point. 


K,, = 


a= 1,2.3; (11.45) 
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An arbitrary vector A may now be expressed in terms of both the base e,, as well as 

the E,,. 
A = Aj@,, + A2€q, + A3€q, = @E,, + aE, + a3E,,. (11.46) 


The A; and a;, respectively, are the components of A in the bases concerned. Instead of the 
normalized base vectors e,, or E,, the nonnormalized vectors 


Or (Go 
fe ee Wei 2, 3) (11.47) 
Oqy 
and 
etl. gee) (11.48) 


may also be used. They are called unitary base vectors and are in general not unit vectors. 
For an ie vector A, 


eC = ee Co me eS = Cyb,, + Coby, + Cady, (11.49) 


and 
A = c,Vq) + ¢2Vq2 + c3Vq3 = €1 By, + coB,, + c3B,,. 


The components C, (v = 1, 2, 3) are called contravariant components and c, (v = 1, 2, 3) 
covariant components of the vector A. They play an important role in the general theory of 
relativity where all coordinate frames are used on equal footing. In Cartesian coordinates 
the co- and contravariant components of a vector are equal to each other, as is immediately 
clear from their construction. 

(a) Arc length and volume element: From r = r(q,, 92, 93), one obtains 


dr ay =F i dqz + alee = hidq) €g, + hydqy eq, + h3dqz €q,. (11.50) 
aq 42 0q3 
Therefore, for the differential ds of the arc length, it results that 
ds’ = dr - dr, (11.51) 
which for orthogonal coordinates (€g), + €gv = Sy») simplifies to 
ds’ = hi dqj +h dqz + hj dq3. (11.52) 
For nonorthogonal coordinates, it holds that 
bg, Dy, = Ayhyeg, -&g, = Suv F hyhydyy, (11.53) 
and therefore it follows from (11.50), (11.51), and (11.53) that 
(ds) = dr-dr 
= (x hud) ; (= hae 
mn v 
=) eavdduday. (11.54) 


wy 
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This is the fundamental quadratic (or met- ae 
ric) form. The g,, are called metric coeffi- ~<a 
cients (since they determine the measure- Aha oo 
ment in the coordinates g, via the length ia ¢ Wien ‘y 
element ds?) or also metric tensor (briefly: hyde \ 
metric). If g,, = Ofor u # v, the coordinate —t \ 
i : 


y 
/ 
frame is orthogonal. In this case g1; = ee [ 
82 = hi, §33 = hes The metric tensor is . 
of basic importance in the general theory Q 
of relativity. It is determined there from the \ ie 
energy (mass-) distribution in space. ¢ K J 
The equations enabling this are called . 
Einstein equations. illustration of the volume element. 
The volume element dV may easily be calculated for orthogonal coordinates (see the 
figure): 


dV = |(h, dq; @,,) - [(ho dq2 €q,) x (h3 dq3 €q,)]]| 
= hyhohz dq, dq? dq3, (11.55) 


because 


eyp (Gg ee) | ae 


Problem 11.7: Reciprocal trihedral 


Given arc the three noncoplanar vectors a, b, ¢ for which a-(b x c) # 0. Show that the three reciprocal 


vectors 
fee epee Fe (11.56) 
a- (bx c) a-(bx c) a- (bx c) 
are also noncoplanar and that 
(a) 
d-o= bp -boc c= | 
(b) 
i= 4 c= 
’ ee 
7&2 ¢ «Tea, (11.57) 


Solution (a) 
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In the same way one may conclude that 


bb beseee = 07 
(b) 
Sen tee ee eG 
a- (bx c) 
and similarly for the other cases. 
(c) One has 
pede pee vee 
Sisal ae ie aie 


Then it follows that 
(b x ce) [(c x a) x (a x b)] 


ati see) = vi 
(a x b) -[(b x ec) x (ec x a)] 
a 
- (a x b)-[c- ((b x c)-a) —a- ((b xc) -0)] 
= <= 
_{[(axb)-c][bxe)-a]_ [a-@xoP VW _ 1 
7 v3 = veo OB 


From there it follows that a’, b’, e’ are noncoplanar if a, b, c are noncoplanar. 


Problem 11.8: Reciprocal coordinate frames 


Let g1, 42, 93 be general coordinates. Show that dr/dq,, dr/dq2, Or/dq3 and Vq,, Vq2, Vq3 form 
two reciprocal systems of vectors and that 


or or or 
{ ; (= x =) -{Vqi -(Vqo x Vq3)} = 1. 
aq) 0q2 9q3 


Solution One has to show that 


0 1 forv = pn, 
Soy -| aes (11.58) 


Oqv Oforv £ pu, 
where j1, v may take any of the values 1,2,3. Now 


or or or 
dr = —dq, + —dq2 + —dq;. 
aq 0q2 0q3 


and therefore after multiplication by Vq, 


or or or 
Vq,-dr = dq = | Vq,-— |] d Vai-— ld _— ; 
a st ( ss 7 zh “A a a es (va =| “a 


From there it follows that 


or or or 


= I Vai = 0, Va 


Wah 2 a peaiae 
aq) 392 
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The other relations result in a similar way by forming Vq2 - dr = dq2 and Vq; - dr = dq. Thus, 
the reciprocity of the vector systems dr/dq, and Vg, is demonstrated. 
From the preceding problem it then immediately follows that 


or or 
ae (Gas x =)I. {Vqi « (Vq2 x Vq3)} = 1. 
dq, \0q2 043 


This statement is equivalent to the following theorem on Jacobi determinants: 


ogi: See 
eB E 
91, 92,93 \ def. q2 992 999 
J = \y Vq. x Vax) =|—- — —|}, 11.59 
(Lee Zz iP qn (V42 q3) ox dy 0z ( 
ce Ae 
ax dy dz 
which reads 


r( ip Woes ).1( 222) ey 
41, 92: 43 2G Nace 
One can check easily that dr/dg; and Vq; fulfill relation 11.56 from Problem 11.7. 
(b) Gradient in general orthogonal coordinates: Let (gq), 92, q3) be an arbitrary 


function. We look for the components f\, f2, 3 of the gradient in the general base e,, , 
that is, 


Vb = fieg, + freq, + freq,- (11.60) 
Because 

or or or 
dr = —d sea 

eae gat+ aa ——dqo + a dq3 


= hye, dq + hze,,dq2 + h3e,,dq3 , 
because of the presupposed orthogonality of the e,,, it follows that 
do = Vo- dr = hy fi dq, + ho fr dqz + ha f3. dq3. 
But it also holds that 


dg dg ag 
do = an + —d —d 
b= qi aoe of soe 
A comparison of the last two relations yields 


Vo= an Co OO 35, Sis ag 
hy 0qi h2 0q2 hz 0q3° 


In operator notation this reads 


1 od 1 a lag 
i = (a) Bs ; Gan) h3 8q3 ; 
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From there it follows especially for @ = q, that 


Wap (11.62) 
hy’ 
and therefore |Vq;| = 1/h, or generally |Vq,| = 1/h, (v = 1, 2, 3). 
Because 
_ ¥% 
eva: | 


(compare to (11.45)), it results that 


Vap e 
= =h,Vq=h,“& =e, (v=1,2,3). 
i |Vqyl hy 4 


This means that for orthogonal coordinates the reciprocal base systems E,, and eg, coincide. 
This happens, of course, in particular for Cartesian coordinates. 
For the following, the relations 


€,, = h2h3Vq2 x Vas, 
e@,, =hyh2Vq x Van (11.63) 
are helpful. They may be checked quickly, for example, 


_ Ayhs 


ae ie = (€,, X €,,)' = €;,. (11.64) 


€ 
hyh3Vq2 x We — hah, (5 2 x = 
hp hy 


(c) Divergence in general orthogonal coordinates: We shall now calculate 
div A = V - (Aj€g, + A2€g, + A3€q,) 
in genera] coordinates. For this purpose we consider at first 
V + (Aj@q1) = V - (Ayhoh3Vq2 x Vq3) 
= (V(Ajh2h3)) - (Vq2 x V3) + Athahs3V - (Vq2 x Vq3) 


= (V(Ayh2h3)) (ee i) +0 
hr hg 


= V(Ajh2h3) - ae 


in 
e I 
= “Titan hyh3) + 5 5 (Aslah) +2 (Auta) | - 
] 
a) 


~ hyhohy oq 
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Similarly it follows that 
- (Az a h 
V - (A2€,,) = naa ee uiaiic 
and 
1 
. A3hyh 
V - (A3e,,) = renee Shan. 
Therefore, 
divA=V- (Ajeg, SF A2€,, + A3@q,) (11.65) 
= V - Aj€g, + = Age, +V - A3@,, ’ 
i 
divA = ——— aA thoh3) + sos (Aahi) + o-(Aahita) | (11.66) 
hyhoh3 


(d) Curl (Rotation) in general orthogonal coordinates: We have to calculate 


VxA=V x (Ale, + A2e,, + Aze,,) 
= VxXRAIG, MAGS Voices). 


It suffices to consider, for example, the term V x (Aj€,,) in more detail. We obtain 
We (A1€q,) VX ak = V(Ayhy) x Vai + Ah, V x Vai 
= V(Ajh)) x - 0 


€g, ie pei 
atte (A 
-|#5 5 7h it) ses (Auh) + $e 5 ses (arh)| x § cA 
be _ &a 

aul ae 1/4) rae in (A;h}). 

Therefore, 

VxAe sod Es eo ae eee 

xA hh; E (A3h3) soo (Aah | + ee E Fi (Ayhy) sa (Aah) 


# aa a. = tA mn). 


In determinant notation this reads 


hig, h2e,, h3eq, 
} 


hihohs | dq aq2-q3 | Eee 
Ayh, Azho Ajzh3 


VEcat— 
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(ce) The delta (Laplace) operator in general (orthogonal) coordinates: One has to 
calculate Ay in orthogonal curvilinear coordinates. This does not provide any difficulties, 
because 


hy 8g: hp 8q2 ‘ha Oq3 


Using now equation (11.66) for the divergence, where obviously 


ay avy =v. (S242 ) 4 &% ~.) 


Ay = —-— 1,23); 


one immediately finds that 


Ay =V-Vw (11.68) 


a a (= | 4 a (= x) + a A= ~~) | 
hyhzh3 Lg: \ hi Ogi)  9q2 \ ha 9q2.)/ 9q3 \ hz Oq3)) 
(f) Examples of special orthogonal coordinate frames 


1. Cylinder coordinates 


r(x, y,Z) = xe; + yer + 23 (11.69) 
= Qcos ye, + osinge + ze; = r(Q, g, Z). 


Here 9g > 0,0 < g < 2m, —00 < z < cw. 
We identify gq; = 0. q2 = Y, q3 = z. According to (11.42), it then follows that 


€y, =p =cosye; + singe?, 


e,, =e, = — singe, + cosgez, 
e,, =e, = 3. (11.70) 
Moreover, 
or | 
hy = hy = |— = ? 
| dQ 
or 
or 
h; =h, ={!—|=1. 


According to equation (11.61), it therefore follows that 


0d 109. 0g 
o ag " 
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According to equation (11.65), 


tio a ae 
vwA-= ’ se fom (OA mom Ao. abe mem (OAS E, 
divA=V-A 5 Fac ght ys gt ap? a 


where 


A= Apt, + Age + Act: =) Av€y,. 
Moreover, according to equation (11.67), 


le. Oe, @| 


aby a a 
x ABE mi me 
01380 ag az) 

|\Ap @Ayg Ay} 


z illustration of cylindrical coordinates. 
] (= of re 1 dA, 0A, : 
=— —- — e — —- 9— 
j Die QAg) } &p Q dz Q foe)? 
] JA 
ee Ve ee 
ar (= (o o) a Je 5 


and according to equation (11.68), 


aye x (ese = (o5") = (es) | 
oe dara: AE Arye Ler 0 dg + ae ary 


1 od 0 02 6? 
= case) target a 
290 \ de o* dy dz 


Cylinder coordinates are very useful when solving problems with axial symmetry. 


2. Spherical coordinates 


r(x, y,Z) = xe; + ye2 + ze; 


=rsind cosye; +rsin’ singe. +rcos 3 e3 


=Tr(r, 0, y). (11.71) 
Herer >0,0< 3 <2,0< 9 <2z. 


We choose q =r, q2 = 3, q3 = y. According to equation (11.42) 


&, =e, = sind cospe + sind singe, + cos d e;, 
ey, = &» = COSY Cospe; + COs # sing e — sind e;, 


€7, = &p = — siNpe, + Cos yey. (11.72) 
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Moreover, 
re) 
hy =h, =|—| =1, 
or 
or 
hg =hyp = a0 =f, 


or 
hj =h,= EA =rsinv, 


Therefore, according to equation (11.61), 


46, 180, 1 a 


= Tal? Bas Ren 
ar’ yap” ' rsind dg ° 


{llustration of spherical coordinates. 


Vo i 


and according to equation (11.66), 


1a ee! 1 0A 
divA = V-A=——(r°A,) + —— —_ (sin vA mil 3 
" ip a Ging GOO tn eae oe 
where A = A,e, + Ay@y + Ay€y. 
Moreover, according to equation (11.67), 


ej rey rsintve, 


2 Me 1 a a a 
“ r-rsind }ar ao ag 


A, rAsy rsintvAy, 
] 


= (r sin? Ay) (rAy) |e, + aay a sin 9 Ay) 
~ r2 sind | ad ig ise a ey fea all 


f) dA,|_.. 
tr Fea = oa rsind ¢,| ; 
and corresponding to equation (11.68), 


Ay =V-Vw 


1 a . oy d /rsind dw a r ow 
= tg [S (rr sino) + ( , +a al 


rsind dg 
18 / av i) ly ane net 
ps eae | (soe ss 
Pap (: ar ) 7 amon (sin 5) RE ag? 


Spherical coordinates are highly useful when solving problems with spherical symmetry. 
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3. Parabolic cylindrical coordinates 
r(x, y, Z) = xe; + yer + ze3 


] 
== 5 - v’)e + uver + Ze; 
S107, Hh ae (11.73) 
Here —oo <u < W,v > 0, -0cO <z< &. 
With qi = u, go = v, and q3 = z, one easily evaluates 


hy =h, = Ju? + v?, ho = hy = Vu? + 02, 


All of the remaining follows according to the general methods (equations (11.61) - 
(11.68)) outlined. The figure illustrates these parabolic coordinates in the x, y-plane. 


pt Peccelle 


: * 
2 2 
3/2 an 3/2 
1 e, l 
ange 


5/2 52 


Projection of the coordinate surfaces of parabolic cylindrical coordinates into the x, y-plane. The z- 
coordinate of a point is identical to its Cartesian z-coordiante. The (variable) unit vectors e, and e, are 


shown in a point P. 
4. Elliptic and hyperbolic cylindrical coordinates 
r(x, y,Z) = xe; + yer + ze; 
= acoshu cos ve; + asinhu sin ve, + Z€3 


= F(u, v, Z). (11.74) 
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Obviously, 


9 
x? = a’ cosh’ u cos? v, 


y* =a’ sinh’ uv sin’ v, 
and therefore 


2 2 
x 
y 251) 


=e a 
a2cosh?u a2 sinh? u 


FY y? 
acos?v  a*sin2u — 
Here u > 0,0 < v < 22, —0O < z < #0. 

With q; = u, q2 = v, q3 = Z, it follows that 


hy =h, =avsinh’ u + sin? v, 
hy = hy, = avsinh’ u + sin? v, 
h3 =h, = 1. 


All other operators follow according to the general equations (11.61) — (11.68). The 
projections of the coordinate areas « = constant, v = constant onto the x, y-plane are 
illustrated in the figure. They represent confocal ellipses or hyperbolas. 


v=3n/2 


Projection of the coordinate surfaces of u = constant and v == constant in elliptic cylindrical coordinates 
into the x, y-plane. 


5. Bipolar coordinates 


r(x, y, Z) = xe; + yep + Ze3 
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a sinh v asinu 
= ee, + ————e) + ze; 
cosh v — cosu cosh v — cosu 
= r(u, v, z). (11.75) 


Here 0 < u < 27, —00 < v < CO, -OO <7I< &. 
With q) = u, g2 = v, q3 = Z, one obtains 


ee 
cosh v — cosu 
a 
hy =h, = ———_—__, 
cosh v — cos u 
i= h, = 1. 


The differential operators then follow according to the general rules (11.61)-(11.68). 

For an easier identification of the coordinate areas wu = constant and v = constant 
and their projection onto the x, y-plane, it is convenient to derive the following relations 
from (11.75): 


2 é 2 


ae (y - acotu)? = a’cosec’u, (x — acoth v)? + y’ = a’cosech*v, 2 =P. 


u=t/6 


(-a,0) resp. v=—oo 


__-- (2,0) resp. v=o0 


Projection of the bipolar coordinate surfaces of u = constant and v = constant in the x, y-plane. The 
(variable) unit vectors e,, and ey are shown in an arbitrary point P. 


Determination of 
Line Integrals 


If A specifies a force field, the line integral (path integral) f, . * A - dr is the energy (work) 
that has to be supplied during a motion from P; to P2, or is released, respectively. We shall 
make that clear now: 

We ask for the work that is needed to move from 
the point P; along a space curve r = r(f) in the force 
field (vector field) to the point P2. We decompose the 
space curve into small path sections Ar, calculate the 
expression AArcos(A, Ar), which represents the 
wanted work on the section Ar, and sum up over 


all Ar. The work is then given by The work integral (integral along a curve) 
along the curve C. 


2 A; Ar; cos(A;, Ar;). 
Ar, 


When changing to infinitesimally small path sections dr, the work is then obtained as the 
line integral 


Ar; 


fa abe = ae cos(A;, Ar;) = eae : Ar;, 
(6: ‘ f 


where A - dr is the scalar product of the field A and the vector dr. C denotes the space 
curve r(¢) between the initial point r(¢,;) and the endpoint r(4). 
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A path from P; to P2 through the vector field A(r). 


A line integral is calculated as follows: 
We first form the indefinite integral. To this end we decompose the vector field A in its 
Cartesian components and insert this into the integral: 


[A-ar= [andy A,)- dr. 
These Cartesian components still depend on the position, that is, 

Agi rAm (nays Ay = Ayr ys 2). Ap = Alxayee): 
The given space curve may also be written in components as 

r(t) = (x(t), y(@), 22). 


To perform the integration, we need the components of the vector field A along the space 
curve depending on the parameter ¢. These are obtained by inserting the corresponding 
components of the space curve r(t) into A,, Ay, and A,: 


A,(t) = A, (x(t), yO), z(¢)); 
Ay(t) = Ay(x(t), y(t), z(t); 
A(t) = A, (x(t), y@), z@®). 


Because r = r(t), we may form the total differential and write 


Insertion yields the integral: 


[ava f (Aste,y.2 Ay(x, y, 2), Ac(x, y, z)) «dr 


c c 
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dre dF se 
ae. adr 
=H (AsO, YO, 2), Ay@O, YO, ZO), AO), ¥(, 2) » dt. 


(e 


Because of 
ar dx dy dz 
Gimme dt dt dt)” 


one further has 


[a-ar= / Coe +$A,9 29 +A] dt. 


dt 


This integral, as a rule, may be evaluated easily. Insertion of the limits after the integration 
yields the wanted line integral. 


Example 12.1: Line integral over a vector field 


The vector field A and the space curve r = r(t) are given by 
A = (3x? — 6yz, 2y + 3xz,1— Axyz’), 
r(t) = (t, 27, f°). 
The components of the space curve are 
Sep Sse lh 
yy, dr 
Lets eet. Ae 


We now insert 


dx dy dz 
: = eee voee Fe eS t 
fa dr [(4 Aye +A.) d 


= | [oe — 6t°) 1+ (28? + 32°) - 2t + (1 — 42°) - 327] de. 


The integral with the limits t; = 0 and f, = 2 is then 


2 
fa -dr = —4064. 
0 


The Integral Laws 
of Gauss and 
Stokes 


Gauss Law:' 
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By means of the concept of divergence worked out in the preceding chapter, one may also 


‘Carl Friedrich Gauss, b. April 30, 1777, Brunswick—d. Feb. 23, 1855, Géttingen. Gauss was the son of a 
day laborer and attracted attention very early by his exceptional mathematical talent. The Duke of Brunswick 
sponsored the costs of his education as of 1791. Gauss studied from 1794-1798 in Gottingen and got his doctorate 
in 1799 in Helmstedt. As of 1807 Gauss was director of the observatory and professor at the university in Gottingen. 
He refused all offers to come, for example, to Berlin at the academy. Gauss started his scientific work in 1791 
with investigations on the geometric-arithmetic mean, on the distribution of prime numbers, and in 1792 on the 


foundations of geometry. Already in 1794 he found the least-squares method, and trom 1795 dates the intensive 


investigation of number thcory, c.g., with the quadratic reciprocity law. In 1796 Gauss published his first paper 
containing the proof that, except for the known cases, regular n-gons may be constructed by means of circle and 
ruler if n is a Fermat pnme number. In particular, this applies to the 17-gon. In his dissertation (1799) Gauss gave 
the first exact proof of the fundamental law of algebra, which was followed by further ones. From the unpublished 
works il is known that in the same year Gauss already had the foundations of the theory of elliptic and module 
functions. The first extensive work Gauss published in 1801 is his famous Disquisitiones arithmeticae, which are 
considered as the start of the more recent number theory. There one finds, for example, the theory of quadratic 
congruences and the first proof of the quadratic reciprocity theorem, the “theorema aureum,’ as well as the theory 
of cyclotomy. 

Around 180! Gauss became interested in astronomy. The results of these studies were as follows: In 1801 the 
orbit calculation of the planet Ceres; in 1809 and 1818 the investigations on secular perturbations; and in 1813 on 
the attraction by the general ellipsoid. In 1812 the treatise on the hypergeometric series was published; it contains 
the first correct and systematic study of convergence. , 

As of 1820 Gauss increasingly dealt with geodesy. The mast important theoretical achievement is 1827's theory 
of surfaces with the “theorema egregium.” Gauss also pursued practical geometry, he performed very extensive 
measurements in 1821-1825. Despite such costly work, in 1825 and 1831 his papers on biguadratic remainders 
appeared. The second of these trealiscs contains the representation of complex numbers in the plane and a new 
theory of prime numbers. 

In his last years Gauss also became interested in physical problems. The most important results are 1833-1834’s 
invention (together with W. Weber) of the electric telegraph and 1839-1840's potential theory, which became a 
new branch of mathematics. 

Many important results of Gauss are only known from the diary and the letters. For example, already in 1816 
Gauss had developed the non-Euclidean geometry. The reason for the attitude not to publish important results is 
to be seen in the extraordinarily high standard Gauss sct also to the form of his works and in the attempt to avoid 
needless discussion. 


GAUSS LAW:? 
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calculate the excess of the outgoing over the incoming vector flow of a vector field A 
for an arbitrarily large volume V. For this purpose we decompose this volume into small 
volume elements dV, calculate the divergence for each volume element, and sum up over 
all volume elements, that is, the total flow is given by a volume integral: 


= | swaav. 
V 


Because the in- or outgoing vector flow of this volume has to pass across the surfaces F,, 
it may also be represented by a surface integral 


o= | A-nar 
F 


The combination of the surface integral with the integral over the volume yields the Gauss 
law: 


[ swaav = [ A-nar. 


\ M2 


This relation clearly states: The sum of the partial flows out of each or into each volume 
element dV, respectively, equals the flow of the vector field A across the surface of this 
volume. 

In the interior of the volume, the flows from one volume element into the next one 
mutually cancel. Hence, when integrating over the volume elements, there remains only 
the flow out of or into the total volume. 

The proof of the Gauss theorem may be performed some- 
what more formally by means of the definition of the diver- 
gence 


A-ndF A- dF 
divA = lim SypAndF _ lim gt 
AV>0 AV AV>0 AV 


There is 


| swaav = pe: 
V 


The divergence of the vector 
field A describes the sources 
and sinks of A. 


| 
> 
=x 
i 
o 
b| 
= 
Sa 
= 
> 
i—| 
a 
™ 
> 
= 


= jim » andr = f A-naF- 


F 


The in-flows and out-flows at neighboring cells cancel each other, except for those on 
the surface. 
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Iiustration of the flow of the vector field A through the volume V. The flow through the surface equals 
the sum of the intensities of sources and sinks within the volume. This is the meaning of the Gauss 
theorem. 


The Gauss theorem: 


Besides the Gauss law we have just encountered, 
there holds also a theorem for special vector fields 
which is called the Gauss theorem. Central force 
fields, for example, the gravitational field of a mass 
point or the electrostatic field of a point charge, are 


of the form 
K= Ks; (13.1) 


Proofing the Gauss theorem. 


where x is a coupling constant. For these fields the 
Gauss theorem holds: 


Let F be a closed area and r the position vector of an arbitrary point (x, y, z) measured 
with respect to the origin O (center of force). 
For the force flow through the area it holds that 


/| K-ndF=« [ a ap 4nr« if O is inside F, (13.2) 
F Fr 0 if O is outside F. 
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The force flow of such a central force through a closed surface about the center of force O 
is therefore 47r- intensity « of the force field. This may be realized as follows: According 
to the Gauss theorem, it holds that 


[pister=[ffose ca 


But now according to problem 11.5, divr/r? = 0 everywhere except for r = 0 (ie., at the 
origin). Hence, the second case of equation (13.2) has been demonstrated: If O is outside 
F, then divr/r* = 0 holds everywhere inside the closed surface F. 

But if O is within the surface, we form a spherical surface F’ of radius a around O. For 
the closed volume limited by F and F’, it then holds that 


ll a dF = [[ Mears ff AFar= fff V-<dV=0. (13.4) 
le ie Pou” F’ v-v' r 


Here V — V’ is the volume enclosed by the surfaces F and F’. Within V — V’ again 
div r/r? = 0 everywhere, as the coordinate origin O lies outside this volume. From (13.4) 
it now follows that 


I nde =~ [fe = dP. (13.5) 
F 


On the spherical surface F’ holds: n = —r/a, where |r| = a, such that 


n-r I Ara? 
ih ny ar =— |} war =~ ff ~ =; ) dF = > =4n. (13.6) 
Fi F’ r F’ a a 


This is the first statement of equation (13.2). 


Geometric interpretation of the Gauss theorem: 


Let dF be a surface element. If the border of 
this surface element is connected with O (see 
opposite sketch), there arises a cone. 

dw denotes that area cut out of a spherical 
surface with the center O and the radius r by Qo 
this cone. The solid angle dQ determined by ~ \e~~ 


the area dF and the point O is defined by 
The area of the shadow under central pro- 
dw jection of the surface dF on the unit sphere 
dQ = Sy (13.7) equals the solid angle. 
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and is numerically identical with the surface 
fraction cut out by the cone from a unit sphere 
of radius 1 centered about O. 
The positive normal vector to the area dF is denoted by n. If © is the angle between n 


and r, there results the relation 

cos = ——. | (13.8) 
From there follows the expression 

dp = dP oO = 4° dF: (13.9) 
thus, one can write for dQ 

dQ = "5 dF. (13.10) 


Depending on whether the vectors n and r enclose an acute or obtuse angle, the positive or 
negative sign in equations (13.9) and (13.10) is chosen. 

Let F be the surface in the figure on page 114 that is characterized by the fact that any 
straight line may intersect it in at most two points. If O lies outside F’, then, according to 
(13.10), for the area element 1 the following expression results: 


= dF = dQ. (13.11) 
Analogously, for the area element 2 it holds that 
—— dF = —dQ. (13.12) 


Integration over these two regions yields the value zero, as their solid angle contributions 
mutually compensate. If the integration is now performed over the entire surface F, one 
immediately sees that the integral 


n:-r 
= (. 
If 3 (13.13) 


because for any positive contribution there exists a corresponding negative contribution. 
If O now lies within F, then for any of the area elements 3 and 4 


Hole 
oa ale (13.14) 


This now implies that the contributions of the two regions to the surface integral are 


adding up. Because the total solid angle is identical to the surface of the unit sphere, 
namely has the value 4zr, it follows that 


Hlaie 


STOKES LAW 


If the surface F has such a shape that a 
straight line may intersect it at more than two 
points (see figure), one may show that the 
considerations in the context of the figure 
on page 113 hold also in this case. If now 
O lies outside F, the cone with the apex 
at O cuts the surface F in an even num- 
ber of positions. The contributions of these 
area elements to the surface integral com- 
pensate each other pairwise such that the 
surface integral over the area F equals zero. 
If, however, O lies within F, the cone cuts 
the surface in an odd number of positions. 
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The Gauss theorem: The center of force lies 
within (left part), respectivly, out of (right part) 
the surface F. 


Because the respective contributions to the surface integral cancel each other pairwise, 
the surface integration performed over the area F as shown in the figures on this page and 


on page 113 again yields the value 47. 


Stokes law:* 


Given a vector field A, we calculate the contour 


integral along a closed loop: 


W =o Acar 
iC 


If we now interpret the closed loop s as the bor- 
der of an arbitrary area, W may be thought as 
originating by summing up arbitrarily small 
partial contributions dW: These cancel out 
when integrating over the area elements, ex- 


curl A(x,y,z) 
AF (x32) 


Cc 


cept for the path elements along the external 
free border representing the course of the bor- The Stokes theorem: The surface F is arbi- 


derline: 


trarily extended over the curve C, making C 
the boundary of F. 


Sir George Gabriel Stokes, b. Aug. 13, 1819, Skreen (Ireland)—d. Feb. t, 1903, Cambridge. Since 1849 
Stokes was professor of mathematics in Cambridge. Besides his contributions to analysis, such as the Stokes 
integral formula, he made important contributions to physics, for example, on fluorescence, and on the motion of 


viscous liquids. He also worked on geodesy. 
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Explanation of Stokes theorem: The sum of the contour integrals over the curves C; yields the contour 
integral over the border curve C. 


The infinitesimal contributions dW may be represented by the flow of curl A through the 
area elements dF, as follows: 


A-dr 
AW; = (n-curlA); AF; = @ ——-AF = A-dr, (13.16) 
Cr AF; Cr 


where n is the vector pointing perpendicular to the area element d F’. We integrate (see also 
figure on this page) and obtain 


w= pA-dr= Sg A-dr= in-out A) AF = [n-cutadr. (13.17) 
c i Cj i 
fa 


By inserting the preceding line into the contour integral, one obtains the Stokes law: 


fA-de= f n-culAdr (13.18) 


(& Le 


This may be expressed somewhat less precisely as follows: The sum of vortices over an 
area yields the vortex about the border of the area. 


Problem 13.1: Path independence of a line integral 


Show by means of the Stokes theorem that, assuming A = V4, the line integral from point P, to 
point P is independent of the path. 


Solution We first form the rotation of the vector field A; because A = V¢, we obtain 
curlA = curl V@ = V x Ve = 0. 


By inserting this in the Stokes theorem, we obtain 


fouwta-ndr=$a-de=o. 


F 
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The above relation is fulfilled for arbitrary but closed curves. One has (compare figure): 


Py P, Py ly) 
f Acde= [ Acde+ [ A-de= [ Acar— f a-ar=o. 
pe Ic, Poe, Pic, Pic, 


The line integral is path-independent since the path from P, 
to P> must not coincide with the path from P, to P,, and never- 
theless the relation 


(iy Ps 
/ A-dr— / A-dr=0 
Pic Pic, 


is fulfilled. This may also be proved in an alternative way: The line integral from P; to Pe 
does not depend on the path for 
3 ; conservative vector fields (curl A = 
| V¢-dr= [eo = o(2) — #(1). 0). The line integral vanishes for 
1 


4 closed paths. 


Thus, the integral depends only on the function values ¢ at positions | and 2, but not on the special 
path of integration. This discovery is highly important because it allows us to understand for which 
force fields a potential exists. 


Additional remark: If A = grad@ = curlA = 0, because curl gradd = 0, and 
therefore, according to Stokes, ¢ A-dr = 0. Inversely, if for arbitrary closed paths ¢ A-dr = 
0, then it follows from the definition of rotation n - curl A = limar+o(? A -dr/AF) that 
curlA = 0. From there in turn it follows that A = Vd, where @ = i A(r’)dr’. The 
arising integral may then be taken along an arbitrary path from rj to r (because of the path 
independence of the integral). This important statement shall now be proved: 

Given 


A(r) with curlA(r) = 0, 


if the line integral 


r 


o(r) = [aw -dr’ (13.19) 


ry 


is independent of the specially selected path, one has 
A(r) = Vo(r). (13.20) 


Proof: Because the integration contour may be chosen arbitrarily, we adopt especially 


(x1, 1521) —> (x, yx, Z1) —> (x, y, 21) —> (x, y, 2) (see figure), 


ity.) — [a d= | [A,(r) dx + A2(r) dy + A3(r) dz] (13.21) 


ry 
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x Mi z 


= [a CG. yivei)da! + f As (x.y, zi)dy'+ f As (x, y,z') dz’. 
x) yi Z| 
(x, y,2) 
For the function ¢ constructed in this way it holds that i ie 
Ya 
oe 
oe = A3(%, ), 2); (x, 521) 
dz 
a OAR Na) y 
— = A2(x, 2+ | —__—___—— dz 
dy Nee 21 dy 
2 @A2(x, y, 2’) - 
Te +f dz’ dz. (19121) (x, 91521) 
ral 


A special integration path for cal- 


Here we used curlA = 0, which means for the X- Gitating o(x, y, 2). 


component 0A3/dy = 0A2/9z. 
In the following we also employ the vanishing of the other components of curl A = 0: 
Op 
dy 


z 


= Ap(x, y, 21) + Ar(x, y, 2’) 


= A2(x, y, z) 


Z| 


Vere. 74) a a 
Ox ay Ox 


“ae se ieee NCTE a “a ss z) 


re) 
sige we ern 
Ox 


y 


= A;(x, 1,21) + 
y 
(because curl A = 0) 


= Aix, Yi, Z1) Al, y, z1) nae Ai(x, 1, 21) Bees y; z) a Aix, y, z1). 


The terms cancel each other out pairwise up to one summand, such that it finally remains 
that 


0 
he = tes co) 
Ox 


In total we thus have demonstrated that the function $(r) detined by the line integral 
o(r) = ic A - dr satisfies the equation A = V@ . Hence, for a given vector field A 
satisfying curlA = 0, one may always calculate the potential function ¢(r) by a line 


integral. The function —@(r) will later be called the potential of the force field A(r) 
(compare Problem 13.4 and Chapter 17). 


This very detailed proof that, with definition 13.21 we have grad@(r) = A(r), can be 
given in a more succinct and elegant way: Because 


p(r + dr) = P(r) + grad@ - dr, 


we find 


rt+dr 
grad @ - dr = o(r + dr) — d(r) =| A(r’)- dr’ = A(r)- dr. 
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Because this holds for any arbitrary dr, it follows that 
grad @(r) = A(r). 


Problem 13.2: Determination of the potential function 


Show for the vector field 
A = (2xy + 2°, x” + 2y, 3x2? — 2) 


that f A - dr fora path from (1, —1, 1) to (2, 1, 2) is independent of the path. Calculate the value of 
the integral. Find the potential function @(x, y, z). 


Solution One has curlA = 0. We check this, for example, for the x-component: (curlA), = 0A,/dy — 
dA,/dz = 0 —0=0. The other components of curl A will be calculated similarly. 
The integral g(r) = f ‘ A - dr is therefore path-independent, and A = grad@ = V@. According 
to (13.21), with the arbitrarily and hence effectively choosable r; = {0, 0, 0} (we sometimes adopt 
braces for notation of vectors), we then obtain 


x y z 
o(x.y.2)= | A's zis! + f Ante, y.zi)dy' + f A3(x, y, 2’) dz’ 
0 0 0 


y Zz 
=0+ / (x? + 2y’) dy'+ i| (3xz? — 2) dz’ 
0 0 


: a 
+ x2" — 22’ 
0 


= x7y' + y? 


0 
=x*y+y? +x2° —2z. 


Indeed we easily check 
Vo = (2xy +:z)ey + (x? + 2y)er + (3z7x — 2)es. 


Because A = V¢@, the line integral is path-independent. The value of the integral is determined as 
follows: 


(2,1,2) (2,1,2) (2, 1,2) 
(i 
(1-49) (1,-1.1) (1,-1.1) 

= $(2,1,2)—-@(1, —1, 1), 

= (44+1+16—4) —(~14+1+1-—2)=18. 


Of course, the line integral might be determined also in another way, by integrating, for instance, 
along an arbitrary contour (an arbitrary curve r(t) between the points {1, —1, 1} and {2, 1, 2}). 


Problem 13.3: Vortex flow of a force field through a half-sphere 


Let A = zxe, — (xy - 3z)e, + (4yz —x)e, be a given force field. Calculate the flow of curl A through 
the half-sphere above the x, y-plane. (Use spherical coordinates for the integration.) 
There are 


A=xze, — (xy — 3z)e, + (4yz — x)e_, 
curl A = (4z — 3)e, + (& + le, — ye,. 
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1. Solution: The upper half-sphere is parametrized by 


cosy sind 
r=a] sing sind with O<g<2m, O<0<. 


nN] a 


cos 3 


The nonnormalized normal vector is 
or or ; 

n= — x — =::-=asinvr. 
ap. o0g 


The area element is given by dF = (dr/d9)d0 x (dr/dy)dy = ndd dg. 
In the new coordinates curl A reads 


4a cos ? — 3 
curlA = | acosgysin? + | 

—asing sind 
Thereby the integral becomes 


t= ff cuiA-ae 


n/2 2x 
= i di dgn-curlA 
0 0 


m/2 2x 
=) ao [ dy a’ sin 9 (4a cos¢ sin # cos 9 — 3.cos¢ sind 
0 0 


+asingcosgsin’ 3 + sing sind — asingsin 9 cos 9) 
=0, 


because 
an 2n 2n 
[ singdy = [ cospdy = f singcospdg = 0. 
0 0 0 


2. Solution: According to the Stokes theorem, 


p= ff cuta-de= f A-ar, 
e 


where C is the border of the half-sphere, 


cost 
r=a| sint with 0 <t <2z, 
0 
- sint 
(ee (it| Oh Ja 
0 


2n 
l= -a' [ dt sint cos*t = 0. 


0 
np, 
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Problem 13.4: On the conservative force field 


What is a conservative force ficld? Is the force field F = (3xz — y)e, — xe, +(3/2)x’e, conservative? 


If yes, determine the potential V and the work A to be performed to move a particle from point (1, 
Peital(2 242): 


Solution — One has F = (3xz — y)e, — xe, + (3/2)x7e,. 


A force field F is conservative if it can be represented by F = — VV. Then it holds that curl F = 0, 
because curl(VV) = 0. 


One easily checks that V x F = curl F = 0: 


e, e, e, | 
@F =| 9/2, a/a, a/a,| =0. 
3xz—-y —x 2x? 


Thus, it holds that 


av aV Vv 


Mev =-—¢- —¢- 
ae ay” ae 


3 a 
= (3xz — y)e, — xe, + at &- 


Comparison of coefficients yields: 


av ov av a 
(1) = —3xz4+ y; (2) —— =x; ES es ce 


Ox. oy dz 2 


By integration follows: 
; Ais 
(QQ) Va—se etsy t fiO2); 
(2) V= xy + fa(x, 2); 
32 
Gy Vease + fs(x, y). 


These equations coincide if one chooses 
fi (x, y) =€, 
3) 
fxs, 2) = gx ete, 
falx.y) =xy te. 


From that it follows that 


3» 
siete; viaidiieas aia 
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Because F is conservative, for the work A we have 


a= [redr=-f var=- fav 


no oe) 
{2,2,2) 1 


3 
-[-frers te] ie 
2 ae) 


oe ee ee 


i 


Calculation of 
surface Integrals 


Given an area F and a vector field A, we look for the flow of the field through the area. 
For this purpose we subdivide the area into surface elements A F; and calculate the product 
A -n- AF;, which represents the flow of the field A through the area element A F;. Here 
n is the normal vector of magnitude 1 pointing perpendicularly to the area element AF;. 
We now sum up these products over all i and, by changing to infinitesimal area elements, 
obtain the surface integral: 


[A-nar, < 
F 


which represents the wanted flow. To calculate 
this integral, we convert AF; to Cartesian co- 
ordinates. The area elements dF are always 
positive. We therefore set absolute bars: 


In- e3|dF = dx dy 


OT 


x-Coordinate y-Coordinate 


dxd 
jp sash 
|n - e3| 


We insert this expression into the surface in- 


oe} 
. 

ab tp tee aed we se 
A cea 


tegral and obtain x 
A-n 
A-ndF = ) dx dy. Example of a surface and its shadow area 
a é n-¢3| when calculating surface integrals. 


The surface integral is thereby traced back to a double integral over the shadow area in 
the x-y-plane. 
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One now has to distinguish between two cases: 


1. If nis parallel to z, then dF = dx dy, because n - e3 = 1, that is, the projection exactly 
corresponds to the prototype. 


2. If n is inclined against e3, the projection is smaller than the prototype, that is, dF > 
dx dy. In this case n- e3 < 1, and the relation |n - e3| -dF = dx dy is fulfilled. 


If the projection of the primordial area onto the x, y-plane (or any other plane) is not 
unique, such as for areas “hanging over,” uniqueness may always be achieved after some 
appropriate subdivisions. In such cases the area integral turns into a sum of area integrals 
over partial areas. 


Example 14.1: On the calculation of a surface integral 


Given the surface V = 2x + 3y + 6z = 12 (described by the position vector r(x, y) = 
{x, y, (12 — 2x — 3y)/6}) and a vector field A = (18z, —12,+3y}, find the flow of the field 
through the part of this area that is cut out by the three coordinate axes in the first octant. 

For the calculation, the surface integral is traced back to zh 
an integral in the x, y-plane. The integral then takes the form | 


A-n 
dx dy. 
las 


We evaluate the individual quantities separately: 


_ VWV(x, y, 2) i 

= “Wy (compare equation (11.6)) The y-intagral runs from y = Otothe 
(084.6) ees intersection of the surface with the 

= — = = constant. x, y-plane, i.e., to y = 4 — (2/3)x. 


For n - €3, it therefore results that 
n-e, = : 
3 lace 7 . 


To calculate n, one may start also from the position vector r(x, y): 


ne TeXHy _ (1,0, =2/6) x 0, 1,-3/6) _ (2/6,1/2,1) _ (2,3,6) 
lr; xr,| |, 0, -3/6) x (0,1,-3/6)  .f49f86 72 - 


ae “M, it results that A-n = (36/7)z — (36/7) + (18/7) y. From there one obtains for the surface 
integra 


36 SGmpenl Sa Nar 
A-ndF = Sef Pice ae OG Bs 
| i [Ge 7 ta) gady 
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We replace z by (12 — 2x — 3y)/6 and multiply; then we find for the integral the following 
expression: 


[a-nar= | (12 — 2x — 3y + 3y — 6) dx dy 


= | (6 — 2x) dx dy. 


To get the limits of the integral, we consider the straight line along which the area V intersects the 
x, y-plane (z = 0): 


2 
2x1 OY =e. yee a 
From there it follows that the y-integration runs between the limits 


2 
y=0O and ieee 


The x-integration (integration) of all strips parallel to the y-axis (see figure) is performed between 
the limits x = 0 and x = 6. 
Insertion of the calculated limits yields 


6 4—2x 
facnar = | (6 — 2x) dx dy 
x=0 +=0 
6 q-5x 
r=0 y=0 


6 
2 
= 6-20) (4-52) ax 
x 0 
6 
a 2 
«| me Nex + oe dx 


r=0 
—ae 


Problem 14.2: Flow through a surface 


Given the area F = x? + y” = 16 and the vector field A = (z, x, —3y”z) between z = 0 and z = 5, 
find the flow of the field through the part of the area covering the first octant. 


Solution Analogously to the first example, we evaluate n- e) and A - n; for this end we first determine the 


normal vector n: 
VF (x, y, 0) 


| | 
|VF| 4 


For A - n, we get 
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zx Oxy 

A-n= 4 + a 
We obtain 
n-e aye 
BS aK 


By inserting this into the surface integral, we get 


[anaes 5 ff aras 


We replace y = 16 — x? and integrate in the limits 
from x = 0 tox = 4 or from z = 0 to z = 5 (the shadow 
area in the x-z-plane): 


a 
ab fe! zx ges Illustration of the cylindrical surface F. 
A-ndF = [ | (++) x dz. 
i x=0 Jz=0 \V 16 — x? 


Integration over z yields 


i] a} 
dx 


sa i “ 
A- ar =f (G54) 
| ‘. r=0 \ 2 V16 — x? 0 


[ (3 25x +5x) d 
(org morentteestersrtisaies » § 
x=0 2/16 — x2 


25 : 
Sa oes 


en 5x2 4 
® 2 


= 90. 


0 


The Mobius strip: The areas in the examples treated so far were orientable, that is, for 
arbitrary travels over the area the normal vector of the area always remains on one side of 
the area. But there exist nonorientable areas; one example is the Mobius strip.! 

In the case of the Mobius strip, there is no outer and inner side, that is, the Mobius strip 
has only one side. The vector flow through the Mobius strip vanishes; on the contrary, the 
vector flow through the represented orientable area in general does not vanish. 


‘August Ferdinand Mibius, b. Nov. 17, 1790, Schulpforta as son of a dance teacher—d. Sept. 26, 1868, 
Leipzig. Mobius attended the school in Schulpforta and then the university in Leipzig. A donation allowed 
him to go on a study trip, leading him among others to Gauss. In 1810 Mobius was appointed director of the 
observatory in Leipzig and later also served as a professor at the university. Mébius supported the development of 
geometry by his contributions to the extension of the traditional concept of coordinates, and to the (unconsciously) 
group-theoretical classification of geometry. 
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= es 


(a) (b) (c) 


(a) Orientabie surface, (b) Rolled-up strip, and (c) Nonorientable surface (Mébius strip). 
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Volume (Space 
Integrals 


Let o(x, y, z) = o(r) be a scalar function of the position, for example, the mass density; 
the volume integral 


/ odV= I o(x, y,z)dxdydz= lim ) > o(t) AV; (15.1) 
Vv Vv k 


then gives the total mass. AV; thereby means small volume cells that in the limit tum over 
in dxdydz. Volume integrals may be performed also with a vector field F(r) (speaking 
more exactly: F(r) is a vector density, and F(r)dV is a vector): 


[ F@av = [ Fo, y,ddzdydz = lim) FOAM. (15.2) 
V V k 


This corresponds to the sum over all vectors of a vector field F in a volume V, for example, 
the sum over all] forces acting on a rigid body. F(r) is then a force density, and F(r) dV is 
the force acting on the volume dV. The mathematical evaluation of a volume integral is 
performed according to the following scheme: Onc constructs a grid consisting of planes 
paralle] to the x, y-, y, z-, and x, z-planes; thus the volume V is subdivided into partial 
volumes (cuboids). In this case the triple integral over V may be written as an iterative 
integral of the form 


b £2(x) fray) 
/ | F(x, y, z)dx dy dz 
x=a Jy 


=g1(x) Jz=fi (x,y) 


b 82(x) fa(x,y) 
=| 1 if Pls, ».2)de| ay} as. 
/x=a y=e1(x) L¥z=f\ (x.y) 


For the given subdivision the innermost integration has to be performed first. This innermost 
integration over z corresponds to integrating up columns of cross section dx dy along the 
z-axis. The lower limit of the columns is given by the area z = f(x, y), the upper limit by 
z = fo(x, y). The y-integration then corresponds to summing up these columns in strips 


VOLUME (SPACE) INTEGRALS 131 


parallel to the y-axis. The strips are limited by the function g,(x) and g2(x), respectively. 
The disks arising this way are integrated along the x-axis by means of the x-integration. 

In general, one has to subdivide the volume into larger regions, such that the total triple 
integral may be calculated as sum over partial integrals. We still note that the integration 
may, of course, be performed in an arbitrary sequence. This will now be explained by the 
following examples. 


_ Example 15.1: Calculation of a volume integral 


Let o(r) = 45x°y, and let the volume V be limited by the four planes 4x + 2y +z =8,x =0,y = 
0, z = 0. Calculate f o(r)dV (see figure). 
If @ means a mass density, then the integral represents the total mass of the volume V. One has 


2 4-2x 8~—4x-2y 


fowav=f i / (45x? y) dzdydx. 


V «=0 y=0 2=0 


Here the integration is performed at 
first over z, then over y, and finally over 
x. The integration limits are determined 
as follows (see figure): z runs for fixed 
x and y from z = O up to the plane 
z = 8 — 4x — 2y. y runs from 0 up to 
the straight line y = 4 — 2x in the x, y- 
plane (cut of the plane 4x + 2y +z = 8 
with the x, y-plane), and x runs from zero 
to 2 (intersection point of the straight line 
y = 4 — 2x with the x-axis). The calcula- 
tion now yields 


2 4-2x« §~-4r-2y 


(45x y)dz dy dx 
x=0 y=0 z= ilustration of the integration volume. 
rea 8—4x—2y 
~45 f / y (¢{ ') ay dx 
x=0 y=0 
2 4=2x 


=45 [ [ ene - 4x -2yyayas 


x=0 y=0 
9 )4-2 4 
[rea (3 — 9x? (3 


x7(4 — 2x) dx = 128. 


= 45 
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Problem 15.2: Calculation of a total force from the force density 


Integrate the force density f = (2xz, —x, y’) 
N/cm? over the volume V limited by the 
five areas x = 0,y = 0, y = 6cm,z = 
x? cm, z = 4.cm (see figure). 


Solution _ The integral 


{| f(x, y,z)dV 
Vv 


obviously means the total force acting on 
the body with this volume. We obtain 


26 4 26 4 
=e f ff rxcdedydr+e ff [-xdcdyds 
8 Os 0 0 x2 
6 4 
J [ Pacayax 
0 2 


= 128 e, — 24 e2 + 384e, : 


The physical dimension of the overall force is, of course, 


— -cm’ = N = Newton. 
cm: 


The unit “Newton” will be explained in the Chapter 17. 
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F; Newton’s Axioms 


The Newtonian! or classical mechanics is governed by three axioms, which are not inde- 
pendent of each other: 


1. the law of inertia, 
2. the fundamental equation of dynamics, 
3. the interaction law, 


and as a supplement: the theorems on independence concerning the superposition of forces 
and of motions. 
Premises of Newtonian mechanics are as follows: 


1. The absolute time; that means that the time is the same in all coordinate frames, that 
is, it is invariant: f = ft’. One may determine in any coordinate frame whether events 


'Tsaac Newton, b. Jan. 4, 1643, Woolsthorpe (Lincolnshire)—d. March 31, 1727, London. Newton studied in 
1660 at Trinity College in Cambndge, particularly with the eminent mathematician and theologian L. Barrow. 
After getting various academic degrees and making a senes of essential discoveries, in 1669 Newton became 
successor of his teacher in Cambridge. In 1672 he was member and in 1703 president of the Royal Society. From 
1688 to 1705, he was also member of Parliament, since 1696 attendant and since 170! mint-master of the Royal 
mint. Newton’s life’s work comprises, besides theological, alchemistic, and chronological-historical writings, 
mainly works on optics and on pure and applied mathematics. In his investigations on optics he describes the 
light as a flow of corpuscles and by this way interprets the spectrum and the composition of light, as well as the 
Newton color rings, diffraction phenomena and double-refraction. His main opus Philosophiae Naturalis Principia 
Mathematica (printed in 1687) is fundaniental for the evolution of exact sciences. It includes the definition of the 
most important basic concepts of physics, the three axioms of mechanics of macroscopic bodies, the principle 
of “actio et reactio,” the gravitational law, the derivation of Kepler's Jaws, and the first publication on fluxion 
calculus. Newton also dealt with potential theory and with the equilibrium figures of rotating liquids. The ideas 
for the great work emerged mainly in 1665-1666 when Newton had left Cambridge because of the pestilence. 

In mathematics Newton worked on the theory of series, for example, in 1669 on the binomial series, on 
interpolation theory, approximation methods, and the classification of cubic curves and conic sections. But 
Newton could not remove logical problems even with his fluxion calculus that was represented in 1704 in detail. 
His influence on the further development of mathematical sciences can hardly be judged, because Newton disliked 
publishing. When Newton made his fluxion calculus public, his kind of treatment of problems of analysis was 
already obsolete as compared to the calculus of Leibniz. The quarrel over whether Newton or Leibniz deserved 
priority for developing the infinitesimal calculus continued until the 20th century. Detailed studies have shown 
that they both obtained their results independently of each other [BR]. 


NEWTON'S AXIOMS 135 


are simultaneous, because in classical physics one may imagine that signals are being 
exchanged with infinitely large velocity. 


2. The absolute space; that means that a coordinate frame, being at absolute rest, which 
spans the full space, exists. This absolute space may be thought of as being represented 
by the world ether, which shall be at absolute rest and so to speak embodies the absolute 
space. Newton by himself did not believe in the ether; he could imagine the absolute space 
also as being empty. In most recent time the 2.7 Kelvin radiation has been discovered. 
This radiation is believed to originate from the Big Bang that presumably generated our 
universe. A coordinate frame in which this radiation is isotropic—of equal intensity in 
all directions—might also serve as such an absolute coordinate frame. 


3. The mass being independent of the velocity. 


4. The mass of a closed system of bodies (or mass points) is independent of the processes 
going on in this system, no matter what kind these processes are. 


The concepts of absolute time and absolute space, as well as the velocity independence of 
the mass, are lost in the special theory of relativity. Finally, the fourth premise is no longer 
fulfilled in high-energy processes as, for example, p+ p > p+ p++ +77. Here new 
masses are generated. 

Newton formulated his axioms essentially as follows: 


Lex prima: Each body remains in its state of rest or uniform rectilinear motion as long 
as it is not forced by acting forces to change this state. 


Lex secunda: The change of motion is proportional to the effect of the driving force and 
tends toward the direction of that straight line along which the force is acting. 


Lex tertia: The action always equals the reaction, or the actions of two bodies onto each 
other are always of equal magnitude and of opposite direction. 


Lex quarta: Supplement to the laws of motion: Rule of the parallelogram of forces, that 
is, forces add up like vectors. Thereby the superposition principle of the actions of forces 
is postulated (principle of unperturbed superposition). 

Because we deal in the following only with point mechanics, we have to introduce the 
mode] representation of the mass point. Here one abstracts from shape, size, and rotational 
motions of a body and considers only its translational motion. Newton’s axioms in modern 
form then read as follows: 


Axiom 1: Any mass point remains in the state of rest or rectilinear uniform motion until 
this state is terminated by the action of other forces (i.e., by transfer of forces). This is a 
special case of the second axiom. Namely, 


> 
F=0, then m-v-=constant. 
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Because of the presupposed velocity independece of the mass, it then holds that 


—— > 
Vv = constant. 


If the “quantity of motion” p = m- vis denoted as the linear momentum of the mass point, 
then the law of inertia is identical with the Jaw of conservation of the linear momentum. 


Axiom 2: The first time derivative of the linear momentum p of a mass point is equal to 
the force F acting on it: 


pa fy) _@P _ 
dt dt 
where 
p=mv 


is the linear momentum.’. 

Because in general the mass is a velocity-dependent quantity, that is, it is also time- 
dependent, it must not simply be pulled in front of the bracket. In the nonrelativistic 
Newtonian mechanics (v < c; c = 3-108 ms~'), the mass m is, however, treated as being 
independent of the time, and one thus obtains the dynamic fundamental equation: 


dv d’r . 
F =m— =m—- =mr=™ma. 


That means that the acceleration a of a mass point is directly proportional to the force acting 
on it and coincides with the direction of the force. 

If several forces are acting simultaneously onto a mass point, then the above relation 
according to the principle of superposition of forces reads 


Axiom 3: The forces exerted by two mass points onto each other have equal magnitude 
and opposite directions; force = — counterforce: 


Bij = = where i Be j. 
Here F;; is the force exerted by the jth point onto the ith point. Fj; is the force exerted 
by the ith onto the jth point. 


Remark: The relation F = d(my)/dt is on the one hand a definition of the force, on the 
other hand a law. The statutory aspect is that, for example, the first time derivative of the 
linear momentum occurs, but not the third or fourth or something else. Because the force 


The time derivatives are often abbreviated with a dot, for example df/dt = f ay) 10rd) — bora — 
d*r/dt? =r We will use this notation wherever it seems appropriate. 
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is the derivative of a vector with respect to a scalar (the time), it is a vector itself. Hence, 
the addition of forces is governed, for instance, by the law of force parallelogram. 


Problem 16.1: Single-rope pulley 


A weight W, = M,g hangs at the end of a rope. Here, g = 9.81 m/s” 
is the gravitational acceleration of all bodies at the surface of the earth. 
At the other end of the rope, hanging over a roller, a boy of weight 
W, = Mog pulls himself upward. Let his acceleration relative to the 
tightly mounted roller be a. What is the acceleration of the weight W, ? 


Solution _Let b be the acceleration of W, and 7’ the rope tension. The Newtonian 
equations of motion then read 


(a) For the mass M, (boy): A boy and a weight hang- 
ing at the ends of a rope. 
—M,-ae= Moge-Te; (16.1) 
(b) for the mass M, (weight W,): 
M,be=M,ge-—Te. (16.2) 


These are two equations with two unknowns (7, b). Their solution may be given immediately: 


T = My(a +8); (16.3) 
T 
Ge 1 irad M, 
M, 
=g— me +g) 


— M,)g — M 
= (M, 2)8 2a (16.4) 
M, 


If M, = M), it follows that b = —a, as it should be. On the other hand, if a = 0, it follows that 
b = “h-*2) 9 and vanishes for the case M; = M;, as expected. 


Problem 16.2: Doubie-rope pulley 


A mass M, hangs at one end of a rope that is led over a roller A (compare the figure). The other end 
carries a second roller of mass M2, which in tum carries a rope with the masses m, and m) fixed to 
its ends. The gravitational force is acting on all masses. Calculate the acceleration of the masses m, 
and mp, as well as the tensions 7; and T in the ropes. 
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Solution We introduce the unit vector e | pointing upward (see figure) 
and denote the string tensions by T = Te and T, = 7\e, 
respectively (see figure). The individual masses are influ- 
enced by the string tension (i.e., the force in the rope) and 
by the gravitational force. We now write down the equations 
of motion for the individual masses according to Newton’s 
fundamental! law. 


M,a,e = —Mge+ Te, 
—Moa,e = —Moge+Te— 27 e, 
m, (az — aie = —m, ge + The, 
m>(—a) — ae = —m2ge+ Tye. (16.5) 


The acceleration of the mass M, has been denoted by aye, 
that of the mass M) is then (because of the constant rope 
length) —a,e; the acceleration of the mass m, relative to the Masses and forces at the double- 
mass M) is aye, that of the mass m, is —a)e. 16.5 represents rope pulley. 

a set of four equations with the four unknowns: a), a, T, T;. 

Subtraction of the second equation from the first one yields 


(M, + M2)a, = —(M, — M2)g+2T,. (16.6) 


The addition of the last two equations of 16.5 leads to 
—{m, + m2)a; + (m, — m2)a, = —(m, + m2)g + 27; . (16.7) 


The subtraction of 16.7 from 16.6 then yields a relation between a, and ap: 


(M, + Mz + m, + m2)a, ~ (m, — m2)an = (—M, + M2 +m, + m2)g. * (16.8) 

A second relation of this kind is obtained by subtracting the last two equations 16.5 from each 
other, namely 

(Mm) — m2)a, + (mM +mz)ar = —(m, ~ mo)g. (16.9) 


The accelerations a, and a, are now found from equations 16.8 and 16.9: 


_ ~MiGn, + m2) + Mo(m) + m2) + 4mm) 


aj= 

(m, + m2)(M, + M2) + 4mm, 3 (iet9) 
eee a) ee 

“—— (m, +mz)(M, + M2) +4mim,°" Sect 

such that the total acceleration of mass m, is obtained as 
—M,m, + 3M,m2 — Mo(m; +m) — 4m,m 
a) — a, = : : eee (16.12) 
(m, +m2)(M, + M2) + 4mm 


and that of mass mp is 


M, (3m, — m2) — M2(m, + m2) — 4mm) 


oan — }) = 1 SMUD 
ee. (m, + m2)(M, + Mo) + 4mm : (16.13) 
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If all masses were identical (M, = M> = m, = my»), then 


] 
oe! Bae Gy =) 
and 
} 1 
fe arn aimee Lo a1 = 58 (16.14) 


as one would expect. The string tension 7, follows with 16.10 from equation 16.6 after a simple 
calculation as 


] ] 
r= 5 (Mi + M2)a, + me — M2)g 


4m;moM, 


es os 16.15 
(my + 3)(M, + Ma) + 4mim,® oss) 


The rope tension T is obtained from the first two equations 16.5, using 16.10 and 16.15, as 
(M, os i (M, ee 4 
= Ma, + Mig = M (a; + 8) 

_ 2(m) + m2)M| Mz + 8mym2M, 
~ (my + ma)(Mi + M2) + 4mm 


T = T, 


(16.16) 


According to 16.15 the rope tension 7, vanishes if one of the masses m,, m2, M, vanishes. In this 
case the rope is rolling without tension, as is clearly expected. The rope tension T vanishes if either 
M, = 0, or M2 and one of the masses m, or m2 (or both) vanish. If m, = m2 = m = Oandif M, £0, 
M, #0, a limit m — Ocan be taken: 


2M,M> 
f==———s. 


This is the rope tension in the casc of the single roller with the two masses M, and M) at the rope 
ends. 


Basic Concepts 
of Mechanics 


Inertial systems 
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We ask for the forces acting on a mass point P, as seen 
from two coordinate frames x, y, z and x’, y’, z’ that 
are moving relative to each other, with correspondingly 
convected observers 0 and 0’, respectively. Let r and r’ 
be the position vectors of P in x, y, z and in x’, y’, 2’, 
respectively. One then obtains the position vector from 
0 to 0’ as the difference r—r’ = R. 
According to Newton’s basic equation: 


d’r : d’y’ 
The difference of the observed forces is The point P in relation to the coordi- 
> PR nate systems x, y, Z and x’, y’, 2’. 
F—F =m—(r-r’) =m—. 17.2 
a ( ) in (17.2) 


Because m # 0, this difference vanishes then and only then if 
aR 


do 
oo 0 or a = Constant = vp. (17.3) 


This means that the forces are then equal if the two coordinate frames are moving with 
constant velocity vz relative to each other. Such systems are called inertial systems if one of 
them—and thus all of them—fulfills Newton’s axioms. The statement that in such inertial 
systems the Newtonian equations (17.1) have the same form and the forces are also the 
same (F = F’) is called the classical relativity principle. 
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Measurement of masses 


Masses are measured by comparison with an arbitrarily defined unit mass. If there are three 
distinct masses m, >, and m3, with m, representing the unit mass, one may determine 
experimentally, for example, m3, starting from the second and third Newton laws, as the 
quotient of the accelerations: 


d vi dv3 a, a; 
ara acs era my, a; = —m3 a3, O— 
m, mM, 
force = —counterforce. Central collision. 
From there it follows that 
|a,| b p 
mz = my taal ’ m, m; 
3 Noncentral collision. 


where m is the unit mass, and a; and a3 may be determined. Thus, 

m3 may be measured in units of m;. In the process 

of measurement (collision) the basic laws (second and third Newtonian laws) are employed. 
Correspondingly, it then also holds that 


m? afpolail, (17.4) 


Work 


A force F causes a displacement of a mass point M by an infinites- 
imally small path element dr and thereby performs the work dW 
that is defined as follows: 


dW =F .- dr = |F||dr|cos(F, dr). 


The unit of this scalar is therefore 


2 

€ 
8 Si Gye (hp 

S 

The work integral. 
kgm Pee 
5— =1Nm => lerg = 10™ Nm. 
s 


Here 1 Newton (N) = kg m/s? is the unit of force. 
The total work W needed to move M along a curve C between the points P, and P is 
given by the following line integral: 


w= | Pedr= { Fede. (17.5) 
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Power is work performed per unit time: 
=F-—=F-y. . (17.6) 


The unit of power is [gcm?/s* = erg/s] or [kg m?/s* = Nm/s]. 


Kinetic energy 


In order to accelerate a mass point and to bring it to a definite velocity, work must be 
performed. This work is then stored in the mass point in the form of kinetic energy. We 
therefore start from the integral of work: 


= =m(v3 — v7) =T)-Th, 


) 
1 4 ; 
1) es ae = kin. energy. (17.7) 


Conservative forces 


A force is called conservative if the force field F may be represented by 


= — grad V(x, y, 2) (definition). (17.8) 
If this is true, then the work integrals are path-independent: 
Py P, P, 
fr -dr=~— | grad V -dr = — | dV (see total differential; Chapter 11) 
P, P P, 
= VP) - Vir = Vi ve 
= —(V2 — Vj). (17.9) 


Hence one has 


W=V,-V2, 
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where V is a scalar field that associates a numerical value to each space point. W is therefore 
path-independent. But this further means that for an integration along a closed curve the 
total work must vanish: 


f F.dr=0 (17.10) 
G 


for conservative forces. An equivalent requirement for conservative forces is 
culF=>VxF=0. 
Indeed we can also conclude this immediately from equation (17.8) since 


curl grad V(r) = 0. 


Potential 
If Fir) = —VV(r), then the scalar quantity V(x, y. z) is called potential energy, scalar 
potential, or, briefly, potential: 


(x,y.2) 
V(ix,y,z2=- / F-adr. (17.11) 


(x0, Yo.20) 


Example 17.1: Potential energy 


Calculation of the potential energy between two points looks like P 
3 
W= i F-dr 
Py 
(*0.¥0-Z0) Po P XQV Zo 


Calculation of the potential en- 


P, (49. ¥0-20) ergy difference between in the 


The presupposition is a conservative force field, and thus path- Points P; and Po. 


independence of the work integral. 


P; Py 
rh | F-dr+ | F- dr = V(x, y121) ~ V(x2y222). 
(Xp..¥0.20) (X0...0-20) 


Therefore, the work represents a potential difference that ts independent of the choice of the reference 
point. The potential itself is always defined relative to a reference point (xo, yo, Zo) and is therefore 
undetermined by an additive constant. The zero point of the potential may be set arbitrarily. This 
arbitrariness corresponds to the (arbitrary) additive constant in the potential. 
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Energy law 


On deriving the kinetic energy, we found the following relation for the work: 


1 =) 
For conservative fields there also holds the other relation between the same points P; 
and P: 

W=YV, — V2. 
This implies 

Ty + Vo = 1, + V}- (17.12) 


This is the energy conservation law (briefly: energy law), where T + V = E represents 
the total energy of the mass point. 
Written out in detail, the energy conservation law reads 


P, 1 P 
ak + (- | F. ar) = —mvi + (- F-ar) (17.13) 
2 P 2 Pp 


or 
eee + V. ae +V, 
lt =-~m 
Sen: al ! 
or 
> Be 
The premises for this energy conservation law for the motion of a mass point are 


1. The basic assumptions and basic laws of the Newtonian mechanics (e.g., nonrelativistic 
treatment of the mass); 


2. conservative force fields, that is, the forces may be written as the negative gradient of 
a potential. For force fields that are constant in time, it then holds that FE = T+ V = 
constant. 


Equivalence of impulse of force and momentum change 


If a mass point is affected by a force over a time interval tf = f — f), the time integral over 
this force is called impulse of force: 


{> 


| F(t) dt = impulse of force. (17.14) 


qh 


The impulse of force is equivalent to the momentum change or momentum difference. This 
is seen as follows: 
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From the definition of the linear momentum p = mv and from the second Newtonian 
fundamental equation, it follows that 


ib} 


b (3 2 
d 
frar=[ Fomyar= f deny) = mv mv =P — pi. (17.15) 
t in 


q 


Pp. = my, 


Thus a force acting on the mass causes a m 
change of momentum: That is, only of its mag- 
nitudejf F points along p;, and a change of 
both magnitude and direction if F points in an 
arbitrary angle relative to p). 

If the force F acts during the time Af, 
the corresponding difference in momentum 
is FAt = p) — p,. After the collision, the 
mass moves on a straight line with linear mo- Situation before (top) and after (bottom) the 
mentum pp. impulse of force. 


Problem 17.2: Impulse of momentum by a time-dependent force field 


A particle of mass m = 2g moves in the F(t,) 
time-dependent uniform force field: PF ck 
Sah 


. = 
r= (245. 56: 12") dyn. a = 
Ss S Ss —— 


The initial conditions are F(t Pine 
Yo=-o) =¥o = 3, —1,4) cm Force field at different times t and t: homogenous 
ahd (equal at every point in space) at any time, but vari- 


cm able with time. For a fixed moment f in time we have 
Vi1=0) = Vo = (6, 15, —8) ae curl F(t) = 0, because F(t) is constant in space. There- 
fore, we have a time-dependent potential. 
Here we make use of the units of force 


I dyn = g—> = 10° N and 1 N= 1 Newton = Ike. 


Find the following quantities: 


1, The kinetic energy at the ime t = 1s andt = 2s. 
2. The work performed by the field to move the particle from r, = r¢—|,) to: = Fy—29). 
3. The linear momentum of the particle at r) and r. 


4. The momentum transferred by the field to the particle over the time interval t = 1s until t = 2s. 
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Solution 
Tol: vis obtained from F = ma = m(dv/dt) as 


F 
ve fdv= f ~dr+vo 
m 


Using the data of the problem, we get for v 


# 
s*” 4 s2 


Te} = (4 
and 


cm 
Vizts) = (10,73, —11) ae 
ag CS 2.20). 

Ss 


From there we get for the energy 


fi Sincren T, = 1848 erg. 


3 2 2 
ener -35) == +6, 15, —8)— 
§ s* s Ny] 
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To 2: The work performed by the field equals the difference of the kinetic energies: 


W = 7, —T, = 1567 erg. 
To 3; The momentum of the particle is p = mv: 
p: = (20, 151, -22) g——, 
8 


p. = (76, 4, —40) g—. 
$ 


17 


To4: The momentum transferred by the field is obtained from the difference of momenta p, and p): 


P= po — p= (56, -11!, ~18)g—. 


Problem 17.3: Impulse of force 


A railway carriage of mass m = 18000 kg starts from a roll-off plateau of height 3 m. What is the 
change of momentum of the carriage, and which mean force is acting on it when colliding onto a 


buffer at the bottom of the hill, if the carriage within 0.2 s 


(a) Comes to rest ? 
(b) Is pushed back to a height of 0.5 m? 


Discuss the momentum conservation. 
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Solution At the moment of impact the carriage has a momentum p, that results from the potential energy at 
the start from the roll-off plateau: 


1 
5m v; =mgh => p,=mv, =m(2gh)'e,. 
In case (a) the momentum p>» after the impact equals zero; hence 


Ap = pi — po = m(2gh)'e, 
= 138096.5mkgs '-e,; 


the mean force acting over At = 0.2 s is then 


A 
F = —? — 690482.4N. 
At 


In case (b) the momentum p> is given by 
p> = mv, = —m(2gh’)'e,, 
where h’ is the height regained in the bouncing-back. The momentum change is then 


Ap =p) — pp = me, [(2gh)'? as (2gh’)'/?| 
= 194474.1 mkgs'e; 


for the mean force we obtain 


F = AP ~ 972370.7N. 
At 


The carriage alone does not represent a closed system: The reactive force imposed by the tightly 
mounted buffer is an external force; therefore, the momentum cannot be conserved. 


Problem 17.4: The ballistic pendulum 


The velocity of a bullet may be measured by 
means of the ballistic pendulum. This device 
consists of a string with negligible weight and a 
weight of mass mg fixed to the string. The bullet 
(mass mx, velocity vx) is shot into the block, 
where it gets stuck. The arc length s covered by 
the center of the mass mcg is measured. 


(a) Determine the velocity of the block vg after 
the collision, and 


(b) Determine the velocity of the bullet vx if Ballistic pendulum and bullet. 
the following quantities are specified: mg = 
Avkoute—mlRO2eny Nice" OOD 5ekp as — 
6.5 cm. 


Solution (a) From the momentum conservation law, it follows that 


MKUK = (MG + Mx )UG (17.16) 
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and from there for the velocity vg of the block just after the collision 


_ mr Sara (17.17) 


Veg = 
mG + mx 


For the kinetic energy it results immediately that 


Mg +mrx 2 


This energy coincides with the kinetic energy of the bullet reduced by the factor mx /(mc + mx). 
One may wonder why the kinetic energy of the block differs from the kinetic energy im x uz of the 
bullet? Where is the energy lost, 


iI = mr 1 3 Mc 1 5 

JP = AMKYK = coe (Sinus) = Be (smi) 2 

Obviously it must correspond to the heat released by the bullet getting stuck in the block. For 
mc >> mx, almost the total energy of the bullet is converted to heat. 

Another point is worth being mentioned: On calculating the velocity vu; of the block, we started 
from the momentum conservation law 17.16 but not, as might be thought first, from the energy 
conservation law (jm« vz = 4(mx + mg)vz). Which of these two possibilities is now correct? 
The puzzle of two seemingly existing possibilities originates from the incomplete formulation of 
the problem. Actually, the percent fraction of the energy converted to heat ought to be specified in 
addition. Without any knowledge of this fraction we may, however, argue as follows: We know by 
experience that in the process of the bullet getting stuck, no small particles of the block (smallest 
pieces, molecules) are flying off, but rather the block moves as an entity. The block itself also becomes 
heated up by the friction of the bullet. In any case, the momentum conservation law must hold strictly, 
because the heat as a disordered molecular motion on the average does not carry off momentum, but 
for sure dissipates energy. In other words: Because the momentum conservation law 17.16 is strictly 
fulfilled, we actually may imagine that the energy loss AE has been converted to heat. If we had 
strictly required energy conservation without any production of heat, }mx vy = 3(mg +mg)uz; this 
would imply a momentum loss, about which we would have no idea how it might evolve. 

(b) From the figure in the context of the problem, we get for the height of lift of the block 


1 
T = (mc +mx)- uz = tt (mere). (17.18) 


7) 
h =1(1 —cos@) = 2/ sin’ 5 (17.19) 
and in the limit of smal! displacements 0 
ox yy _ y¥ 
h=2[-] =2(—) ==, 
(3) ip 21 i 70 
where sin@ = y/I and sin@ = @. 


The change of the potential energy of the block after being hit by the bullet is—at maximal 
elongation of the pendulum—according to the energy conservation law: 


mr ] 
AV = g(m_ + h=T = ————_ [| - Oa ie 
elmo +m)h = T =~ (mah) (17.21) 
From equations 17.20 and 17.21, we then obtain 
oe y? 
h = ——_—_4___,? = p— 
°” = eaeanee Olek wee) 
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In the approximation mx + mg © mg, the velocity vx of the bullet is given by 
ieee hee (17.23) 
MK l 


Insertion of the data given in the formulation of the problem yields 


4 9. 
eo = o—. 
ok = 9.055 (alee 


Angular momentum and torque 


Angular momentum and torque are always defined with respect 
to a fixed point, the pivot. If r is the vector from this point to the 
mass point, then the angular momentum is given by 


l= xp: (17.24) 


If we put the coordinate frame into the reference point, then 
r is the position vector of the mass point, and p is its linear 
momentum. 

L is an axial vector. L defines an axis through the pivot, The definition of angular 
the rotational axis, which points perpendicularly to the plane Momentum: L =r x p. 


L=rxp - 


spanned by r and p. 

The corresponding definition holds for the moment of the force, 
which is defined by 

D=1xF, (17.25) 


and is also called torque. The time variation of the angular mo- 
mentum is equal to the torque: 


L=D, D=rxF x 
a The definition of torque: 
dL ae v) dr ee CALL D=rxF. 
= SS SS x a m 
dt dt. dit dt 
dp 
ae Ne ee F, (17.26) 


because v x mv = 0. 

The torque of the acting force (r x F) is equal to the time variation of the angular 
momentum. 

If, in particular, D = r x F = 0 = L, it then follows that L = constant. This is the 
conservation law for the angular momentum. But the quantity r x F vanishes only then 
(except for the trivia] cases r = 0, F = 0) if r and F point along the same or the opposite 
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direction. A force that acts exclusively parallel or antiparallel to the position vector is called 


the central force. 
This implies that central forces obey the 


Conservation law of angular momentum 


L = constant , because D=0. 


Law of conservation of the linear momentum 


As long as no forces are acting, the linear momentum p is a constant quantity. In general, 


pe my) _ a. 


imme i 


and therefore it follows for F = 0 that 


dv _ 


—=0. 
ay, 


From there again we get 
—s 
mv = p = constant. 


The momentum conservation law is identical to Newton’s Lex prima. 


Summary 


The premises of the conservation laws concerning the energy, angular momentum, and linear 
momentum for a mass point in the Newtonian mechanics (compare to the introduction) are 


(a) Energy conservation: If the forces acting on a mass point are conservative (gradient 
field: F = —VYV), then the total energy E = T + V of the mass point is conserved. 


(b) Angular momentum conservation: The total angular momentum L is constant in 


time if the applied (external) torque vanishes, that is, if one is dealing with central force 
fields (r x F = 0). 


(c) Momentum conservation: If the total external force equals zero then the total linear 
momentum is conserved (equivalent to Newton’s Lex prima). 
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The law of areas 


(See also Chapter 26 on planetary motions; in particular, the Kepler laws.) The premises 
and contents of the three conservation laws (total energy, linear momentum, angular mo- 
mentum) have been formulated already. The angular momentum conservation holds only in 


central force fields, as arise, for example, in planetary motion. Conservation of the angular 
momentum means constancy of its orientation as well as its magnitude, 


Conservation of orientation 


Conservation of L. = r x p means that the plane spanned by r and p remains fixed in spatial 
orientation; hence the motion proceeds in a plane. 

Conservation of the magnitude of the angular momentum is 
often denoted as /aw of areas. The area covered by the “radius r NN 
vector’ r during the time element dt is 


1 1 
GE dt teen |ai 
The area dF = 3|r x dr| 


With L=rx p=rxmv=m(r x v), it holds that spanned by the vectors r 
and dr. 
1 dF 1 
F = — |L|dt — = — |L 
eT ee ea 


where dF /dt is the area velocity of the radius vector (area covered per unit time). For the 
planetary motion, the law of areas is identical to the second Kepler law: 


The radius vector of a planet covers equal areas in equal times. 


The law of areas follows directly from the angular momentum conservation law and 
holds generally for arbitrary central fields, that is, 
also for the gravitational force, which is a central 
force with the sun as center. In the perihelion (clos- 
est distance to sun) the planet is moving faster than 
in the aphelion (largest distance to sun). 

The situation in the example of Probicm 17.5 is 
similar: The area velocity is constant, and hence 
the velocity v at r = +b is maximum; atr = +a 
it is minimum. 


Illustration of the law of equal areas. 


Example 17.5: Forces in the motion on an ellipse 


We calculate the force to be applied to a mass point of constant mass to get it moving along the ellipse 


r=acoswte, + bsinwte. 
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It is easy to verify from this parameterization the normal form of the equation of an ellipse (see also 


Chapter 26), 
2 2 
ae, 
eae Ge 


Starting from the second Newtonian axiom, the following ansatz results: 


dv d’r da’ : 
F=m— =m— = iat SS OTE + bsinat e2) 


= —mw* [(a cos wt) e, + (b sin ot) e.] 
= —mw'r. 


The force acts opposite to the direction of the position vector; it is an attractive central force. The 
force center lies at the midpoint of the ellipse. 

Such forces that increase linearly with the distance play an important role, for example, for the 
spring (Hooke’s law — see Section 18) and between the quarks, the primordial constituents of protons, 
neutrons, and mesons. 

The planets also move around the sun along elliptic orbits. The sun as the center of attraction is 
located in one of the focal points of the ellipse. As we will see later in Chapter 26, the force acting is 


that is, the gravitational force between the sun (mass M) and the planet (mass m). 
We show that this force field is conservative. A necessary and sufficient condition for this property 
is the vanishing of the rotation of the force: 


curl F = 0, 


curl F = —mo? curlr; hence it suffices to calculate the rotation of r: 


e| eo e; 
0 C) 
culr=|—- — — 
dy az 
x uy 


az =) (= dz dy ox 
ert — —— | Henle = —-—)= 
(F 0z az Ox ao ax =) J 
namely, the rotation of the position vector vanishes. 


Calculation of the potential at a point P (at the position r) 
with respect to the zero of the potential at point A (at the 
position a): We take a fixed point A on the ellipse (see sketch) 
and calculate the potential difference between A and the points of 
the trajectory given by r. 


Illustration of elliptic motion. 


Viesy,2)=— f Bedr=mo? f r-de 
a a 
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] 
= sme" (n° a). 


With r? =r’, it results that 
l 
ViCeay zm (r° —a’). 


For r = a, one has V(a) = 0, as it should be. 


Calculation of the kinetic energy: The velocity is 


v=f = (—wa sinwt)e, + (wh cos wt)ez , 


jv} = Vora? sin? wt + w*b* cos? wt =v, 
] 1 ; 
T= smu" - mo” (a’ sin’ wt + b* cos’ wt) . 


The kinetic energy is always positive and nonzero, as it must be in this case, to keep the mass point 
on the trajectory. 


Calculation of the total energy: The total energy is the sum of E = T + V. By inserting the 
derived relations for T and V, we get 


E = one [a’ (sin’ wt + cos” wt) +b? (cos” wt + sin’ wt) — a’ | 


Les 
= sim? = constant, 
that is, the total energy is time-independent. The distinction of the half-axis b stems from our choice of 
referring the potential energy to the point (x = a, y = 0). Forr = +a the total energy is exclusively 
kinetic energy; for r = +b the kinetic energy is maximum, the potental energy is minimum, namely 


V(b) = ma Se 


Problem 17.6: Calculation of angular momentum and torque 


Find the torque D and the angular momentum L with respect to the origin for a mass point m moving 
on the trajectory r = (a cos wt, bsinwf). 


Solution r= (acos wt, bsinwt) where a, b = constant 
aap eV ey) 


V=Fr= (—awsinwt, bwcosat), 
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e; & 5) 
L=j acosat bsin wt O|-m 
—awsinwt +hwcoswt 0 


= me;(ab wcos’ wt + abwsin’ wt) 
=abame;, 


that is, L is time-independent, because L = constant . From there it follows that 
D=L=0. 


Hence, the force must be a central force. The mass point moves along an ellipse with the half-axes 
a and b, because 


x =acosot, y = bsinat, 
and, therefore, 
es vd 


x Ve 2 +2 
mo po at + sin’ wt = 1. 


Problem 17.7: Show that the given force field is conservative 


Show that the following force field is conservative: 


F = (y’z — 6x2z’)e; + 2xyz*e; + (3xy*z? — 6x7z)e;. 


Solution One has to show that curl F = 0: 


e; 3) e3 
curl F = oe a a 
ox dy dz 


2 


Vin Ore woe 9 okvi2 bes 


0 Ge) 4 a 
=e; E Gyr = 6x*z) = Py (v2) 
Tee Vie 2,2 2 
+€ rel z — 6x27) — ree z’ — 6x"z) 
a f) 
+e; E (2xyz*) — ay (y’z* - 6x2") 


=e; (6xyz’ ~ 6xyz”) + e [(3y?z? — 12xz) — (3y*z? — 12xz)] + es (2yz* — 2yz3) 
0, 


that is, F is a conservative force field. 


a 
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_—_—_  eeseeFeFeSeseSFSMSSSSMFsFeFese 


Problem 17.8: Force field, potential, total energy 


(a) Show that F = nr*r is conservative. 
(b) Calculate the potential of a mass point in this field, 


(c) What is the total energy of the mass point? 


Solution (a) 
culF=VxF 
=—7 fe [3ey (P+y 42)? — ay (2+ y2 + ra 
+€ [3xz (x? +y? +27)? — 3x2 (x? + y? + Zh 


Te [ey (x? ty? +27) —3xy (x? +? + a | 
=0, 


where |r| = /x? + y? + 2? and |r|? =r? = (x? + y? + 22)? have been used. 
(b) Potential: 


r fg r 

§ 

v= fRedemy f rrede=n f Adr=n', 
ry=0 ryo=0 rmo=0 


with r- dr = $d(r-r) = $d(r’) = bd(r?) = rdr. 
(c) Because the force field is conservative, the energy law E = T + V = constant holds: 


Decee lies 
a aint : V(r 57 : 
It then follows that 


1 1 
| 5m + gu 


—_— eee 


Problem 17.9: Momentum and force at a ram pile 


A crane lifts a mass of weight 1000 kg by 8.5 m upward. Afterward the weight falls onto a ram pile. 


(a) Determine the transferred momentum. 


(b) Determine the force acting onto the pile if the time of the impulse is 1/100 s. 
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Solution _(a) After the crane releases the weight, it falls under the action of gravity 
with the velocity 


v= gt. 


From the considerations on the free fall we know that 


hake i 2s 

=<=gt and t= /— 

AY 2 ik ; 
and thus obtain for the velocity of the falling mass Forces at a ram pile. 


fs 
v = /2sg = /2-8.5-9.81 < = 12.9 


and for the momentum 
kg m 

pi = mv, = 1.29- 108 =. 

After the impact onto the pile the momentum practically 
equals zero, that is, 

p2 ~ 0, 
and the momentum change is 

Ap = pi — p2 © pi- 


Hence, the momentum transferred to the pile is 


k t,t f 
P = Ap =1.29- 10° =*. ak 


: ; aR The force at the ram pile at a func- 
(b) Assuming that the impulse is transferred within 1/100 _ tign of time. 
s and the force is constant over this time interval, one obtains 
for the acting force (see the figure) 


Ap _ 1.29-10* kg mis 


7 = . - y . 
© a 1.29 - 10° N 


AFo= 


Example 17.10: Elementary considerations on fictitious forces 


A manned satellite was launched into an orbit about earth. We assume that gravity is absent everywhere 
within the satellite. We discuss the correctness of this assertion. 

As is known, the only force acting on the satellite is the gravitational force of earth (see figure on 
next page). The acceleration 


GM 
R2 
points toward the center of earth; therefore, the satellite moves on a closed elliptical or spherical orbit. 


If we consider the earth as being at rest, a fictitious force acts on each mass m in the frame of the 
satellite, 


arg= 


(17.27) 


F, = —mar, 
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which points away from the earth’s center. In the satellite frame any body is under the action of the 


gravitation F, and of the centrifugal fictitious force F,, 


Fe= F, + Fy = mm — map. 
R* 
In view of equation 17.27 it is seen immedi- 
ately that the resulting force on all bodies van- 
ishes and that these bodies seemingly move 
acceleration-free within the satellite. 

If we consider the problem in the earth-fixed 
system, then both the satellite as well as its 
objects are affected by the same acceleration 
and therefore follow the same path. Nothing is 
any more gravitation-free, and the objects in 


the satellite fall toward earth with the accel- 
eration ag (compare equation 17.27). But the 
satellite also falls with the same acceleration 
Gp, such that the relative acceleration between 
the objects and the satellite itself vanishes. 


det I OH yy 


bes Crib 


= 


A manned satellite in a circular orbit around earth. 
Due to the gravitaional attraction of the earth, the 
same acceleration is acting on the satellite and 
every object within the satellite. In the system of 
the satellite, no forces act on these objects. 


Please note that this coordinate system is not an 

inertial system! In this example the centrifugal force just compensates the earth’s attraction force. In 
other cases. for example, if an aircraft performs a loop, the centrifugal force may exceed the attractive 
force. 

Another typical example for the appearance of fictitious forces is the acceleration meter. Let 
us consider a closed railway carriage in which a mass m is suspended at the ceiling by a string, 
allowing for free vibrations. If the carriage is accelerated, an observer sitting inside may notice that 
the pendulum is deflected by the angle @ against the vertical. The mass feels the fictitious force 
F, = —ma, with a being the acceleration of the carriage. Because the resulting force must point 
away from the suspension point, the pendulum is deflected by the angle 0, because 


LoS 
Fy & 


If the carriage is at rest or in uniform motion, the string of the pendulum hangs vertically downward. 
(a) If the carriage is accelerated, then a fictitious force drives the mass in the opposite direction. 
Because both the fictitious force as well as the gravitational force are acting, the angle @ results. 


F=-mg 
Railway carriage in uniform motion or at rest (left) or accelerated (right). 
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The balloon experiment. 


An amusing version of an acceleration meter is a vehicle with a helium balloon below a glass bell 
fixed to the vehicle (sce the figure below). In which direction will the balloon move if the vehicle is 
accelerated forward? 

An acceleration meter is realized by a helium balloon below a glass bell fixed to a vehicle. If the 
vehicle is at rest or moves uniformly, the balloon stands vertically (a). If the vehicle is accelerated, 
the balloon is deflected in the same direction (c). Case (b) is wrong. 

One might imagine intuitively that the balloon moves to the back since the sum of fictitious force 
F, and buoyancy force B would point to the back (see figure —- case (b). But this is wrong; the 
balloon moves forward (case (c)). 

This may be explained as follows. Why does the balloon fly? It flles because the “pressure” below 
the balloon is higher than above it. This is due to the attractive force onto the air molecules. The 
difference of pressure causes a force that exceeds the attractive force onto the helium inside the 
balloon by the buoyancy force B. If the vehicle is accelerated, then the fictitious force acts on the air 
molecules; these drift to the backward side and create an overpressure that drives the balloon forward. 


F = (-m)(-g) 


F\= (-m)(-a) \N=-F 
a 


Explanation of the balloon experiment. 


An ingenious theoretical trick may be applied to this example. Because the balloon is pushed 
upward against the gravitational force, we consider the balloon as an object of negative mass, —m. 
The gravitational force is then 


F, = (—m)(—g) = mg = B. 
The fictitious force points parallel to the direction of acceleration, because one has 


F, = (—m)(—a) = +a. 
re el Ee eee 


The General 
Linear Motion 


We consider a linear (one-dimensional) motion of a mass point in the potential 
V=VG@)= - f Fe dx’. (18.1) 
0 


A potential always exists in this case because 


€| & & 

curl F(x) = i ee ay = (0) (18.2) 
oe OY OZ 
FIGS) (0) 0 


This result is rather plausible, because rotation cannot develop in only one dimension. 
In a conservative force field, the energy law holds: 


logs l fae 
E=T+V= amv +V(x)= 5m (=) + V(x). (18.3) 
In the one-dimensional problem this law always applies, provided that the forces are only 
position-dependent. Velocity-dependent forces (e.g., friction forces) in general may not be 
represented by a potential and hence are not conservative. 

Equation (18.3) is a differential equation of first order, its solution yields the dependence 
of the position on time, that is x(f). 

Differential equations are equations for unknown functions (in our case x(r)) that also 
involve the derivatives of these functions (in our case x(t)). Ifd”x /dt" occurs as the highest 
derivative in the equation, the differential equation is called to be “of nth order.” 

Equation (18.3) is solved by “separation of variables” and subsequent definite integration: 


1 dx\? 
5m (=) = E-V(z). (18.4) 
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The transformation is performed in such a way that all terms containing x stand on one 
side, and terms depending on ¢ stand on the other side: 
(a e = di. (18.5) 
(2/m)(E — V(x)) 


The integration may then be performed and yields 


[{—— -:]«. 
J /(2jm(E-V(x)) 


P= +f 2. (18.6) 
J JQ/m)(E - V(x) 


The wanted solution is obtained by forming the inverse function x = x(t) of the function 
t=1(%): 

As an application of the general linear motion, we i“ x) 
shall investigate a motion in the oscillator potential 
(parabola potential): 


92 


] 
Vita)= aK te 
(k>0); r=(x,0,0). _ ies 


F(x) results from the potential 
Det : P The potential of the finear harmonic 


aU oscillator. 
F(x) = — grad V = —VV = Saale 
Ie 


that is, 
F(x) = —kx e,. (18.7) 


Therefore, k is also called a force constant. 

At the point x = 0 no force is acting; here the body moves force-free. If x > 0, the 
force is negative, F +f —e); if x < 0, then F tt e;. That means the force is backdriving 
and tnes to counteract any displacement. One may expect that this type of motion is a 
vibrational one. 

Let the following initial conditions be given: At the timer = 0, letx = a andx = v = 0, 
that is, the mass point is at rest at the position x = a and is released at the time t = 0. The 
total energy of the system is then 


] 
ee ska’. (18.8) 
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Hence: T + V = E, or explicitly, 


ian to 
sm (=) =3°% — 5k : 


From this it follows that 


k 


In the last step we have separated the variables x and t: To the left, dx together with the 
x-dependent factor 1//a* — x?; to the right, dt multiplied by /k/m. From this equation, 
we get by indefinite integration 


Ik 
=o — dt 18.10 
ae | m 
rae 3 k 
» wein() = vis constant (18.11) 
a m 


We have adopted the positive sign in (18.9). One may easily check that the same result 
is obtained when using the negative sign. The function arcsin x is the inverse function of 
sinx. The result of the integration becomes clear by differentiation: If y = arcsin x, then 
x = sin y, and further: 


seas ~ = k@x), 


— — =(1- =(1- 2, 18.12 
dx ~ dx/dy cos y et a ( 


The integration constant is now determined from the initial conditions. At the time t = 0, 
there is x = a, and therefore 


. (a 

constant = arcsin (=) SS, 
a 22 

The function obtained therefore reads 


arcsin (~) = ie ree (18.13) 
a) Vm om , 


From there the inverse function x = x(t) is obtained as 


; k 7 
x =asin (JE:+3). (18.14) 
m Z 
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We introduce the abbreviation w = ./k/m; w is called the angular frequency. w = 21v;v 
is the frequency. We thus obtain the function in the form 


ee = asin (ot + >) = ACOS ot. (18.15) 
For t = T = 2x/w = 1/v, the particle is again back at the starting point. T is called the 
period of vibration or the vibration time. For t = T/2 = m/w, we have x = —a and x = 0. 

Here we are dealing with harmonic vibrations. For m 


x = +a the potential equals the total energy of the 
system, for x = 0 the kinetic energy. An example of a 
motion in a potential of the form V(x) = $k x? is the 


spring vibration for not too large displacements a (see 78 0 _— 
figure). - trom The vibrating spring: Its position at 
The spring vibration obeys the Hooke! law: rest is x = Q. There, the spring is 
The force is proportional to the displacement. Hence in equilibrium. |ts elongation may 
there holds a linear force law: be positive (x > O—the spring is 
stretched) or negative (x < O0—the 

F(x) = —kxe,. spring is compressed). 


'Robert Hooke, British naturalist, b. July 18, 1635, Freshwater (Isle Wight)—d. March 3, 1703, London. 
Hooke was at first assistant with R. Boyle, became in 1662 Curator of Experiments of the Royal Society, in 1665 
professor of geometry at Gresham College in London, and from 1677 to 1682 secretary of the Royal Society. 
Hooke improved already known methods and instruments, for example, the air pump and the composed microscope 
(described in his Micrographia in 1664). He frequently became involved in disputes on priority, for example, 
with Ch. Huygens, J. Hevelius, and in particular with I. Newton, with whom he was hostile. Hooke proposed, 
among other things, the melting point of ice as zero point of the thermometric scale (1664): he recognized the 
constancy of the melting point and boiling point of substances (1668); and he first observed the black spots on 


soap bubbles. He gave a conceptionally good definition of clasticity, and in 1679 he invented what we now call 
Hooke’s law [BR]. 


9 The Free Fall 


We consider the motion of a body under the influence of gravity. To make the problem 
tractable, we make a number of simplifications. We assume that the attraction by earth is 
constant, that is, the distance traversed in the fall shall be very small as compared with the 
earth’s radius. Except for gravitation, no other forces shall act. This means: We neglect 
the air friction and consider the earth as an inertial frame. These simplifications will be 
dropped gradually to get a complete description of the problem. 


ith 


The earth with radius R. The height above the A useful coordinate system for motion near 

surface of the earth is z. z is supposed to be the earth’s surface has its z-axis (e,) show- 

small compared to A. ing radially away outward from the center of 
the earth. 


The gravitational force of a point mass M, on another point ¢¢—__'__<» 


mass m, at the mutual distance r is m, M., 
M,m,¥r The distance vector r be- 
Fn, = —Y ee tween two masses m, and Me. 
rer 


This force Jaw is fundamental for the classical (not generally relativistic) theory of 
gravitation. Here y is the gravitational constant, which is given by (compare Example 26.1) 


N m2 
ko 


y = 6.67- 107" 
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The earth, although being extended, is assumed to have its total mass M, united at the 
earth’s center. In the vicinity of the earth’s surface, this force may be simplified: 


rs Mym, A 
— YOR +2)? ” 

M,m, ve 
Ray (1-22 )e, 


=—gm, (1 _ 2) e, 
~—gm,e, forz< R. 
Here g is the gravitational acceleration 
e=y- =9.81 55. 
According to the second Newtonian axiom, we therefore write for the free fall 
m,Ze; = F = —m,g es. (19.1) 


The indices shall point out that the concept of “mass” denotes two basically distinct 
properties of the body. The inert mass m, is a property exhibited by the body under changes 
of its state of motion (acceleration). The heavy mass m, is the origin of gravitation. The 
equality of heavy and inert mass is therefore not at all trivial. Only in the general theory of 
relativity the equivalence of inertial forces and gravitational forces is shown. 

If we cancel out the masses in (19.1) and change over to scalar notation, there results the 
differential equation 


Bs 
which has to be solved with the initial conditions z(0) = h, z(0) = 0. We obtain 
dz 
Se 
from which it follows by integration that 


—g, 


z(t) = —gt+C = —gt. 


Because for t = 0 2(0) = 0, there must be C = 0. A further integration yields 


1 
)=h——gr’. 
FAD ee 58! 


Vertical throw 


If we solve the differential equations (19.1) with the initial conditions z(0) = 0 and 
z(0) = vo, we describe a vertical throw upward. The solution is 


Z(t) = Up — gt, (19.2) 
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1 
z(t) = vot — 58h (19.3) 


The time of ascent t = T may be determined as follows: At the reversal point we have 
z(T) = 0, and by inserting in (19.2) we get 


io eo : 
§ 
If we now insert T into equation (19.3), we obtain the maximum height of ascent: 
2 2 2 
8% , VY Vo 
T) =-—-+—=hA; =, 19.4 
z(T) ag? t 2g (19.4) 
By means of (19.2) and (19.3), the velocity v may be given as function of the height of 
ascent Z: 
Z= vt — SH 
v(t) = Z = uo — gt 
hence 
Vo — UV 
t= —_. 
& 
Now z is obtained as a function of v: 
Z 2 ar) 2 
Vp — Vv 2(vgu — v, vg —v v 
23? 2g 2g 2g 
a 
ue 
th=h-—. 
z(t) 2 


Solving for v yields the wanted function 


v(z) = ¥2ge(h —z). 


v(z) may also be determined via the energy conservation law, which must hold because 
curl F = curl(—m, ge3) = 0. 
The potential is 


viy=~ [Pdr 
0 


= - fo 0, —mg) - (dx, dy, dz) 
0 


z 


= [made nee 


0 
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Thus, the energy law reads 


m 4 
E=—v +megz. 
2 
For z = 0, v = vo, and t = 0, the total energy is 
m 
E=~v, +0 
ia 


From there it follows that 
m 
—Y 
2 
and with v2 = 2gh, it further follows that 


ih 2 Oy? + mez, 
Z 
ee 
mgh — mgz = my ’ 


and therefore 


v(z) = f2g(h —z). 


Inclined throw 


We assume the same simplifications to apply as for the free fall. The initial velocity now 
has two components (in e- and e3- directions). 


Initial conditions: Let at the moment t = 0 z 
and 
I = Vo = vo(cosa@ e + Sina e3); e, 


a is the throw angle (see figure). 


According to Newton’s law, it again holds that “2 . 
ar Initial condition of the inclined 
a = —mge; throw. 
or 
dy 
at =—gZe3. 


After separation of variables and integration, we get 
v(t) = —gte; +c). 
From the initial conditions we obtain for ¢; 


C; = Vo = Up(cosa@ e2 + sina e3); 
hence 
V(t) = (vo sina — gt)e3; + vp cosa ep. (19.5) 
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The time of ascent T is characterized by the vanishing of the e3-component of the velocity, 
e;-v(T) = 0: 
Up sina — gT = 0, 
and we obtain 
Vo SiNa@ 
§ 


The position as a function of the time is obtained by integrating equation (19.5): 
ne — (vot sina — st) €3 + vot COS ep. (19.6) 
Because r(t) = 0 for ¢ = O, the integration constant also must be zero. The shape of the 


curve of motion is obtained by splitting (19.6) into components and eliminating the time. 
We have 


y 
y = tuo cosa; thus ¢= F 
Vo COS @ 


Furthermore, we have for the e;-component z: 
BS =r + vot sina. 


Inserting ¢ yields 


2 
Zi ae ( z ) + ytana. (19.7) 
2 \ vp cosa 


This equation is a parabola equation of the form —Ay? + By = z, that is, a parabola 
downward open in the y, z-plane (see figure). 

The time of throw to that passes until the body again _z 
reaches the ground is obtained from the condition 
z(t) = 0 fort 4 0. We then have 


Uptp SIN @ — 5 ==") 


and therefore 


ie 2vo sina _ aT. The parabola of inclined throw. 


8 


The time of throw is twice the time of ascent; thus, the curve of the throw motion is 
symmetric. The range of throw / is obtained by inserting the throw time 27 into (19.6): 


2v? sina cos @ 
l= 27 cosa = ——_—__—_-,, 
§ 
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and converted: 
= v} sin 2a 
& 


We immediately see that for the constant vp there is a maximum range of throw for the 
throw angle a = 45°, because for sin 2a = 1, we have a = 45°. 


Problem 19.1: Motion of a mass in a constant force field 


A mass point of mass m moves along a straight line under the action of the constant force F. Its initial 
velocity at the time t = Ois vp. 
Determine v(t) and x(t). 


Solution —_ The equation of motion holds: 
F=mb=m—. 
dt 
Separation of the variables and subsequent integration yield 
if 
—di =dv, 
m 
ie 
v(f)—v(0) = —t, or 
m 
F 
v(t) = up + —t. 
m 
The initial velocity vp corresponds to the position x = xo; therefore, a further integration yields 


F 
x(t) = Xo + vot + —?’. 
2m 


Problem 19.2: Motion on a helix in the gravitational field 


A small body of mass m glides by its own weight G = (0, 0, —mg} frictionless downward along the 
helix r = {a cos g(t), asing(t), cp(t)}. 


{a) Calculate g(t) as well as the path velocity and the guiding pressure as a function of the time. 


(b) Calculate y(t) again by means of the energy law. The numerical data are m = 1 kg, a@ = 2m, 
G—0Sim: 


Solution _(a) The motion of the mass m on the given helix is characterized by the following forces: 
* the net weight G = {0, 0, —mg}, 
* the guiding pressure F = FyN + F,B normally to the path. 


Thus, we need the tangent, normal, and binormal vector for further considerations. 
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We have 


r=r(y) = {acosy,asing, cy}, 
dr 


r=. =(-—asing,acosy,c}, 
dy 
a 
r’ = —— = {-—acos, —asing, 0}. 
ve { y, —a sin y, 0} 
Thus, the vectors of the moving trihedral are 
i {-—a sin COS , Cc} 
=a. = === 1- ASIN GY, ACOSY, CH, 
nw 2a 7] 9 
! 
T =—————{-a cosy, —a sing, 9}, 
Jat +c rs 3 
7 (ao +c’) '?(—acosg. -asing. 9) A mass point on a helix. 
1 a a(a? +c?) 1/2 
= {—cosg, — sing, 0}, 
B=T22N 
e, e, e,| 
= ———— |-asin acos c 
Tee | i if 
| - cosy —sing 0 


] . 
== ———— {c sing, —c cos, a}. 


Ja? +c? 
For the equation of motion we get 


mF = G+ F =G+ FyN + FeB. 


and after scalar multiplication by T, N, and B: 


multiplication by T: (mr —G)-T =0, (19.8) 
multiplication by N: (mr —G)-N= Fy, (19.9) 
multiplication by B: (mr —G)-B= Fy. (19.10) 
The time derivatives of r are 
. 4d dr dy sad 
es on ary. 

dt dy dt 


a <b = “(r$) =r'p +r@. 
After inserting the equation of the space curve, we find 
F = {-acosy, —asing, 0}¢” + {—asing, acosg, c}g. 
Thereby the term (mit — G) in equations 19.8, 19.9, 19.10 tums into 


mi — G = m{—ag’ cosy — ag sing, —ag’ sing + agcosy, c¢ + g}. 
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After scalar multiplication by the vectors of the moving trihedral, it follows for equation 


19.9: Fy = (m¥—G)-N= mag’, (19.11) 
19.10: Fy = (mé—G)-B=mga(a? +07)”, (19.12) 
19.8: 0 = (mr — G)-T= TTF [(a’ +c’) G + cg]; (19.13) 
a 
thus 
é co. ‘ oo 
dale ong e hence Geist Ct I eae 


From the initial conditions y(t = 0) = gp and g(t = 0) = 0, it follows for the two integration 
constants: C; = 0 and C2 = @p. Finally, 


& 2 
=o) = — ——_— -f’". 

Pay ie ye 2 

p(t) = —cgt (a? + °?) 

For Fy we get according to equation 19.11: 


mg?act? 


Fy = (a? +2)?’ 


and for the resulting guiding pressure 


—— 2,4 
a 2 pe Xp PVE gc f= 
F =.) Fy + Fz =mga(a’ +c’) sf 1 + ome! Ra 


The path velocity is 
v(t) =r=r¢ = lol = Va +e? -T. 
The magnitude of the velocity—along the tangent—is 
“ 


The negative sign characterizes the “downward motion” (for c > 0). 
(b) To determine g(t) by means of the energy law, we compare the initial position z9(v(zo) = 0) 
with an arbitrary intermediate position z. The result is 


v(t) = pV a? +c2= —gt 


mgz = mgz + av 
Or, rewritten, 
2g(eo -dav=r=r’g?. 
Using r? = a? +c? and z = cy with zo = cgp, we obtain the following differential equation fos y(1): 


2ec 


of 
@ ara 


(Pp —%) =0, 


INCLINED THROW 171 


or with the substitution ~ = g — @: 


a 2g¢c a, | meee dy 
= — =0 aS . at eg 
¥ te ay a? + ¢? ¥ dt 


Separation of the variables leads to 


2gc pes dy 
ate Sy’ 


and integration yields 


Shee dy | 2ge 
ES d = —_ —————t= i 
ae =| t {Z Ce =2/yp 


and after forming the square: 


Resubstitution finally yields 


¢ 82 
a+c22 


P= +H = H(t) = Go — 


Problem 19.3: Spaceship orbits around the earth 


A spaceship orbits around the earth at the height above ground. Calculate (a) the orbital velocity, 
and (b) the orbital period such that zero gravity occurs in the spaceship. (c) Discuss these results for 


the caseh < R. 


Solution _—_(a) Zero gravity + earth attraction = centrifugal force. 


mv" yMm gR’m 


R+h (R+h) (R+h)?’ 


M 
because oe =mg for h=0 


R 
v= Rah (R+h)g “orbital velocity.” 
(b) 
_ pathlength = 22(R +h) T =2 (“5") R+h 
~~ period if al g 


(c) Forh < R it follows that v + ./Rg and T © 27./R/z. 
The orbital velocity for R = 6371 km and g = 9.81m/s? is then 


km 
v~79—, 
S 


and the orbital period T ~ 84 min. 


0 Friction 


In general, any moving body undergoes a deceleration due to the interaction with its 
environment being at rest. The occurring friction forces are always directed opposite to the 
direction of motion; they are not conservative (the contour integral along a closed path is 
nonzero). 

If we consider only the mechanical process, the energy conservation law does not apply: 
Kinetic energy is converted to heat. 


Friction phenomena in a viscous medium 
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The friction of a body in gases and liquids is governed by ~.*-=-.7-227-2-2-5-2 == 


the general ansatz ae oes a ~ aa Oil”. 
Vv 
Fr = —F(v)-. lilustration of friction in a vis- 
i cous medium. 
It always acts against the velocity v. The function 
F(v) is in general not simple and must be determined empirically. 
As an approximation two approaches prove successful. 
Stokes’ friction Fr = —fv, 8 = constant > 0 (holds, e.g., for rapidly moving missiles 


or for the motion in viscous liquids). 


Newtonian friction Fr = —yvv, y = constant > 0 
(holds, e.g., for slowly moving missiles). 


Friction phenomena between solid bodies: A solid 
body presses onto its support with the force F+. One 
may realize two distinct types of friction. 

(a) Dynamic friction (v 4 0) 

The effective friction force is over a wide range independent of the area of support and 
the velocity and is proportional to the force F+ pressing the body onto the area (support 
load). Thus we may adopt the empirical ansatz: 


Friction of a solid body ona support. 


Fp = =u, Fs (Coulomb), 


where fy is called the dynamic friction coefficient. 
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(b) Static friction (v = 0) 

If the body is at rest, tractive forces F acting parallel to the support area are just compen- 
sated by static friction. This applies as long as the acting force remains below a maximum 
value that is proportional to the support load. Only if F' becomes larger than a certain value 
i, F* does the body begin to move. It is vividly clear that this “limit force” is proportional 
to the support load F+. 

Thus, the body remains at rest as long as 


F' < p, Ft, F' 


where jJ, is the static friction coefficient. 

Thus, static friction obeys a similar law as dynamic 
friction does, although with another friction coeffi- 
cient. 


Empirically, we obtain the relation for the coeffi- Mesos sce daa 


; tional force in components normal 
cients and parallel to the inclination of the 


plane. 
Oi jie tn. 


Their magnitude depends sensitively on the surface properties. 


Example 20.1: Free fall with friction according to Stokes 


As an example we consider the motion of a body (e.g., parachute) Zz 
with the initial velocity v = vp at the time t = 0. The motion is 
one-dimensional; the equation of motion reads k x 
mz = —mg — Bz, 
or q -Blv|k 
d m 
m—- = (—mg — Bv). (20.1) 
dt 
The gravitational force acts along the —z-direction; the friction mek 


force points opposite to the velocity. 


After separation of the variables, we have Ris ihe nt vector inthencem 
mdv tive z-direction, i.e., k= —e2. 


mg + Bu - 


v 


nf = - fara 


U9 
The integral to the left is solved by substituting mg + Bu = u and dv = du/B: 
v mg+Bu 
[< 7 { 5 dum ns + Bu 
m = = : 
me+pv | B " mg + Bvg 
v0 


mg+Bu 
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Therefore, 


_m (mg + wf 
cs ie 


Exponentiation of both sides of the equation yields 


, mg + Bu. 


and rewritten this reads 
B 
mg + Bo = (mg + Bvjen'. 


Solving for v leads to 


v(t) = ot + (“E + w) e7#. (20.2) 


One easily sees from this velocity-time function that for increasing f the velocity v(t) approaches a 
limit value, that is, for large times v(t) becomes constant. Let us denote the limit velocity for large 
times by v9. According to 20.2, 


Voc = lim v(t) = ai (20.3) 


This may already be concluded from the dynamic equation 20.1 for the case of a vanishing 
acceleration z = 0. In 20.2 we will approximate the exponential function by the first two terms of the 
corresponding Taylor expansion for small friction forces (8/m)t < 1: 


vty =~ + (m+) (1-2 +) 


Investigation of the limit for 8 — 0 yields 


lim v(t) = vp — gt, 
p>0 


that is the expected result for the case without friction. 
We still determine z(t) and its limit fort — oo: From 20.2 it follows by integration (dz/dt = u(t)) 
that 


met m m 
z(t) = ~~ = (w+ “et HO, 


where, because z = 0 for t = 0, the integration constant is 


and therefore z(t) finally reads 


el ee ie eS) ~ of 
z(t) = B +5 (m+ )( e i 


jim z(t) = Vol + Ei = Usa): 


B 
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That means that for large times z increases linearly with the time. From z(t) one calculates the 
acceleration a(t) as 


(1) = a(t) = at (% + “tye a 
m B 


It vanishes for large times. Then the gravitational force and the friction force just balance each other. 


Example 20.2: The inclined throw with friction according to Stokes 
Adopted initial conditions: At the time t = 0, let 

r(0) =0, 

v(0) = Vo 


= Up COSA €2 + Vy SING €3. 


The inclined throw. 


Equation of motion: 
35 : She 
mr = —Br — mge; or Pap Al SI 
m 


To integrate this vectorial differential equation, we multiply by en’: 


eee \ aoe p 
Ver" + () ven' = —ge3em'. 
m 


The left side of this equation is just the time derivative of ve’ according to the product rule, so that 
it may be integrated night now: 


£ m g 
ven! =— | gebed =—g Fete +c). 


Because v(0) = Vp, c} = Vo + 8 Bes Ordered by components, the velocity is 


m m 
Vv = ucosae cues -F + (vosina + “2 ef] e; 


or 


v= a ¢ em’) 3 + yee", 


The position r(t) of the missile may be found by integration of the velocity: 


r ze co: pane + yee e (. sina + “ete +e 
= ——vUpCcosae ™ € Sa UO ae ry 3 2 
B B B B 


or 


m m _f§, m _6, 
| ee ni ig mn ae aS LO) 
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Because r(0) = 0, the integration constant is 


m m q mg 
cme Bee Up SING + —— } @3. 


B B 


Inserting this integration constant, for the position we get 


r= qroeosa (1 ~e*')er+ |-"es + 7 (vosina + “e) ¢ = 7 ‘| e. 


Remark: The same results for r(t) and v(t) would have been found by separate considerations of 
the two differential equations 


my + By =0, 
mz + Bz = —mg. 


If one adopts the ansatz of Newtonian friction, the equation of motion of the problem is no longer 
separable, because mr = —B|r|F — mge; decays into 


my + By? +2 y =O, 
nz + By? + 27z = —mg, 


that is, in a set of coupled nonlinear differential equations. In most cases such equations may not be 
solved analytically. The linearity and nonlinearity of differential equations is discussed in Chapters 23 
and 25. 


Discussion of the motion 


For large times (¢ >> m/B) the exponential factor exp(—4 t) tends to zero. That means 

(a) lim,oo V(t) = —(mg/B)e,. The motion turns over to the vertical fall with constant limit 
velocity. The horizontal velocity component vanishes for large times, namely, the motion in y- 
direction comes to rest. 

(b) lim, .~ y(t) = (m/B)vp cosa = yo. With increasing time the motion in the horizontal direction 
tends asymptotically against the maximum distance yp. 

The path equation may be found explicitly by eliminating the time parameter from the equations 
for r-e, and r-e;. We get 


m2 
0) = Fe in(1- + (vusina+ "8 ue : 
B MUp COS & B / vuocosa 


To investigate the trend of the trajectory for very low friction, we may employ the Taylor expansion 
of the logarithm: 


2 xt 


x 
In(] =X — — + ——+.--., 
n(] +x) =x eee + 


m? | fy  , Lee \ mg\ 
z(y) = —=58 | ——— + - (| ——— i a 
: B° oa 2 (-) Bs (vosina + B ) Vy COS ig 
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8g 2 
— tana + R. 
2uz costa me a: 


1 , 3 
robb) 
3m” \ vy cosa 


is a remainder term. Note that the first two terms are the same as in the formula of the parabola of 
inclined throw, equation (19.7). 
From this relation we may realize that 


(a) For vanishing friction the result approaches the throw parabola. 


(b) If friction is present, the trajectory runs below the throw parabola; for small y, it osculates the 
parabola (osculation of second order). 


fz 


10B, 3By By Bo B=0 


Trajectories for the inclined throw with different friction. 


Motion in a viscous medium with Newtonian friction 


We consider the motion of a body affected only by a velocity-dependent friction force. The 
case of Stokes friction has already been treated in the preceding example. We therefore 
now consider Newtonian friction. 

Let the (necessarily rectilinear) motion proceed along the x-direction; the unit vector e; 
is therefore omitted. We choose the initial conditions v(t = 0) = vp, x(t = 0) = 0. 
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The equation of motion reads 
mx = —yi’, 


and the separation of variables yields 


The integration leads to 
1 
—m— = —-yt+c¢). 
v 


From the initial conditions it follows that 


m 
C= — =. 


i) 
By inserting the integration constant and solving for v, we get the velocity 
(t) = — 
v(t) = ———-». 
yuot +m 


The position is obtained by a further integration. To solve the integral we substitute z = 
Yvot +im,dz= yuodt. 


dt m {dz m 
X = mv =S = —In(yvot +m) +c. 
Yvot +m y Z y 
The integration constant is cp = —(m/y) In m. Hence, the path is 


RG) = mn (“vot + 1) : 


Discussion: For increasing time tf —> 00, we have the two limits 


lim v(t) =0, lim=x(7) = co: 
[-—>co {00 


Newton Fp~ v 


Stokes Fp~v 


t 
Illustration of the path x(t) for different cases of friction. 
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Although the velocity becomes smaller and smaller, the body moves arbitrarily far under 
the influence of Newtonian friction. 


Generalized ansatz for friction: 


In the following we adopt a more general ansatz for the velocity-dependent friction force, 
which is of particular interest for low velocities, namely 
v 
Fr = —ov"-. 
UV 


Here n > 0 because the friction shall decrease when v decreases. The equation of motion 
then reads 


eee de tone Sal 
m 


(n = 1 corresponds to Stokes friction). Integration yields 


—n+) I-n 
Vv U5 


=-£14¢, C; = ; 
=i fiae m 


with v(t = 0) = vp. From there it follows for the velocity that 


1/(1—n) 
v(t) = (vd - (1 —n)=1) 


Here one may distinguish two cases: 


“-O<n <I: 
The expression in the brackets may vanish. Therefore, the body comes to rest after some 
finite time fo; 


l-—n 
Yo 


m 
i= — : 
ol-n 


As soon as t > fo, the derived formula no longer holds; the body remains at rest. 


n> I: 
The body does not come to rest completely, but its velocity becomes arbitrarily small 
because 
li =i : =0 wiha=n-1>0 
We eG ba BAe with @=n : 
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The necessary second integration becomes simpler by considering v(x(1)). According 
to the chain rule, 


dv dv dx dv 


—=—-+— = —v. 
dt dx dt dx 
Insertion into the equation of motion yields 


dy-yi"= wees 
m 


Integration yields 


1 
ioe = fe + Gi. 
2—n m 


With 


ne SO\ Si SO) = op. 


we get 
1, 
C= Une 
ac 
Hence 


1 
x(v) = —————-(0?* — v2"). 
on— 
Or, by inserting v(t), the path is obtained as a function of the time as 


_m | I-n Q a 2—n 
m= 2 |(m re!) =a | 


Here two distinct cases also exist, which may most simply be extracted from the function 
x(v), namely 


| 
0O<n <2; lim x(v) = — ue" =I, 
v0 (@) 


> 2—-n 
? m.. l ] 
n> 2: inyx= (J, ~ Jp) = 


{with 6B =n —2 > O0O—for n = 2; see Newtonian friction). 
In total, we thus may distinguish between three types of motion, namely 


(a) O<n <1: 
The motion comes to rest at the time fg at the distance /. 
(b) 1 <n <2: 
The velocity tends to zero while the body approaches a finite /imit point at the distance /. 
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(Cine: 
The velocity asymptotically approaches zero while the distance increases beyond any 
limit. 


The already treated cases are limit cases of the 
types of motion (b) (Stokes, n = 1) and (c) (New- 
ton, nm = 2). The figure illustrates the distinct 
trends. For very low velocities the friction force— 
independent of the coefficient—tends to zero the 
faster the larger the exponent n is. On the other 
hand, for small n the deceleration decreases so 
slowly (i.e., the decelerating force is for small n 
so strong) that the motion even comes to rest. Different types of friction. 


Problem 20.3: Free fall with Newtonian friction 


A body begins to fall at the time t = 0 at the point z = 0 with the initial velocity vo. Determine 
the fall velocity v(t) and the path z(r), assuming Newtonian friction. Which approximations hold for 
small times if vp = 0? 


Solution _The equation of motion reads 


mi = —mg — yilé| ot b= —e(1+ Zopoi) =-2 (14). 
mg 


With the abbreviation 


v 1 
[mg d 
Voo = ae follows Pal Seales = fav 
¥ U5 + viol J 


i) 


Integration of the equation of motion yields 


v v 
E arctan 2] for v > 0, 
0° Ju 


~gt= [ns Asan | for —uU.. <u <0, 


Vo0 a) 


i 
v 
E Arcoth al for v < —Up0. 
OO ty 
One therefore has to distinguish three cases, depending on the magnitude of the initial velocity. 
1. vp > O. Initial velocity and gravitational force are opposite to each other. After integration it 
follows that 


v ui) 
—gt = Vo arctan —— — Vp, arctan —. 
Uso Vou 
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The meaning of the constant term becomes obvious if v = 0: 


U 
gty = gt(v = 0) = v,, arctan a, 


co 
and thus 
v 
—g(t — to) = Uo. arctan — 
ie.¢) 
or 
U = —V tan 5 ¢ — to). 
Voo 
Because the motion must be continuous also for t = to, the integration between f and 1 yields 
v 
—g(t — to) = Vo Artanh — — 0, 
Vog 
hence 
v = —V., tanh 5 4 —t); t >t. 
Vo0 


The body moves upward against the gravitational force, comes to rest at fo, and falls downward. 
2. “—Uoo < Vo < 0. Integration yields 


Vv U 
—gt = Uo Artanh — — V9 Artanh — 
Voo Voo 
If we imagine the velocity function as continued for negative times 1 < 0, the constant term again 
has a clear meaning: 
v Up 
to = t(v = 0) = — Artanh —. 
& 


co 


The velocity function may then be expressed by 


Y = —Voq tanh © (t — t). 


3. Ug < —Uoq. 
U v 
—gt = v.. Arcoth — — v,. Arcoth a 
Voo Voo 
Similar to the other cases we abbreviate 
v v 
t(v = —00o) =f = — Arcoth —- 
8g Voo 
and thus 
g 
Uv = —U,, coth —(t —t..). 


co 


In all three cases the velocity asymptotically approaches the limit velocity 


“< 
A 
va 
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-*% 


Velocity as function of time for three different initial velocities. 


The function z(f) may be calculated straightforward from v(t). 
Ie 


m 
z= vm f tan © (y~ Hat = +7 Incas = (4 ~1) + Ki, t <b; 
Voo ¥Y v 


fee) 


p= — tm f tanh-® (¢—n)dt = —™ incosh £6 — 9) + Ki, t>; 


a= — 7 incosh sony —t)+K2, 
y v 


oT 


Ko = = In cosh (-£) ‘ 
y v 


te @) 


ae 


z= vs. f cot Be (p-0)) dt —— ns te ee 
Doo Y Vo 


In particular, for vp = 0 one has fo = 0, and therefore 


t 
UV = —Vp, tanh a 
Vo0 
2 
v t 
= — "0 In cosh 2 : 
& Voc 


There hold the series expansions 
3 


z uw 
sinhu=ut ot: 


184 FRICTION 20 


nw oe 


mtat 


2 


In(l bu) =u — Smee 


coshu = 1+ 


For small times (¢ < v./g) we may then write approximately 


1. Velocity: 
u+ ius 1 t 
py P—Vog AY Voc (1 - 5") with u = —, 
1+ 34? 3 Vo 
Wf fae 2 
AY =u || b= = |) = 4 
( 3 ie) 
2. Path 
2 2 4 
Ve u uk 
2% ——In{1 — 
fe a( elma ats 4 


Problem 20.4: Motion of an engine with friction 


An engine of mass m moves without driving force but under the influence of the friction force 
f(v) =a + Bv’ on horizontal rails. Let the initial velocity be vp. 


(a) After which time does the engine come to rest? What is the maximum deceleration time 
(vp —> 00)? 


(b) What distance has then been covered? 


Solution —_The equation of motion reads 
mi = —f(v) = —a — Bx? 


and will be integrated after separation of the variables: 


(a) 
dv 3 
m= = —(a + Bo*); 
0 tg 
m | dv _ fa: 
Baee/ pou 
U—N9 a 


a0 (san — arctan (Ex) = —Io; 
BVa a 
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U 


m | 
fo = —— arctan a lim fo = a 
‘ap Pd tp 00 Jap on 


(b) If we use x and v as variables, the equation of motion reads 


This is transformed and integrated: 


2Bv 
— | dx; 
2p sf ewe” --| 
0 


5 [ina — In (a + Buz)] = 


The total path covered is therefore 


m B 
a= Fen(14+ 28). 


185 


For an infinite initial velocity vp the engine covers an infinite distance until the rest, although the 


deceleration to velocity 0 takes only the finite time (m/./aB) (2/2). 


Example 20.5: The inclined plane 


So far we have considered the motion of a free massive body under the action of external forces. If its 
freedom of motion 1s, however, restricted to a defined area or line by certain constraints, one speaks of 
a bound motion. A constraining force must then act on the body that keeps it on the prescribed path. 

In a motion on a solid area or rail the body undergoes a reactive force by the support that just 
balances the normal] component of the force acting on it. When taking into account this constraining 


force, the equation of motion may be formulated according to the second Newtonian axiom. 


The simplest example is the motion on the inclined plane. 


(a) Without friction 


We introduce the following denotations (compare figure): 
F,: gravitational force; 
F' F:: parallel and normal components of the weight force; 
Fe: reactive force; 
s: covered path. 
The following relations exist between the forces: 
F! = —Fp 


af 


(according to the third Newtonian axiom); 
ie F* +F'! = —mge;; 


F! = mgsinae (see figure). 


Forces acting on a mass at the 
inclined plane 
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The equation of motion is then 


mse = OF = F, + F, =F! = mg singe. 


Only the parallel component of the weight force causes the acceleration (slope drift): 
S=gsina=g’. 


This is exactly the differential equation of the free fall with an earth acceleration reduced by the factor 
sina. Twofold integration leads again to the solutions 


v(t) = gsinat + v9, 


] 
s(t) = as sinat? + vot + 5p. 


(b) With friction 


Besides the constraining force Fr along the area normal, 
there also acts a parallel component f on the body that 
always points opposite to the friction force. According to 
the figure, the support force is 


F! =cosamg, Decomposition of the forces on the in- 
: clined plane. 
and therefore the dynamic friction force is 


f=Fp,mecosae if <0. 
Hence, the equation of motion reads 
mse=F,+¥Fr+f =F! +f = mg(sina Fu, cosa)e 


if v <0. 
This again yields the differential equation 


§ = g(sina F pz, cosa) = g!, 
with the solutions 
v(t) = g(sina + pr, cosa)t + vo, for v < 0, 
s(t) = = e(sina F fl, COSA)I? + ot +5. 
If the motion points downward (v > 0), we may distinguish among three distinct cases: 


(a) g! > 0: thatis, tana > p, ora > a, = arctan pL,. The body is positively accelerated. 


(b) g' = 0: tana = pp, a = a. The body moves uniformly, the gravitational force component and 
the friction mutually cancel. 


(c) g! < 0: tana < j4,. The body is decelerated and comes to rest after the time 


t uo 
g({4p COSa — Sina) © 
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If v < 0, namely the direction of motion is upward, then g! = g(sina + “4, cosa) > 0; the body 
comes to rest in any casc. It depends on the magnitude of the coefficient 2, of the now-acting static 
friction whether the body begins to move out of the state of rest. 

The inclined plane allows us to determine the two friction coefficients by varying the slope angle a: 


fi, = lana if the body uniformly moves (v > 0), 


fd, = tana if the body just starts sliding. 


Problem 20.6: Two masses on inclined planes 


Solution 


Two masses m, and m> are lying each on one 
of two joined planes that enclose the angles 
a and 8 with the horizontal (see figure). The 
two masses are connected by a massless and 
nonductile rope running over a roller fixed at 
point A. 

Determine the acceleration a of the masses 
m, and mp, taking the friction into account. 


The friction mentioned in the problem is dy- 
namic (Fe = —U,F+v /v). Because the ve- 
locity v points along e; or e, respectively, the 
quantity v /v just equals e, or e,! 

Hence 

m,ae; = m)g sina er Te, = Uy Fie 

and 

—m ae, = mg sin Be, — Te, + My Fs e2. 


Two masses on inclined planes. 


(20.4) 


(20.5) 


T is the string tension. The signs in front of the two last terms on the right-hand side (the friction 
terms) are valid only for positive acceleration, a > 0. We have to check this at the end of the 
calculation. We now have to calculate F;' and F;. From the sketch we see that 


Fi; =mygcosa and F;- =mogcosf. 


F;\ and F> inserted in 20.4 and 20.5 yield 


m\ae,; = mygsinae, — Te, — wm, gcosae,, (20.6) 


—m ae, = mg sin Be, — Te, + u,mog cos B ep. (20.7) 


From 20.6 it follows that T = m,g sina — m,a — jt,m,g cosa. T is now inserted in 20.7: 


—a(m, + m2) = mog sin B — m,g sina + f4,m)g cosa + ,m2g Cos B 


? 
m, +m 


m) Sina — m) sin B — ,m, COSa@ — jL,m7 cos B 
eet 


Thus, the acceleration has been determined. Finally, we consider two special cases: 
(1) p, = 9, that is, there is no friction; therefore, 


m, Sina — m2 sin B 


m, + m2 
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(2) a= B = 90°; the acceleration then becomes 


m,— m4 


oo —g. 
m, +m 


een 


Problem 20.7: A chain slides down from a table 


Solution 


A uniform chain of total length a hangs with a piece of length 
b (0 < b < a) over the edge of a plane table. Calculate the 
time in which the chain slides from the table under the influence 
of gravity but without friction. Let the initial velocity be 0 (see 
figure). 

Investigate the same problem, assuming now a dynamic fric- A chain sliding down from a table 
tiON jy. 


(a) Without friction 
The length of the fraction of the chain hanging vertically down is denoted by z; the mass per unit 
length is 9. The equation of motion then reads 


dz g 
t= — = —y, 20.8 
oaz = ozg cos a ( ) 


This differential equation states that z(t) differentiated twice with respect to t reproduces itself up 
to the factor g/a. This condition is fulfilled by one of the two independent exponential functions 


evel? and eV sia" 
such that the general solution reads 

z(t) = Aew#/#! 4 Be~V#/2! | (20.9) 
A and B are integration constants, which are determined from the initial conditions 


z(0) =b=A+B, 


10) =0=4/%- 2/8 = A-B=0. (20.10) 
This yields A = 6/2, B = b/2, and therefore for 20.9 


b 
rA(0) = 3 (evar +e-velet) = beosh 2 (20.11) 


The time T of sliding follows from the condition 
b s 
ae fal —a/ g/aT 
ar) =a= AG lal 4 es ie (20.12) 


From there it follows with x = eV */“" that 


2a ] 2a 
aoe ane ? x -—x=-1 
x b 


a a? ] 1 
> a2e5ty/-l+ = ; + Va = (at Va? =). (20.13) 
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One finds 


a a+vVJa*—b 
r= uP) a 


The negative root in 20.13 has to be ruled out because it leads to negative times, which is physically 
senseless. This we may realize as follows: To get positive times from 20.13 the argument of the 
logarithm must be > 1. But the negative root is always < 1 because 


S18 
| 

S18 
> 
NO 


a? a2 a’ a? 
ee 1 eee =e oF 
@ SsltWo-145-1 @ os f5-1 


Because a/b > 1, this last inequality is always fulfilled, and the first one obviously, too. One may 
easily check that for b ~ 0, T — oo, as it should be. 

(b) With friction 

In this case the equation of motion 20.8 reads 


oat = o7g — ug Fs = 028 — #,Q(a — 2)8 2) 
= pao, Pb _ y= 2+ u,)z— pays. (20.16) 
a a a 


This is an inhomogeneous differential equation of second order. Its general solution is given by 
one particular solution of the inhomogeneous differential equation plus the general solution of the 
homogeneous differential equation. The homogeneous differential equation reads 


2 = £4 + ep) 
a 
and, because of 20.8 and 20.9, the general solution is 
z(t) = Zhom(t) = Aev E440)! 4 Be VE tug), (20.17) 


A particular solution of 20.16 is (Z = 0) 


Ha 
1+ pL, 


Za(2) == Sete = constant. (20.18) 


One easily confirms that the sum z(t) = z;(¢)+z2(t) sattsfies the inhomogeneous differential equation 
20.16. The general total solution of 20.16 therefore reads 


zi({t) + Z2(t) = z(t) 
= Aew EO+upit 4 Be VE ltuglt 4 Rial cay (20.19) 


1+ py 


As above, the initial conditions lead to the two equations 


TO) Re 
1+ py 


2(0) =0= a 2a a BEd + fz) = A-B, 
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with the solution 


b ji, b 1 pga 
=. - >, B=--- : 
2 21+ be) 2 2(1+4,) 
Thus, the complete solution reads 
a 
= G - te ) [vive +e Velbon 4 (20.20) 
2 (1 + fe) + [bg 


The time of sliding T is determined by the equation 


FG) So (5 sft) [evento +e VEC nT] 4 ee 


2 2+ Hy) 1+ Me 
b— ta 
ze a( 1 )=| i+ug ie (20.21) 
Sie Vie 2 x 
where 
x eV alltugT (20.22) 


The quadratic equation 20.21 has the solution 


. eo eee | ) -»(1- ie a). 


The solution x2 drops out similarly as above. Therefore, the time of sliding T is evaluated as 


a a+ a? — (b+ u,.(b—a))" 
Se ae seine eee cy 20.23 
ak os ea SCE re 


We note that it may be seen from equation 20.16 that the chain begins to slide only then if z > 0, 
that is, 


The time of sliding T increases under friction. This is not seen from 20.23 at first glance, and one 
needs to perform an expansion by 4,, which will be saved here. 


Problem 20.8: A disk on ice—the friction coefficient 


A disk is sliding on ice. Ata certain point of the straight 
path it has the velocity vy. It comes to rest at the distance 

xq beyond this point. Determine the friction coefficient ©: 
(e.g., for v9 = 40 km/h; xy = 30 m). 


Solution The initial conditions are 


Forces acting on a sliding disk. 


fa, a0, Woah. 


=i, 2 Sig, w=), 
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The individual forces are denoted as follows: 
W = —mee. (weight), 
N=—-W (normal force), 
Fr = —py|N| => 


Fr = —p,mge, (friction force). 


For the equation of motion one then obtains 


ae En dv 
m—e, = —LL,mge, — =—{,8. 
dt Hymg dt U8 


Separation of the variables and integration yield 


v I 
fo = -uge fae = V = Up — eegt 
Up 0 


and 
, ! , 1 2 
dx = | (vo — ygt ) at = A tyl — ueet : 
0 0 


The disk comes to rest if v = 0, namely at the time t% = vo/u,g => inserted in x: xg 
(1/2)(v5/j12g), or solved for the friction coefficient: 4, = (1/2)(v2/x0g) © 0.21. 


Problem 20.9: A car accident 
An accident happens on a straight-plane village street (allowed velocity 50 km/h). After activating 
the brakes, the car slides 39 m until it stops (friction coefficient: 4. = 0.5). 


Find out whether the driver is guilty. Z 
R 
; : R 
Solution _ Because the weight mg and the reactive force mutually canceleach | «— 
other, only the friction force Fr acts on the car. The equation of Fs 
mg 


motion then reads 
Forces acting ona sliding car. 


d’x Se 
ST arma aiid | ei 
We now have 

d*x _ d (dx _didx _ dv 

dv’ dt\ dt} dxdt dx 
— gee = 

dx SS SERS 
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where Xo is the position where full breaking begins, and s is the braking distance. Thus we get 


] — 
54 = Megs => vy = /2ugs. 


With the numerical data it follows that 


2 
v2 = 2-0.5-9.81-39— 
S 


km 
= 1956 or 042 : 
Ss 


The driver drove too fast by about 20 kni/h. 


Problem 20.10: A particle on a sphere 


Solution 


Let a particle of mass m be positioned at the “north pole” of a frictionless smooth sphere of radius 
b. After a smal] displacement Jet it slide down at the sphere. At which ume does it separate from the 
sphere, and what is its velocity in that moment? 


If the particle is at P, it is pressed to the sphere by the normal force 
N = —mg sin@e,, 

while the centrifugal force 
Z = (mv’) /be, 

tries to pull it off the sphere. At the moment at which both forces are balancing each other, 
N+Z=0, 


the particle separates from the sphere! 

(a) Solution via the energy law: One has 
tmv? + mgh = T + V = E = mgb, where E 
remains constant in time. Then 


v”? = 29(b — h) = 2gb(1 — sin@) 


and, therefore, 


2 


N+ Z = —m_g sinOe, + —e, 


= [2mg(1 — sin@) — mg sin@]e,. 


In order to have N+ Z = 0, it must hold that 


2mg(1 — sin@) — mg sin? = 0 


or 


Forces acting on a particle on a sphere. 


3siné=2, i.e., sind = =, 


6 = 41.8°. 
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From there we immediately find that at the moment of separation 


2 D 
h=-b and =,/=gb. 
3 Py oe 
(b) Solution via the equation of motion: Consider the sphere as (locally) an inclined plane. At P 


there acts the slope drift 
H = —mgcos@e,. 


We call s the distance of the particle from the north pole, as measured along the surface of the sphere. 


Because 
w 

25 (= 2 ) 
we have 

5 = -b6. 
Hence, the equation of motion reads 

d’s d*s 
mat —-H= ae + mg cos Ge, = 0 


or 
2 


-& + gcosd = bd + gcosd =0, 
Multiplication by 6 yields 
b66 + gcosd6 =0. 
Integration of this differential equation leads to 
i 
2 
For t = 0, we have 6 = 0 and @ = 90°: thus c = g 


b6 + gsind =c. 


eg? = ~25 (sind =. 


For the moment of separation, we obtain 


2 
N+Z=m(<—gsin)e, =0 


of with v = bé: 
6°b — gsin@ = —2g(sin@ — 1) — gsin@ =0 
=> 3sind=2 or sind = 5: 6 = 41° 49’. 


For the velocity results, 


: 2 
v= 60b= /2g(1 —sinf)b= 38°. 


194 


FRICTION 20 


i 


Problem 20.11: A ladder leans at a wall 


Solution 


A ladder of length / and mass m leans at a vertical wall, 
enclosing the angle @ with the wall. The gravity force op- 
erates on the center of the ladder (see figure). The friction 
coefficient between the ground and ladder is jz, while the 
friction between the wall and ladder is being neglected. 

Determine the maximum angle @ at which the ladder 
may lean against the wall without sliding down. 


The forces acting on the ladder are the reactive force Ne. 
at point A and the reactive force Nye, at point B. 

In addition, at A the friction force —F;e, still acts in 
the negative x-direction. The gravitational force —F,e, = 
—mege, acts on the center of the ladder. 

The conditions that the system is in equilibrium are 


(a) The sum over all forces must be zero. 2 
riers 


(b) The sum over all torques with respect to a point must 


Forces acting on the ladder. 
be zero. 


From the figure we find the component representation: 


ee 0" Ny — F) = 0, (20.24) 
YOFi=0:  -mg+Np =0. (20.25) 
The torques acting with respect to point A are caused by the forces —F,e. = —mge. and N,,e,. 
We obtain 
i. 
ily > rx F, = (~me (5 sind) + N,,(/ cos ») e, = 0, (20.26) 
or resolved for N,,,: 

mg 

Ngv= oe tan 6. (20.27) 


According to equation 20.24, the friction force Fy is 


mg 
2 ie ll (20.28) 


Because the friction force cannot exceed the product of reactive force N,. and friction coefficient Bh 
(see figure), 


F,(max) = Nre, = mgpy, (20.29) 
we obtain as equilibrium condition 


mg 
N, = re tan@ = Fy < F;(max) = mgpy,. (20.30) 
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or 
m 
> tan@ < mgjty,, 


and for the angle 6: 
tan < 2jy. (20.31) 


The maximum angle @ is independent of the mass and length of the ladder. It is only a function of the 
friction coefficient p1;. 


Problem 20.12: A mass slides under static and dynamic friction 


Solution 


Two masses of m,; = 6 kg and m, = 10 kg are fixed to a m, 
nonstretchable rope that runs over a roller (see figure). The static - 
friction coefficient for m, and the support has the value u;, = 
0.625. The dynamic friction coefficient is uz, = 0.33. een | 


(a) What is the minimum value of the mass m3; such that m, does 
not move? 


(b) What is the acceleration of the system if the mass m, is | mM, 
removed? 
le, 


(a) If the system is at rest, a static friction force F, acts on the 


rope that is caused by the masses m, and m, and the support area: SICH 


ene 
v) 

Vv, points, however, along —e,; hence Fy = (44 (m, + m3)ge,. The forces acting along —e, are 

—(m, + m3)ae, = —Te, + Lym, + ma)ge,, (20.32) 
and the forces acting along e> are 

m2ae, = —Te; + m2ge>, (20.33) 
where T is the rope tension. Insertion of T from 20.33 in 20.32 yields 

ga ee Hy (m, + m3)g 


(20.34) 
m, +m) +m, 


We get as equilibrium condition 


4 
é 


My 


m= ces Ws m= 10 kg. 


(b) If the system moves, 4,, must be replaced by wg (m3 = 0): 


m2— ~Gm, | 


; i U.S) (2. 


m, + m2 


D1 The Harmonic 
Oscillator 
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The eminent meaning of the harmonic oscillator is due to the fact that it does not occur in 
mechanics only, but in an analogous manner governs extended sections of electrodynamics 
and atomic physics. Many complicated vibrational processes may be approximately de- 
scribed as harmonic oscillations and thus be treated simply in this way. The reason is the 
following: In the equilibrium (at x = 0) the forces acting on the mass point must vanish, 
that is, F = —VV = 0. If one expands the potential in a Taylor series 


a2 2 
V(x) = Vo tayx t+ Dis Hoses 
the equilibrium condition implies that a; = 0 must hold, just because F(0) = 0. Therefore, 
Vix) = Vot Sx? +... 


must hold. For small displacements from the equilibrium the potential is therefore always 
harmonic. In mechanics we are dealing with a harmonic oscillator if a force acting on a 
body is proportional] to, but oppositely directed to, its displacement from the rest position. 
This linear force law may be generated by a spring obeying Hooke’s law (see also p. 162 
in Section 18). To simplify the problem, we consider the harmonic oscillator only in the 
x-direction, i.e., the force Jaw is 


= —kxe : 
For the linear force law, obviously 
) 0 
curl F = —e,— (kx) + e35 — (kx) = 0. 
dz dy 
This implies: The force is conservative. Consequently, the energy law also holds: 


1 
smu + V(x) = E = constant. 
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A mass coupled to a spring. 


The potential is calculated as 
WAG2)\ se - fF Tai — fee. 0, 0) - (dx, dy, dz) 
0 0 


a 1 
—— k d. = ~k oe 
/ x dx 5 x 
0 
Inserting V (x) in the energy equation, we obtain 
] 1 
=mu + she = E, 
We have already solved this equation as an example for the general potential motion (see 
Chapter 18). There we found 
x(t) = acos(wt — g), (21.1) 


with a being the maximum displacement (amplitude) and w= k/m. 

To get more experience in solving differential equations and to learn other solving 
methods, we shall use a second way of solving. For this purpose we start directly from the 
Newtonian basic equations: 


d’x 
m—e, = F = —kxe;. 
Wn"! 1 
We turn over to the scalar equation and divide by the mass m: 
d’x k P 
Sa SS een SS SIE, 
dt? m 


where we again have set k/m = w*. We write this equation in the simpler form: 
¥+o*x =0. (21.2) 


It is a differential equation of second order. That means that the highest derivative 
occuring in the differential equation is of the second order (x = d*x /dt? !). When solving 
this equation, two (integration) constants arise that are determined by the initial conditions. 
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The initial velocity x(0) and the initial position x(0) must be arbitrarily selectable. The 
general solution, therefore, must involve two free constants. Moreover, the differential 
equation (21.2) is homogeneous since a zero arises on the right. In other words, there is no 
x-independent term, for example, of the form 


X+o*%x = f(t). 


For a more detailed outline of the mathematical problems, we refer to Chapter 25. The 
differential equation is also linear. If we have two particular solutions of the differential 
equation, for example, x(t) and x2(t), then any linear combination 


x(t) = Ax, (t) + Bx2(t) (21.3) 


also satisfies this differential equation. Here A and B are arbitrary, freely selectable con- 
stants. This is the characteristic feature of linear differential equations. This linear com- 
bination x(f) involves two free constants A and B, that is, the linear combination x(t) is 
already the general solution of equation (21.2). In order to check the correctness of our 
assumption, we imagine two particular solutions x, (¢) and x2(¢) of the differential equation 
(21.2), that is, there shall hold 

xX, t+ wx; = 0, 

Xp + wx = 0. (21.4) 


Inserting x(t) = Ax;(t) + Bx2(t) in the differential equation (21.2), we obtain 


¥ +x = (AX, + Bk) + w* (Ax + Bx) 
= (AX, + w Ax) + (BX, + w* Bx2) 
= A(X) + wx) + B(%2 + x2) 
= 0. ~ (21.5) 
Hence, x(t) solves the differential equation. This is the proof of validity of the superposition 
principle for the solutions of the harmonic oscillator: From two solutions one may generate 


other solutions by linear combination. In order to solve the differential equation (21.2), we 
need two solutions (x; and x2). The solutions are, for example, 


x, (t) = cos wt, (21.6) 
x2(f) = sinot. ~ (21.7) 


We form the second derivatives of the solutions (21.6 21.7): 


X(t) = —w* cost, (21.8) 


sin wf, (21.9) 


and insert (21.6) and (21.8), or (21.7) and (21.9) in the differential equation (21.2), and so 
we obtain 


X(t) = —w” 


x, + wx; = —w* coswt + w* coswt = 0, 


2 


Xo + w*x2 = —w* sinwt + w sinwt = 0. 
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Both approaches fulfill our differential equation. Moreover, sine and cosine are linearly 
independent functions, that is, there is no constant C such that C sin wt = cos wt holds for 


all times f. 

The general solution of the differential equation of the harmonic oscillator therefore 
reads 

x(t) = Acoswt + Bsinat. (21.10) 


The earlier form of the equation (21.1) has another form. We try to rewrite our solution 
(21.10) to this form and write 


Acoswt + Bsinat = VA? + B2 (aA cos wt + oa snot : 
By setting A(A? + B’)—!/? = cosg, then 
ig ll aap = I~ = 
We thus obtain 
sD) = ee (cos gy cos wt + sing sin wt). 
We write this result as 
x(t) = Dcos(wt — 9), (21.11) 


where D = / A? + B? and tang = B/A. The symbols mean 


w 
y= -—: frequency, 
2m 
| ae”? 
T =~ =<: vibration period, 
Vv @ 
w: angular frequency, 
D: amplitude, 
gy: phase angle. 


The vibrational curve is obtained by superposing the sine and cosine curves of the vibration 
(superposition method), that is, the function values of both components are added for 
all times. The subsequent figure illustrates the approach; the components A - cos wt and 
B - sin wt are plotted in the upper part, and the sum of both in the lower part. The addition 
then yields (21.11). 

In the vibration equation 


x(t) = Acoswt + Bsinwt 


200 
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the free constants A and B do not yet have a physically evident meaning. But they are 
uniquely determined by the initial conditions. If we make the settings x(0) = xo and 
v(0) = vp, A and B may be calculated: 


Xp = x(t = 0) = Acosw0 + Bsinw0 = A, 
Up = v(t = 0) = x(t = 0) = —Awsinw0+ Bwcosw0 = Bw; 


hence: 

Xo=A and m= Bo. 

Thus we may write our solution in the form 

x(t) = x9 cos of + = sin wt . (21.12) 
Transformation yields 


2 


Pere ci 
eat cos(wt — 9), (21.13) 
62) 


X(t) = 4/ Xp 


where tang = vo/(wxo). From this form we may immediately read off the vibration 
amplitude: 


.. yields a cosine shifted by a phase ¢. 
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Finally, we shall investigate what the vibration equation looks like in several important 
special cases. 

1. We displace the oscillator at the beginning by xo, then release it and investigate its 
vibration. The initial conditions obviously are 


oO) oO) = 0! 
By inserting them in the general equation (21.12), we find 
X(t) = xp cos wt. 


The initial elongation is at the same time the amplitude of the vibration. 

2. We apply an impulse to the body in its rest position, giving it instantaneously the 
velocity vp. This case occurs (in higher order), for example, in the elastic collision (ballistic 
measuring instruments). The initial conditions then read 


ic) = 5(()) 200), HO) hy 
From (21.12) we obtain 


Vo . Vi ‘4 
x(t) = — sinwt = — cos (or _ =). 
o @ 7 


The amplitude of the vibration is D = vp/w. This may also be derived from the energy 


law. One has 
—mv? + Dae Sli Le 
3 Pees. 


When the body has reached the maximum displacement D, then v = 0. Hence 
] ices 
5* De = A Vo; 


and therefore 
m = Uo 
D* = —v=w’v? or D=—. 
rhe » w 

As was indicated already at the begin of this chapter, a large number of (vibrational) 
processes in physics obey the laws of the harmonic oscillator. 

If, however, the corresponding potentials in the vicinity of an equilibrium configuration 
have a somewhat different form, they may frequently be described in the important ranges 
of small displacements by a harmonic approximation. Here we quote several examples 
of anharmonic potentials in mechanics and atomic physics together with the associated 


harmonic approximation. ! 


'The theory of rotation and vibration of atomic nuclei and nuclear molecules is described in detail in J.M. 
Eisenberg and W. Greiner, Nuclear Theory, Vol I: Nuclear Models, 3rd ed., North Holland Publ. Company, 
Amsterdam and New York, 1987. 


202 THE HARMONIC OSCILLATOR = 21 


1. The pendulum 
The potential of the mathematical pendulum has the form 
V(x) = mgh = mel(1 — cosx) = c(1 — cosx), 
where c = mel. It may be approximated by a harmonic potential centered at x = 0: 
V(x) = 5x”. 


The zero point of the potential has been set to x = 0, that is, for the pendulum hanging 
vertically downward. 


Vix) Harmonic 
Approximation 
I ‘ ‘ (Parabola) 
h 
m mg : 
h=I(1—cos x) Xo ‘ 


The potential of the pendulum. 
On the calculation of the 4 i 


potential of the pendu- 
lum. 


2. Dumb-bell molecules 


In a two-atomic molecule the individual atoms may vibrate along the longitudinal molecular 
axis. The mutual binding of the atoms is achieved by so-called molecular electrons, or 
electrons that are bound to both nuclei. “Atomic electrons,” on the contrary, are hull 
electrons orbiting around the one or the other atomic nucleus (compare the schematic 
figures). 


Repulsion of positively charged 
Nuclei at small Distance 


_. Molecular \ 
Electron Orbits 


2 6, 
; wige Attraction of the Atoms 


Atomic Electron Orbits by molecular Electrons 
Schematic view of a dumb-bel\ molecule. Quaiitative form of a molecular potential. 
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3. Atomic nuclei 


Some atomic nuclei (e.g., the rare earth elements Sm, Gd, Er, Yb) have the shape of a thick 
cigar. They may deform along their axis and in this way perform vibrations. 


Harmonic 
| Approximation 
‘ 


y- Vibrations True Potential 


for §- Vibrations 


r& Sees. Se oe e a) & 
. —— et i 
§- Vibrations 
Illustration of the vibrations (- Qualitative form of the potential of £-vibrations of 


and y-vibrations) and rotations of an atomic nucleus. 
a deformed nucleus. 


The contractions and extensions of the “cigar” are called 6-vibrations. The contractions 
and thickenings of the “belly” are called y-vibrations. 

The cigar-shaped deformed nucleus also performs rotations. In doing so, y quanta are 
emitted. The so-called rotational-vibrational 
spectra generated in this way are de- V(x) 
scribed by the so-called rotation-vibration 
model.” 


Repulsive 
Compression Potential 


, Harmonic 

hi . . 
/ Approximation 
‘ 


Coulomb 
repulsive 
Potential 


4. Nuclear molecules 


If certain atomic nuclei (e.g., C!*, O'°) 
mutually penetrate each other, they may 
form short-lived but stable molecule- 
like states. The potential of the two nu- 
clei plotted as a function of their dis- —_ Short range nuclear forces yield a locally attractive 
tance follows the trend shown in the potential, giving rise to nuclear molecules. 

figure. 


i, 
Attractive Contact Point 
Nuclear Potential of the Nuclei 


?Kor details, see again J.M. Eisenberg and W. Greiner, loc. cit. 
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A 
Problem 21.1: Amplitude, frequency and period of a harmonic vibration 


An object of mass 2 - 10* g performs harmonic vibrations along the x-axis. Find for the initial 


conditions 


x(t=0)=400cm, v(t = 0) = —150 = 
a(t = 0) = —1000 — 
S 


(a) the position at the time f, 
(b) amplitude, period, and frequency of the vibration, 
(c) the acting force at the time tf = 77/10. 


Solution _(a) We have the equations: 
F ek 
LP Ss HVA = Ss, o=—. 
x m 


From there, we get 


2 a aft =0) 


=--= =2.5s7, 
. G x(t = 0) Z 
or 
w= 5vi0 got 
By inserting 
2 
x(t) =,/a3+ = cos(wt — 9), Q oon Na ) 
UN. 0 


we obtain the course of vibration 
t 
x(t) = 130/10 cm - cos (5 vis" Be 0.237) 


= 41] cm -cos(t- 1.58 s7! + 0.237). 
(b) From the equation for x(t) we read off the amplitude 
D=411cm. 


Period and frequency are obtained as follows: 
2 

fa 23/975: = 
@ 


(c) One has F = mx = —2.06- 107 N- cos(t - 1.58 5°! +0.237). 
For our particular time value, we obtain 


114 wu 
F(t=2 2 #(r= = s)=-1, -102N. 
= 8) mi(t=—s 1.53-10°N 


Problem 21.2: Mass hanging on a spring 


A mass of 20 g hangs on a massless spring and thereby stretches it by 6 cm. 
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(a) Determine its position at arbitrary time if is pulled down at time t = 0 by 2 cm and then is 


released. 


(b) Find the amplitude, period, and frequency of vibration. 


Solution (a) Again we have k = —F'/x and a = k/m. 
Because F = —mg, we find 


Ke il 
i = = OS ces = 16S 
x 6cm 
and thus w = 12.8 s~'. With vp = 0, we obtain from 
vo. 
x(t) = x9 coS wt + — sinwt 
D) 
the vibration equation 
x(t) = x9 cos wt = —2 cm - cos(t - 12.8 s7'). 


(b) Amplitude, period, and frequency are obtained as in the last problem: 


20 1 


D=2cm; ie as 0.491 s; (es se 3 PEE nba, 


Problem 21.3: Vibration of a mass at a displaced spring 


Solve the last problem with the assumption that the weight at time t = 0 was pulled down by 3 cm 


and was thrown downward with a velocity of 2 cm/s. 


Solution (a) We use equation (21.13): There are x(t = 0) = —3 cmand v(t = 0) = —2.cm/s and therefore, 


x(t) = —3.004 cm - cos(t - 12.8 s”'! — 0.052). 
(b) Only the amplitude is changed. We now get 


D = 3.004 cm. 


Problem 21.4: Vibration of a swimming cylinder 


A cylinder swims with vertical axis in a liquid of density o and has weight W and cross-sectional 
area A. What is the vibration period if the cylinder ts slightly pressed down and then released? 


Solution —_The body is pressed down by the distance —z. Two forces are then acting on the cylinder: The weight 


= —Mge, 
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and the buoyancy 
B= —o Ag (zo + Ze, 


where zo is the immersion depth in equilibrium. But in 
the equilibrium state it holds that 


W = —B(z), ie., mg = —oAgzZo. 
Hence, for an arbitrary position, 


= —(—mg + 0 Agz)es. 


: : The swimming cylinder. 
Therefore, the equation of motion reads 94 

mz = W + B = —mg — (—mg + 0 Agz) = —o Agz 
or 


oA 
pega) 
im 


Thus, we find w = oAg/m = (0 A/W)g’, and further T = 2n/w = 2n/g./W/(cA) as 
vibration period. 


Problem 21.5: Vibrating mass hanging on two strings 


Let a mass of 50 g be suspended by identical massless springs with elasticity constants of 0.5 N/m 
(see figure). In the rest position they form an angle of a») = 30° against the horizontal and have the 
length J) = 2m; outside the rest position the angle is a = a + Aa. Determine the period of the 
vibration that occurs when pulling the mass down by Ax and then releasing it. 


A mass suspended on two strings. 
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Solution 


The mass is under the action of the sum of weight force (along the x-direction) and the vertical 
projection of the backdriving force of the springs. Hence the equation of motion reads 


mx = mg — 2k(1 — 1) sina, (21.14) 


where / denotes the length of the springs at rest (absence of external forces). The equilibrium position 
(position at rest) is defined by the vanishing of the force mx, hence 


mg = 2k(Ip — 1) sindy. (21.15) 


In order to solve the differential equation 21.14, both / as well as a must be expressed by the 
displacement x. it holds that 


1 = Sx? +a’, (21.16) 


x x 
sha = — = ————.. 21.17 
Lo Vx2+a? ( 
With 
= mg 
l=hh— ; 21.18 
° 2k sin ag ene) 
from 21.15 the equation of motion may be transformed to 
mx = mg — 2kx + 2klo sina — mg ome 
SiN & 
Ip x Io 
= mg — 2kx + 2kx ————— — mg — _———— (21.19) 


Vx? + a? Oa Vx? +a? 


This is a very complicated nonlinear differential equation that has no simple analytic solution. But 
we are interested in vibrations of low amplitude 


X =X + Ax, Ax K Xo. (21.20) 


With this condition, 21.19 may be linearized by expanding the night side in a Taylor series about the 
point x9. We employ the formula 


ly lo 5 ly 
Veta Vio t Ax)? +a? fxd + AxpAx + a? 
1 A 
| eens (21.21) 
a 2xyAx l 


li 


Thus, up to the order O((Ax)?), 21.19 may be written out as follows: 


A A A 
mAx © mg — 2k(xp + Ax) + 2k(x%p + Ax) (: & oe] es mg + Ax (: _ oe) 
I) Xo ig 
2 
me Ax (-2%2 ae +me~) . (21.22) 
ly Xo by 


Expressed in terms of sina@y = xo/Jo, the linearized equation of motion finally reads 


2 
Ai + G sin’ ay + & SS “e) Nee (21.23) 


Ip sing 
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The expression in brackets is the square of the angular frequency w. Hence, the vibration period 
reads 


Fe 2 2 (21.24) 


w@ 2k ., 8 COS” ay 
— sin“ ay + —— 
m Ig sin a 


For the given values of k, m, ao, /p this leads to the value T = 1.79. In the limit a — 90°, the mass 
vibrates according to 21.24 just as if it were suspended on a spring with twice the spring constant: 


[m 
= 21.25 
fe Pre ok ( ) 


The limit ay — 0°, for fixed J), makes no sense, since according to 21.18 this would lead to a 
nonphysical negative value of /. 


Example 21.6: Composite springs 


(a) Series connection 


The figure illustrates the case of two springs with spring constants k, and 
k>. The force F occurs in both of the springs and causes a variation of length 
y, = F/k, and y. = F/k2. From y, + yo = F/k there results for the 
“effective spring constant” k: 


Gp ae Gere 
| oan aan oe a 
such that k < k, andk < k>. The generalization to n springs is trivial: Series connection 
i 1 1 1 of springs. 
th RTE 


(b) Parallel connection 


Because now both springs undergo the same variation of length, namely, 
y| = y2 = y, the resulting spring constant k is calculated from 


F=kyy, +koy2 = ky 


as . Parallel connection 
k=kh+h. of springs. 
The generalization to n springs in parallel connection is 
kak thteth. 


The eigenfrequency is then 
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Problem 21.7: Vibration of a rod with pivot bearing 


A weight mg is fixed to the upper end of a rod AC (assumed 
as massless), which is supported by a pivot bearing at point 
A, and is fixed at point B to a spring with the constant k 
(compare the figure). 

(a) Determine the approximate eigenfrequency of the sys- 
tem for vibrations of small elongations ¢. 

(b) What is the maximum value of G = mg in order to 
ensure harmonic motion for a small displacement? 


Solution (a) The forces acting on the system in the limit sing ~ ¢, 


Sats Sita 


cosy + 1 are I 


; 
bem FQ 
G=—mge,, weight force, 
and Vibration of a rod with pivot bearing. 
F = kage,, spring force, 


and the reactive force Fr along the connecting rod. 
Hence, 


mr = —mge, + kage, — +Fr, Fr= Re,, 
or in polar coordinates 
Pe A a 2 
m(—o9"e, + oge,) = —mg(cos ge, — singe,) + kag (=) (— singe, ~ cosye,) + Rey. 


The components of the weight force and the spring force along the direction e, are neutralized by 
the reactive force Fz, such that we obtain 
2 
* ‘ a 
moy~ = mg sing — k--9 cos ¢ 
and resolved for g 
1 k a .. ._ ka? —mgl 


G=-—29-———p oO Gt 


= (0), 
fe) mg l mil? . 


This vibration equation may also be written as 
Gt+wiy=0 


with the eigenfrequency w; = J (ka* — mgl)/mi?. 


(b) The vibrational control remains harmonic while 


wo >O0 or mg<—. 


Mathematical 
Interlude—Series 
Expansion, 
Euler's Formulas 


In the following sections we need the series expansion of functions and the Euler relations, 
which shall be explained now: Many continuous, arbitrarily often differentiable functions 
f (x) can be expanded in power series: 


I) = ay + ax + ax? 2 aa” © (22.1) 


The expansion coefficients a, may be determined by inserting in equation (22.1) and its 
nth derivatives the corresponding values for x = 0; for example, 


f (0) =a, 
f'(0) = aj, 
f'"(0) =1- 2a, 


f° Oj\=n! ax, 


or generally a, = f'(0)/n!. f’ denotes the first, f the nth derivative of the function 
f(x) with respect to x. Therefore, the series expansion (22.1) may also be written as 


follows: 
00 (n) 0 
* f(xy= rx (22.2) 
n=O : 


This is the well-known Taylor expansion. We now give several examples: 
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1.Example f(x) =e’. 
fw = f(x) me fs fG) =e", 


Thus, equation (22.2) just yields the series expansion of the exponential] function, namely 


<1 ee Sa 
es n Bridie 
DE aaron yes (22.3) 
By setting x = ig and taking into account i? = —1,i° = —i, i4 = 1, etc., we 


immediately obtain 


3 5) 7 


2 4 6 8 
a I SU ee Noli 0 inn a, eer Oe 
a ae 1” 8! +i(f fl ype }. aes 


2.Example f(x) =sinx. 
f() =0; f'(0) =cosO=1, f"(0) = —sin0=0, f'"(0) = —cos0 = —1, etc. 


According to equation (22.2), this obviously yields 


Si ee (22.5) 


3. Example f(x) =cosx. 
f(0) =1; f'(0) =—sin0=0, f"(0) = —cosO=-1, f”(0) =sin0 = 0, etc. 


According to equation (22.2), it therefore results that 


ae ae a n 
COS X = ae Sars (22.6) 
Because sin(—x) = — sin(x) and cos(—x) = cos(x), (22.5) must involve only odd powers, 


and (22.6) only even powers x”. 
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4. Example By comparing the results (22.4), (22.5), and (22.6), we arrive at the Euler 
formulas:! 


e'? = cosy + ising; e'? = cosy — ising; 
el? +e? ei? — el? 
cos 9 = ————_—_-; sing = ————— (22.7) 
g 5 : Y oF 


a 


Problem 22.1: Various Taylor series 


Solution 


Taylor series: In many cases, a function that is arbitrarily often differentiable in an interval / (with 
0 € I) can be represented by expansion about the point 0 in a power series of the form 


oo (n) 0 
F{Gs); = 3 cr t 
n=0 7 


Let f° (0) be the nth derivative at the pointx = 0, f©(0) = f (0), andm! (n factorial) = 1-2-3.---n 
(a 1) 
Expand the following functions according to this prescription: 


(a) a’, (b) ca (c) In@i + x). 
l-x 


(a) Equation (22.3) states that 


' Leonhard Euler, b. April 15, 1707, Basel as son of a priest with extended mathematical interests—d. Sept. 
18, 1783, St. Petersburg. Euler studied in Basel, since 1720 philosophy and since 1723 theology. Moreover, he 
altended private lectures by Johann Bernoulli. In 1727 Euler went to St. Petersburg, there in 1730 he became 
professor of physics, and in 1733 professor of mathematics at the Academy. In 1741 he was called to Berlin as 
professor of mathematics and director of the class of mathematics at the Academy. Later on in Berlin the relation 
between Euler and Friedrich II. went to the worse; he retumed to St. Petersburg in 1766. Even his complete 
blindness m the same year could not stop his mathematical creative power, and already in his last years he was 
considered as a legendary phenomenon. 

The total opus of Euler comprises 886 titles, among them many voluminous treatises. In many branches his kind 
of representation became final, and al] eminent mathematicians of the following era took it over. This concerns 
the Introductio in Analysin Infinitorum (1748), in which, for example, the theory of series, trigonometry, analytic 
geometry, climination theory, and the zeta function are outlined, and also the Instituriones Calculi Differentialis 
(1755) and the Institutiones Calculi Integralis (1768-1774), which not at all deal with elementary relations only. 
In 1736 his treatise of mechanics was published which contains the first analytic development of the Newtonian 
dynamics, and 1744 the first outline of variational calculus. Important personal achievements are the Euler 
polyhedron theorem, the Euler straight line, the Euler constant, the quadratic reciprocity law, and the solution of 
the Konigsberg bridge problem, as well as the convention that the logarithm is infinitely ambiguous (1749). Euler 
made cssential contributions also on astronomy, on the theory of moon and celestial mechanics, on construction of 
ships, cartography, optics, hydraulics, philosophy, and theory of music. His manner of approaching mathematical 
problems was characterized by intuitive realization of the essentials and by an eminent formal mastery. But Euler, 
like by the way all mathematicians before Gauss, often failed to give a fully correct reasoning for his conclusions. 
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and therefore, 


1 1 (x Ina)" 
Bere LV be eae niae pe ayes oye 
ate =Ttxina + 5x Inat 5 In? a+ =) ae 
(b) 
1 2 3 4 n 
pay si tete tate bape? ; 
because 
fay=— fo=—— rw) 
x) = ———,, x) = ——— x) = ———, 
(Pex) (a (8 Ie) 
This is, of course, nothing else but the infinite geometric series. 
(c) 


In(l +x) =0+x—- Lei Lee 5 Ua 
2 3 4 é = 
because 
| 
(+x)? 
—6 
(1 +x)’ 


; ] ee 
Ua f(x) = 


wr ec y mn es 
f o> ees f(x) = 


The Damped 
Harmonic 
Oscillator 


As an example of a damped harmonic oscillator, we again consider a mass m connected to 
a spring. Let the mass slide frictionless on the support, but the friction at the surrounding 
medium shall add a velocity-dependent friction force (e.g., air resistance). For the latter 
one we adopt the Stokes ansatz: 


Fr = —Bv. 


A mass fixed to a spring and sliding on a plane is an example of a damped harmonic oscillator. 


Hence, we arrive at the equation of motion 
dv 
m~— = —kx — Bv. (23.1) 


Putting all quantities to the left side and writing for the velocity x instead of v, the 
equation reads 


mx + Bx +kx =0. (23.2) 
When dividing by m and setting 2y = B/m, w* = k/m, the equation takes the form 
¥ + 2y% + w*x =0. (23.3) 
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It is a linear differential equation that may easily be checked, similar to the case of the 
nondamped harmonic oscillator (see equations (21.3), (21.4) ff.). Moreover, the equation 
is homogeneous and of second order. To solve this differential equation, we first have to 
look for two linear independent solutions x; (t) and x2(r), and then obtain the most general 
solution of the differential equation by an arbitrary choice of the coefficients A and B. 
Because the equation, apart from constant coefficients, contains only derivatives of x(t), 
and because the exponential function remains unchanged under differentiation—apart from 
constant coefficients—we try the ansatz 


x(t) =e" 
and obtain 
de + 2yr[e™ + w%e" =0. (23.4) 


We divide by e*’, because e* # 0 always, and obtain the following conditional equation 
for A: 


M+ 2vA+o* =0. 

This is called the characteristic equation. It is fulfilled by the two values 

A= —ytVy?—o@. (23.5) 
Thus we have found two particular solutions: 

aoe" = ee wr 

x(t) =e =e Me VO, (23.6) 

The general solution of our equation is therefore 

x(t) = Ae + Be, (23.7) 


There are three cases of the vibrational equation, depending on the value of the expression 
2 ys 
y* — a’: 


(a) y? < w*: the root is imaginary. 
(b) y? = @”: The root vanishes; the ansatz yields only one solution. 


(c) y? > w”: The root is real. 


(a) Weak damping 


In this case, (y? < w*), the general solution is 


x(t) =e?! (Ae! Ve-yt 1 Be-ivfat—y? ‘) ; (23.8) 
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It seems that this general solution is a complex one. But for an appropriate choice of A and 
B, this is not so. To get a real form we remind ourselves of the Euler formulas 


e?=cospt+ising, e'” =cosy—ising. (23.9) 

By addition of these two equations we obtain 

e'? +e? = 2cosy, (23.10) 
and by subtracting the second equation from the first one: 

e'? —e'? = 2i sing. (23.11) 


Using these results we now rewrite the solutions of the differential equation as follows: 
First we set Q? = w* — y?; then we obtain from our two special solutions 


x(t) =e! - ef xo(t) =e. eM (23.12) 


two other solutions as a linear combination: 
1 ; i ; . 
HO=seM EM +e), xh) = se "(eit — e7ity, (23.13) 


The solutions (23.12) are just as useful as the other solutions (23.13). By means of the 
formulas ((23.9)(23.11)) obtained above, we may write these solutions also in the form 


PTE Nara feu ar col W 48 xt) =e" sin Qt, 
From there it immediately follows the most general form of the vibration equation: 
x(t) =e"! (Acos Qt + B sin Qt), 


where ? = w* — y?. In this equation the coefficients A and B are real, contrary to the 
form we started from. 
This equation—analogous to equation (21.1 1)—may also be written in the form 


x(t) = De cos(Qt — g), 


where again D2? = A’ + B’ and tang = B/A (see (21.10), (21.11)). 

The graphical representation of the solution displays a damped harmonic vibration 
confined between two exponential curves: 

Let x, and x, be two successive maximum elongations belonging to the times 1, and 
th + T = ty + (27/Q), respectively. One obtains x,,/x,4; = e”’ = e”2"/%, and therefore 


2 
x In an a yT ay. 
Xn+1 22 


This is the logarithmic decrement, which may be used for experimental determination 
of the decay constant y and the damping constant 6 by measuring x, and x,4). 
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Graphical representation of the amplitudes of a weakly damped oscillator with the initial conditions 
x(0) = 0, x(0) > 0. 


(b) Critical damping 


If in the case of damped vibration (see above) the friction continues to increase, already the 
second elongation may become relatively small. Finally, the mass no longer passes the rest 
position but so to speak comes to rest just at the moment when reaching the rest position. 
This particular case occurs for y? = w. 

However, we have to state that in this case the two solutions obtained above coincide. 


Hence, only one solution is at disposal, namely 
ae) — ean 


To get a second solution, we don’t consider our limiting case but a somewhat stronger 
damped vibration: 


y? =o +e. 


Then, according to (23.7) there exist two solutions that may be expanded into a Taylor 
series: 


Ayt —yt et yt ] ge? Z ee . 
e =e” -e =e ne ih tae acy I 


eg sae 
Meteo" (1mert a tee), 


2! 3! 
We subtract the second solution from the first one and divide by ¢. Then we let ¢ 
approach 0: 
Al =yt e 2° 
fa ei | epee ha = 
e—0 E€ e>0 € 3! 5! 
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rae 3! 5! 
= Yen”. (23.14) 


2 4 
= lime” (2 + 223 ah 945 ae ae ‘ 


Because the differential equation (23.3) is linear, the linear combination (23.14) also must 
be a solution of (23.3). We shall check that and insert x = te~”’ in the differential equation 
to be solved. Then, actually, 


t 


E+ 2yttorx = (yte’ — 2ye™) + 2v(e"' — pte") + ote” 
= (w’ — y*)teY" = 0, 
because in our limiting case y* = w’, that is, in this case x = te~”' is a solution of the 
differential equation. 
We now again have two particular solutions, and with 
m(t)=e",” 
x(t) =te™, 


we may immediately write down the general solution: 


x(t) = (A+ Bren”. (23.15) 


(c) Overdamped system 


If the damping becomes even stronger than x 
in the case just discussed, that is, if y? > 
«*, the mass returns much slower to the rest 
position. 

The general solution is then 


x(t) = el Ae et 4t BeV¥?-oFty, 


In this case the mass after the first elon- 
gation creeps gradually back to the rest 
position, namely, the oscillator performs a_ Illustration of the motion in the case of critial 
creeping motion. damping (b) and creeping motion (c). 

We now consider the graphical representation of the last two cases, namely 


(b) critical damping, 
(c) creeping motion. 


For critical damping the oscillator obviously returns most quickly to the rest position. 
Therefore, this case is very important for the damping of measuring instruments Ke’g., 
mirror galvanometer): In the limit of critical damping the measured value is displayed most 
quickly, because the measuring instrument (the damped oscillator) performs a vibration but 
due to the damping “gets stuck” after the first quarter of the period. 
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Finally we still investigate the energy content of the vibrating system with damping. To 
this end we start directly from the differential equation: 


¥ + 7x = —2yk. 
We multiply the entire equation by x: 
KX + w*kx = —2yX?. 


The left side represents a complete differential, namely 


d (\., wo +2 
£ (5 + St) = 232 


If the equation is still multiplied by m, the left side just represents the time derivative of 
the total energy of the vibrating system: 
d (5 ok 5 d d 
~i? + —x?) = —(T+V) = —E =—fi’ <0. 23.16 
¢ 5 ) 7 uy) 7 Bx’ < (23.16) 
Hence the time derivative of the total energy of the spring is negative, that is, the total 
energy of the system permanently decreases due to damping, as energy is permanently 
converted to heat by friction and is released to the environment. 


Damped vibration with a periodic external force 


Let a mass m be suspended via an elastic spring 
with the spring constant k and ngidly connected 
to a damping piston immersed into a liquid. 

If the spring is displaced by a periodically act- 
ing external force F = Fo - cosat, the system 
performs a variation of the position depending 
on the time which corresponds to the graph of 
a damped vibration. A downward motion of the 
mass is related with a spring force pointing up- 
ward and proportional to the displacement 


Fy = —kx, 


Oil Bath 


and moreover with a friction or damping force 


F, that is proportional to v: 
F ESE Visualization of a damped system with pe- 


F, = —Bx. riodic external force. 


Together with the periodic external force F(t) = Focosat, there results the following 
differential equation for this system: 
dix 


ma = —kx — Bx + Focosat, (23.17) 
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or rewritten 
X+2yx+ wx = focosat (23.18) 
with the abbreviations: 
k Fo 
kee fee 
m m m 


This differential equation is inhomogeneous (there occurs a term independent of x, 
namely fo cosar, in the differential equation) and describes a damped forced vibration. 
The general solution of an inhomogeneous differential equation is composed of the general 
solution of the homogeneous differential equation x,(f), x2(¢) and a particular solution 
xo(t) of the inhomogeneous differential equation, such that the general solution has the 
form 


x(t) = xo(t) + Ax; (t)+ Bxo(t). (23.19) 


Thus the genera] solution again involves two free constants A and B that are needed to 
fulfill the initial conditions (initial position and initial velocity). 

These three solving approaches obey the differential equations 

Xp + 2y.to + w"x9 = focosat, (23.20) 

Xy2 + 2yh12+07x12 =0. (23.21) 
These equations follow directly from the meaning (definition) of the various solutions: 
xg(t) shall be a particular solution of the inhomogeneous differential equation, as is ex- 
pressed by (23.20), while x, (1) and x2(t) shall be solutions of the homogeneous differential 
equation (23.21). 

To get a particular solution x9(¢), we make the following consideration: 

After termination of the initial transient process, (“Einschwingvorgang”) the mass m 


will vibrate with the frequency @ of the acting force. We therefore try the ansatz for the 
particular solution 


Xoo C) cosat + C2 sinat. (23.22) 
Inserting this ansatz in (23.20) yields 


focosat = —a*(C> sinat + C; cosat) + 2y (Coa cosat — Cya sinat) 
+ w*(C> sinat + C, cosat) 


By combining and rearranging, we obtain 
sinat (—a"C2 — 2yaC, + w*C) + cosat (—C\a? + 2vaC, + C,@) = focosat. 
As sine and cosine are linearly independent, a comparison of coefficients yields 


C\(2ya) + Co(a? — w*) = 0, 
—C\ (a? — w) + C2(2ya) = fo. (23.23) 
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From there it follows for C; and C2 that 


CG = (8 — O45 
1 Gy2a?2 + (a2 — 2)?’ 
2 
ae joaye (23.24) 


a dye? ae (a2 = w)2 Z 


Inserting the values found for C, and C) in the ansatz, we then obtain the particular 


solution: 
a? — w* 2ya 
FO es _-————__->———; cosat + ——_.-.—; sinat |, 23.25 
nn eeeecenenenene” 
A B 
or rewritten, we obtain with 
Acosat + Bsinat = y A’ + B’ cos(at — 9), 
tang = a 3 
7 mea A = 
Aya? + (a2 — @)? 
X(t) — fo (@? —@)? + 42a)? cos(at a ¢), (23.26) 
—2 
ote a= fo cos(at — g), tang = Ee 


Py 


Because the solutions of the homogeneous differential equation (23.21) for weak damping 


are x, (f) = e ” sin Qt and x2(t) = e~”' cos Qr, the complete solution of the differential 
equation is 


cal)) = 


eS cos(at — y) +e "(Asin Qt + Bcos Qtr) 
a? — w)? + 420 


7 fo 
[Ghar ane 


with D? = A? + B’, Q? = w? — y?, and 0 = arctan(B/A). 

Whatsoever the initia] conditions are, for a nonvanishing damping (y > 0) after suf- 
ficiently long time only the first term, the particular solution of the differential equation 
Xo(t), survives, The second term in (23.27) that decays proportional to e~”' depends on 
the constants A. B, which are fixed by the initial conditions. This second term obviously 
describes the initial transient process, which is “forgotten” after some time. 

For the particular excitation frequency 


a= fw —2y?, (23.28) 


cos(at — y) + De~™' cos(Qr — 9) (23.27) 
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Graphical representation of the motion (4) of a weakly damped oscillator with periodic external force. 
The initial transient process (“Einschwingvorgang”) depends on the initial conditions. 


a maximum elongation is reached. The damping constant y determines also the half-width 
of the resonance. It can, however, not become bigger than y = w/4/2, as can be seen from 
equation (23.28). 

The amplitude of the forced vibration (23.27) is plotted in the folowing figure as a 
function of the forced frequency a@ for various damping values. Near the eigenfrequency w 
of the oscillator ata = ,/w* ~ 2y, the system is resonating (a resonance occurs). In the 
case without damping (y = 0), the amplitude at the resonance becomes infinitely large (the 
spring breaks—resonance catastrophe). In the case of very strong damping, the resonance 
is barely visible. 


oO 
U 
=) 
= 
Cel 
E 


Vo-27" % 


The amplitude of the forced damped oscillation as a function of the external frequency «. 


The associated phase of vibration is plotted for various damping values in the second 
figure. At very low frequency a (a < w) of the imposed force, the phase shift gy between 
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0° 


<______ lim (a7) 
ya) 


90° 


180° 
iy) Qa 
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The phase shift of the damped oscillator against the extarnal force as a function of the external frequency 


a, thus a plot of g = — arctan[2yo/(w? — w?)}. 


force and motion of the mass vanishes. At very high frequency (a >> w), the corresponding 


phase shift is 180°. Both results are plausible. 


Problem 23.1: Damped vibration of a particle 


Solution 


A particle of mass 5 kg moves along the x-direction under the influence of two forces: 


|. A force toward the origin with the value 40 N - x, and 


2. A velocity-proportional friction force of, e.g., 200N for v = 10m/s. Let x(¢ = 0) = 20 m, 


(r= O)ye=0! 
Find 
(a) the differential equation of the motion, 
(b) x(t) analytically and graphically, 
(c) amplitude, period, and frequency of the vibration, and 


(d) the ratio of two successive amplitudes (logarithmic decrement). 


(a) The equation of motion reads 


mx = —kx — Bx, 
where k = 40 N/m. The friction coefficient 6 may be determined from the condition F,.i, = —Bv. 
One finds 
200 N Ns 
p= = 20 — 
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By setting w? =k/m =8s°?, 2y = B/m = 4s", the equation of motion turns into 
X+2yx+o°x =0 


or 
x +4x + 8x =0. 


(b) From w = 8s? and y? = 4s”? it follows that w* > y’, that is, there is a weak damping. The 
gencral solution of the differential equation of a damped harmonic motion is given by 


x(t) = exp (—yt) [A cos(&rt) + B sin(Q2r)], 
where Q = /w? — y? = 2s7!. The constants A and B may be determined from the initial conditions: 
Sey ode a0)! ee A ee ADT 
k= —ye™ (Acos(Qt) + Bsin(Qr)) + e~”’ (—AQ sin(Qr) + BQcos(QP)) , 


iP =0) <0 =a eo B= xyX = x0 = 20m. 


Hence 
x(t) = 20 (cos Qt + sin Qre~”’ m. (23.29) 
Because 
Acos Qt + Bsin Qt = VA? + B?cos(Qt — 9), 
with 


= B 
ng=—, 
a 

for x(t) it results that 


= = 2m ads 
x(t) = 20V2cos (sr 7 ) em 
or 


x(t) = 20V/2e-”' cos (sm a =) m. 


When setting x(t) = 0, we obtain a necessary condition for extrema: t = km /2 s, with k an integer 
number. The zeros follow from cos(Qr — 7) = 0. Thus, we get the following table: 


3n 


7 llx 
~ = 1,18 


nt 
— = 1.57 — =2.75 = 3.14 4 
5 | 3 m= 3) 3 32 


0 | -0.86 | 0 |} 0.04 0 


Obviously this vibration is damping out rapidly. Actually, the parameters y = 2/s and w = /8/s 
are close before the critical damping. 
(c) I. The amplitudes are therefore 


a(t) = 20V2e-”' m. 


'Here we use a frequently adopted notation for the exponential function: exp(x) = e*. 


THE DAMPED HARMONIC OSCILLATOR 225 


Il. The frequency is x 


Q= fw? —y?=28"!, 20 


III. For the period, it results that 
fers _ 
=o = TS. 15 


(d) For two successive maximal elonga- 
tions, we obtain 


xX, = 20/2e-"' m, 10 
Xun) = 2002079 t22/2) 


from which it follows that 


5 
ae" (oer =) 
ae é where T a 
Therefore, 
0 
in( = \- yT (23.30) _, 
Xn+1 


The solution function. 


is the logarithmic decrement. The meaning 
of this quantity is due to the fact that according to equation 23.30 the damping constant y may be 
determined directly by measuring the ratio of successive maximal elongations. 


Problem 23.2: The externally excited harmonic oscillator 


(a) An oscillator with the eigenfrequency w be undamped and excited by a harmonic external force 
of the same frequency w (e.g., by a balance wheel). The amplitude of the oscillator then increases 
as a function of time according to the equation 


: ae 
x = Acoswt + Bsinwt + R sin wt. 
i) 


Check that! 


(b) Give a physical interpretation! 


Solution (a) The force law reads 


d*x k Ps on ' 
— = —kx — B— COS ao 
ae dt oe 
and there must be 6 = 0 because the oscillator shall be undamped. By rewniting it follows that 


k 
¥+o°x = focosat, wher a=w and w = ae (23.31) 


To get the general solution of the equation, we add to the general homogeneous solution, that is, to 
the solution of 


X+o%x =0, (23.32) 
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a particular solution of 23.31. The general solution of 23.32 now reads 
x = Acosat + Bsinoat. (23.33) 


It is convenient to adopt the following ansatz for the particular solution: 


x =t(C, coswt + C2 sinat). (23.34) 
Here C, and C) are so far unknown coefficients. Differentiation yields 

& = t(—wC; sinwt + wC, cos wt) + (C; coswt + C2 sinwt) (23.35) 
and 

¥ = t(—w°C, cos wt ~ wC2 sinwt) + 2(—wC, sin wt + wC2 cos wt). (23.36) 


We insert equations (23.34), (23.35), and (23.36) in (23.31) and obtain after simplifying 
—2aC, sin wt + 2wC, coswt = focosat. 


From there it follows that C; = 0 and C2 = fo/2w. Thus the particular solution 23.34 reads 
f= fo, sin wt. (23.37) 
2@ 


The general solution then reads 


x = Acoswt + Bsinwt + 2, sin wt. (23.38) 


(b) The constants A and B are determined from the initial 
conditions. Because there is no damping, the terms propor- 
tional to A and B do not become small at large times. But 
for large times (t —> 00), the term proportional to f increases 
beyond any limits such that the spring finally will break. A 
drawing of the latter term shows the increase of the vibration 
amplitudes with time: This is the typical case of “amplifica- 
tion” of a vibration as is well known from everyday life, for 
instance, on swinging, periodic pulling of a cut-in tree to cause 


Amplification of an externally driven 


; : oscillator. 
its breaking, etc. 
Problem 23.3: Mass point in the x, y-plane 
A mass moves in the x, y-plane. In the x-direction the harmonic force F, = —mw*x and the additional 
force K, = ama’ y (a > 0) act, in the y-direction only the harmonic force F,, = —may acts. 


Solution 


(a) Solve the equations of motion with the initial conditions ° 
x()=yO)=0, x0)=0, (0) = Ao. 


(b) Draw a qualitative figure of the path of the mass point. 


(a) The equations of motion read 


mx = —w'mx +amu’y, 
x = —w*(x — ay), (23.39) 
and 
y= —o’y. (23.40) 
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Equation 23.40 is solved by the general ansatz 
y(t) =asinowt + bcoswat. 

The initial conditions yield 
yO} — Db — 0; y(0) = aw = Aw. 


Hence the solution for y(t) reads 


y(t) = Asinot. (23.41) 
For 23.39 we then get with the help of 23.41 
¥ = —w’ (x — aA sinot). (23.42) 


We guess a particular solution of the inhomogeneous equation 
x; (t) = ct cos wt, 
X,(t) = —2cw sin wt — cw*t cos wtf, 


' 
= —w ct coswt + aA’ sinat 


A 
=> —2c=aAw, eS 


The general solution of 23.42 is then 
A 
x(t) = dcosot + esinwt — Tt cos wt. (23.43) 


The initial conditions yield 


y 
70) = d=, #(0) =ew- == =0 


aA 
=e 
Hence, the solution of the equations of motion reads 


‘4 


A 
x)= == [sin wt — wt cos wt), 
y(t) = Asinat. 


(b) In the y-direction one obviously observes a harmonic vibration with amplitude A: 


(2n + 1)x 

14) =+A for #4 = ——_—-, = (0) Psa 
y ( n ) ‘or n 2w n 
The associated x-coordinate reads 

aA 

1*)=+—. 

r(d)=45 
The zero passages of y are obtained from 
y(°)=0 — for ==, n=0,1,2,... (23.44) 


n 


=> x (8) =—Sam(ayt (23.45) 
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The motion of the particle is shown in the following figure. 


The motion of the particle. The path of the particle is stretching more and more in a cigar shape along 
the x-direction, while its width approaches the maximum value 2A. 


4 The Pendulum 


A mass m vibrating in a plane, suspended on a string of length / (let the mass of the string be 
negligibly small), is called a mathematical pendulum. The vibration period of the pendulum 
shall be calculated. 


(a) Without damping 


The backdriving force Fr after displacing the mass by the 
angle g is the component of the earth attraction along the 
direction of motion of the pendulum 


Fr = —mg sing. 
Hence, the differential equation for the pendulum without 
damping is 
ms = —mg sing, 
S+esing = 0, 

Ay 

ry, 
lo+gsing = 0, 
gt+ ; sing = 0, 
7 Pat The pendulum: S gives the 
¢ + sing = 0. (24.1) lenght of the arc, Fx the act- 


ing force. 


This differential equation is nonlinear. Howver, for small angles g the sine of the angle 
can be replaced by the angle itself, that is, forg@ < 1 we can use sin gy = 9. The differential 
equation for the pendulum vibration for small displacements thus reads 


G+a*p =0. 
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This is a linear differential equation. Its general solution is 


yg = Acosot + Bsinat, o~ f%, 


from which we get the vibration period 
am l 
t=—=27,/—. (24.2) 
w 8 


(b) Vibration of the pendulum with friction but for small elongations 


The differential equation reads 
ms = —mg sing — Bs. 


The last term —fs represents the friction force. After division by m -/ and by 2y = 
B/(ml), we have 


G+’ sing + 2y¢ = 0. (24.3) 
For small vibration amplitudes this turns into 
G+w°¢+2y9 =0. 


The general solution is now (compare to Chapter 23) 


g= (A cos fw? — y?r + Bsin Vu? = 7?) Gor (weakly damped vibration), 


or 
g= (Ae-V Wt Ren) ') on (strong damping), 
or 
gy =(At+ Bye” (critical damping). 


In all of these cases the pendulum comes to rest at some time (t — 00). 


(c) Solution of the pendulum equation without friction, but for large elongations 


We begin with the nonlinear differential equation (24.1) 


oY 


ae 
I + w* sing = 0 
and substitute the angular velocity u = dg/dt: 
du dq 2 du 
aS Se i = pane 2 = 
ee +w’ sing = 0, hence ae + o* sing = 0. 
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Separation of the variables and integration yield 


[udu =~ f osingay or 


With the boundary condition that for g = gy, u = 0, we obtain 


=w' cosy +C. 


| 5, 


0 = w* cos yp + C, C = —w* cos go, 


or 
Z 
u 2 
ai = w* (COS Y — COS Gp), 


we =“= 1 2mJ/c0s 9 — COS Pp. 


dt 
Another separation of variables and integration yield 


Y 
l= = [ Vide = Vor. 
/COS ~ — COS Yo 
Y\ 
¢ is an arbitrary initial angle. It is determined such that for tf = 0 we get gy = 0. This 


means 
oa = 
t=+ fel errraarrert 
22 J ./cosg~ — COS % 
0 
and in particular 
i rf 4 
ny es / ae 
4 2g J /COS@ — COS 
0 


Or 
(24.5) 


ig Weg 
pee / £ 
22 J J/cosg — COSY 
0 


To evaluate the integrals (24.4, 24.5), we substitute cos g = cos(y/2 + g/2) = cos” g/2—- 
sin? g/2 = 1 — 2sin* y/2, which yields 


Po 
ree ~ f dy 
2VeJ J— sin? p/2 + sin? go/2- 


The further substitution of 


(24.4) 


nD). - eee 
sin — = sin — sin 
2 2 , 


* 
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means a stretching of the variable g that varies between 0 < g < Gp over the range 
0 < ¢ < 1/2. Then 


] 
= as in? o/2. (24.6) 
cos @ i La sin’ p/ 


Furthermore, we have 


5 cos 54g == Sin = cos ddd, 


and therefore 
2sin } cos 6 do 


\/ 1 — sin? 9 sin? d 


With the abbreviation k* = sin? gp/2, we get 


] ait 2sin  cospdd 
jee = f ——— 2, 
g 1 29 


5 - > £0 4 
/1 —k2sin2 ob - 2 
0 1 sin¢ sin (1 i f sin *) 


2 


or according to (24.6) 


n/2 
ee __ cospdp le 
(f/1— (/1 — kin? $) cos ¢ op) cosh Vvl—- “ sin? pb 


ee ; 
wie md foeye ~ | do = 2m —, 
2 gs 8g 


that is, for small pendulum elongations the result known from equation (24.2) is reproduced. 


For larger elongations @, the equation for the vibration period T with x(@) = —k* sin? 
reads 

ies [atte 24.7 

ff V1i+ i ol) 


This is an elliptic integral. Such types of integrals arise, for example, on calculating the 
arc length of an ellipse, which explains the name. It may be evaluated approximately by 
expansion. Using the general binomial theorem 


asarats (Mae (Data (Brn, 
] 7) 3 
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thus 

p(p—1)x? | p(p—1)(p — 2)x° 
fe [eres 

which may also be proved by means of a Taylor expansion (Chapter 22), follows for 

1//1 + x, which may also be written as (1 + x)7!/?: 


(heey = 1 + (-3x)+ AR te, 


(14x)? = 14 prt 


il 3 
1 ee je oye eee 
(1+) att at 


, j 3 
(1 —K sin’ ¢)7!* =14 5k sin? @ + gk’ sin’ ae 


w/2 
| 1 3 
T=4 ~ | 14+ —k sin’? 6 + =k’ sintg +---) dd. 
4 2 8 
0 


By using the recursion formula 
ve BUSS 
[ sin xas = —— sin"! x -cosx + ——— | sin"? x dx form #0, 
m m 


which is obtained by partial integration, we obtain 


m/2 


FeSO (ol) me 
De 


+ 2n ont 
f sin gdp = 4.6...(2n) 2 


0 


Then we get for the vibration period 


Eee see SS ASH 
ieee |) ae Bh 1 ge se ae 
(i [+3 4 g2¢ | 


or 


u 1 9 
T =2 —}1 =)" kh iin 
[=| he + 


With k* = sin? g/2, this expression finally turns into 


1 l 
=te(1+ isin? 2 +...), where 7p = 27 | —. 
4 2 g 


If go <« 1, we obviously obtain the old formula. If yp becomes larger, the vibration 
period increases over 7y. This is plausible as the backdriving forces are ~ sing. Harmonic 
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approximation means sing ~ ¢. For larger g the backdriving forces become smaller than 
~ g, and therefore T > 7p. 


Problem 24.1: The cycloid 


A circle of radius a rolls on a straight line. A given point on this circle then performs a cycloid. Find 
the parameter representation of this cycloid. 


Solution One has (see figure) 


OA=a-t, OA=x+asint, 
a 


=y+acost, 


and therefore, 


x =at —asint, y =a-—acost, 
x =a(t—sint), y =a(1 —cost). Rolling a circle yields a cycloid. 


This is the wanted parameter representation of the cycloid. Elimination of t yields the trajectory 
in x-y-representation, 


x(y) = —/2ay — y? + aarccos (¢ —) . 


Problem 24.2: The cycloid pendulum 


In a vibration of a pendulum of mass m the string 
shall osculate forth and back to the two branches OA 
and OC of a cycloid (cycloid pendulum). The length 
of the string shall be half of the length of the cycloid 
bow. 

Show that the curve ABC again is a cycloid. 


The string of the pendulum is warped along 
the two branches of the cycloid (gray). The 
x =a(¢— sing), y =a(1—cos@). mass m moves again on a cyclold. 


Solution —_The equation of the cycloid branches reads 


The equation of the curve generated by the pendulum is 
x =x, + Ax, x, = a(¢, — sing)), ; (24.8) 
y=y t+ Ay, y, = a(1 — cos ¢)). 


(Equation of the cycloid. ¢, is the curve parameter of the cycloid point where the string lifts off 
from the osculation curve.) 
Moreover, 


(Ay) +(Axy =i and =1~5). (24.9) 


The calculation of s; runs as follows: 


(<3) -(3) + (@) 
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=a’[(1 — cos)’ + sin’ 6] 
=a’ [1—2cosp + cos’ p + sin’ | 


= 2a’(1 —cos @), 
5) 9) 
fas = [aviv — cos) dd. 
Dd 0 


Moreover, we set 1 — cos ¢ = 2sin? $, $ =z, hence 4 = }, and dp = 2dz. We then obtain 


aa Cm *) 
S| =a He : 


Ss; = —4acos — 


Hence, the total length of the cycloid bow is 8a, and therefore the string length is / = 4a and 


1, = 1 — s, (equation 24.9), that is, 
x, Ax xX, +Ax 


ares i (24.10) a 
: ; Pe 5, 
To get the equation of the trajectory of the vibrating mass, 
we now need the quantity Ax according to equation 24.9. It Yee 
holds that (see figure) 
ie dy, Ay 
eS 
dx) 
____ sing; y\tAy ne 
7) y= e68 om 
22 rsd ination of 
== ee $172 is e determination of Ax. 
and therefore 
id 1 ~i . 
Ax =1, cosa = 4acos — - —————— = 4a cos — sin —. 
2 J1+tan?a 2 2 
The quantity Ay is calculated in a similar way, namely 
?, tan@ Pi P1 2%1 
Ay =1, sina = 4a cos — ———————- = 4a cos — cos — = 4acos* —. 
2 J/1 + tan’ a 2 2 Z 
From there the x- and y-coordinates of the path result according to equation 24.8 as 


Se Bey aE ae (71 | — sin g;) + 4sin $! cos a 
and because 
91 


li oi . 
= sing; = cos — sin — , 
2 2 2 


x = alg, + sin gy], 
x = ald, — sin(?; + 7)], 
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y=y + Ay=a la — cos ¢;) +4 cos’ 4 
= al[(1 —cos@,) + 2(cos¢; + 1)], 
y = a[3 + cos @] = a[l — cos(¢, + x) + 2], 
y =al[l — cos(@, + 2)] + 2a. 
The trajectory of the vibrating mass again is a cycloid, namely 
x =al[(g, + 7) — sin(g, + 2)] — xa, 
y =a[l —cos(g) + 7) + 2a. 


It has the same form as the branches of the generating cycloid. The pendulum, however, is shifted 
with respect to the generating cycloid branches, namely by 2a in the y-direction, and by ~am in 
the x-direction. Thus, one may ensure by this simple construction that a mass suspended by a string 
vibrates along a cycloid. Such a pendulum is called a cycloid pendulum. 


Problem 24.3: A pearl slides on a cycloid 


Solution 


A pearl of mass m is forced to slide down on a frictionless wire with the contour of a cycloid. Let the 
pearl start from the rest position x = y = 0. The wire hangs in the gravitational field near the earth’s 
surface (compare figure). 


(a) Calculate the velocity of the pearl at the point y = 2a. 


(b) Show that the vibration period of this motion equals that of a pendulum of length 4a. 


x g (Gravitational 
Acceleration) 


Motion of a pearl along a cycloid. 


(a) According to the energy law, the balance for an arbitrary point P on the wire reads as follows: 
Epa (P) + Exin(P) = Epo (0, 0) + Eyin(0, 0), 
that is, 
1 (ds\’ 
me(2a — = aS — 
aC y+ sm () mg(2a) +0 


Or 


1 2 
2mga — mgy + se = 2mga 
or 
uv? = 2gy 
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and finally, 


v= /2gy. 


We ask for the velocity v at the position y = 2a: 


v(2a) = /2g - 2a = /4ga = 2,/ga. 


This result is so far independent of the special curve of the wire. 
(b) From the first part of the problem = (ds/dt)? = 2gy. 
The square of velocity along the cycloid reads 


(@) = (3) +) 


= a°(1 — cos B)’B’ +a’ sin’ B - B? = 2a’(1 — cos B)B’, 


because the cycloid is given by x = a(8 — sin B), y = a(1 — cos B). Therefore, 


2a7(1 — cos B)B” = 2ga(1 — cos B), 


namely 


: ed | 
fa => soi & — pis 2+. 
a at a a 


The last step is performed by integration after separating the variables. The initial conditions are 
B = O fort = 0, B = 2m fort = T/2, T period of vibration. Therefore T = 42./a/g = 


21 /4a/g. 


By comparison with the formula for the simple pendulum, we find 


I | 4a 
[omesitiay = an |! and Teycloid = 20 | — > l=4a. 
& 


Problem 24.4: The search for the tautochrone 


Solution 


The problem of the tautochrone! is the 
search for that curve for which the vibra- 
tion period is independent of the elonga- 
tion: Which trajectory must be passed by 
amass point m to ensure that the vibration 
period T of a frictionless vibrational mo- 
tion becomes independent of the value of 
the initial elongation h? 


Let s be the arc length on the wanted tau- 
tochrone (see figure). With v = ds/dt, 
the energy law yields for the initial position and an arbitrary intermediate position 


56 
The quantities used to find the tautochrone. 


3(F ae 
2\a Bo ee 


'Greek: tautos chronos = equal time. 
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or 


m (ds\? 
een = meg(h — y), 


from which, using 


d 
ds= “ dy = s'(y)dy, 
dy 
after separation of the variables it follows that 
1 s'(y)dy 


2 a 


or after integration along a quarter of vibration 


h 
] 
iP = Th) = = {2 


eR 


and with the transformation y/h = u 


T(h) = [ij eae (24.11) 


Here T obviously is stil} a function of the parameter h occuring under the integral. In the sense of the 
formulated problem (T = constant) we now have to require 


aM “(fa s Cay Jh | “(3 Vh - us" (hu) + 37 s’(hu) a 
iv an} ./) Ys ea : 


This is definitely fulfilled if the numerator of the integrand vanishes, that is, if the differential equation 


2hus” (hu) + s'(hu) = 0 = 2ys"(y) + s'(y) 


or 
s"(y) 1 
eel depen pape 24.12 
s'(y) 2y 
is fulfilled. Now 
SO) od4 | eed ec 
—— = —[In and -—=—Inj/—. 
ei Pe 5 (y)] rie fi n 5 


Hence from 24.12 it follows that 


d 1 
§,|n+on-m0 4 -te ei] =o 


or after integration 


c 
Ins'(y)=In.f/— of  s'(y)= ale 
y y 
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From 24.12 it follows with ds = /1 + (dx/dy)* dy = (ds/dy)dy = s‘(y) dy, hence /C,/y = 
V1 + (dx/dy)? , from which after separation of variables 


Op3 = aye Cy - alle 
y uy, 


and after integration with the new integration constant C} it finally results in 


= 
r= [ Vey-¥2 


(Gj 2y-—C 
= /Ciy — y? - =! arccos Ee 6Ae (24.13) 
Zi C, 
We check: With 
f=VCiy-y* 
it follows that 
; C= 2y 
ieo-- 
2g yy" 
and with 


( ) = arccos ( =“) 
gly er C 2 


it follows that 


A 2 1 
8) = = ee = - SS, 
Dye, \" Vv —4y? + 4yC, VCiy-y? 
C, 1-( = ) 


such that in fact 


(0 -S!20») = A i OR Gs ee 
2VCiy — y? “eyo y VCi = yyy yo 


Hence, the curve 24,13 is a cycloid (compare to Problem 24.1). This result becomes even more 
obvious if we determine the integration constants C, and C2 from the boundary conditions y(x = 
0) = 0, y(x = wa) = 2a as C, = 2a and C, = a7, so that for 24.13 it finally follows that 


x= J2ay — y? — a arccos ae ap (Ms 


a 
Plat Vie 
= J2ay —y +a (= — arccos 2=*) : 


a 


We still check the vibration period, using 24.11. With s‘(y) = /C\/y = /2a/y, we get according 
to 24.13: 


r=[' [ape [has V2a dy =1{* | dy 
Vy(h— y) g J Vy(h— y)’ 
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h 
4a l, 
= —2 “2 resin (1 ~ 7) = 2n,/— =2n,|-, (I, = 4a), 
g A /), Vz Ve 


namely, actually a value that is independent of the initial elongation h. We shall prove the uniqueness 
of the solution in Vol. 2 of the lectures, after we have become familiar with the Fourier series. 


The cyloid as the tautochrone (left), and used as jaws in Huygens’ construction of a pendulum whose 
period does not depend on the amplitude (right). 


Historical remark: The treatment of this problem may be traced back to Huygens,” who aimed at 
the construction of a pendulum, with the vibration period being independent of the amplitude. Because 
the evolvent of a cycloid again represents a cycloid, a cycloid string pendulum may be constructed by 
forcing the pendulum motion of the mass m into a cycloid trajectory by an appropriate assembly of 
two cycloid jaws (compare the figure and Problem 24.2). Such a construction was realized in 1839 by 
the Austrian engineer Stampfer for the clock of the City Hall tower in Lemberg. This clock excelled 
by a very high accuracy of performance until its destruction by hghtning. 


> Christiaan Huygens, physicist and mathematician, b. April 14, 1629, Den Haag—d. there July 8, 1695. After 
first studying jurisprudence, he tumed to mathematical research and published among others in 1657 a treatise 
on probability calculus. At the same time he invented the pendulum clock. In March 1655 he discovered the 
first Saturn moon; in 1656 the Orion nebula and the shape of the Saturn ring. Already then he was also familiar 
with the laws of collisions and those of central motion, but published them—without proofs—only in 1669. 
In 1663 Hluygens became elected as member of the Royal Society. In 1665 he settled in Paris, as a member 
of the newly founded French Academy of Sciences, from where he returned to the Netherlands in 1681. After 
publishing his Systema Saturnium, sive de causis mirandorum Saturni phaenomenon already in 1657, his main 
work Horologium oscillatorium (The pendulum clock) emerged in 1673, which, besides the description of an 
improved clock construction, contains a theory of the physical pendulum. Also contained there are treatises on 
the cycloid as an isochrone and important theorems on central motion and the centrifugal force. From 1675 dates 
Huygens’ invention of the spring watch with balance spring; from 1690 the Tractatus de lumine, the treatise on 
light where a first version of the wave theory of double retraction of Iceland spar is developed. The spherical 
propagation of the action about the light source is explained there by means of Huygens’ principle. The French 
edition of the Traité de la lumiére (Leiden, 1690) also includes a Discours de la cause de la Ppesanteur as a 
supplement [BR]. 


Mathematical 
Interlude: 
Differential 
Equations 


On treating mechanical problems we became familiar with differential equations. An (or- 
dinary) differential equation is a relation between an independent variable (r), a function 
x(t), and one or several of its derivatives (x, x, ...) from which the wanted function x(t) 
shall be calculated. The differential equation is said to be of first order if only the first of 
its derivatives is involved. Such a differential equation may be written as 


Fi.x.xy=0 (25.1) 
or, when solving for x, as 
Lin f (i, x). (25.2) 


A differential equation is of second order if no higher derivative than the second one occurs. 
A differential equation of second order therefore has the form 


(0 
or, resolved for x, 
La Gre: (25.3) 


The meaning of a differential equation of first order (25.2) is understood as follows: x 
determines the direction of the curve x(t) in the t, x-plane. The differential equation (25.2) 
assigns a direction to any point f, x; it defines a direction field. We may visualize this field, 
for example, by plotting in a sufficiently dense lattice of points t, x the direction at each 
lattice point by a short dash (see the figure). The differential equation is solved by plotting 
curves into this direction field; the directions of these curves at any point correspond to the 
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direction field. If f (t, x) is a reasonable function, one may interpolate between the plotted 
directions in the direction field. In this way one obtains a set of curves. In other words: The 
differential equation (25.2) allows a set of solving functions x(t). An individual curve of 
the set is specified by prescribing the value of x belonging to a fixed value of ¢ (in the figure, 
the value xo for t = 0). Such a set of curves in which the individual curve is determined by 
a single number (a parameter) is called a one-parametric set of curves. We therefore may 
state: 

A differential equation of first order (25.2)—with a rea- 
sonable function f(t, x)—determines a one-parametric set 
of curves. The general solution contains an arbitrary integra- 
tion constant (x(0) = xo). 

This also holds vice versa: To any (reasonable) one-parametric ~ 
set of nonintersecting curves in the f, x-plane there corre- 
sponds a differential equation of first order. The curves of the 
set may namely be described by the equation 


Direction field of a differen- 


tial equation of first order. 
g(t, x)=c, (25.4) 


where c for each curve takes a distinct value. The function ¢ is not uniquely determined by 
the set of curves, as any possible function g may be replaced by a function of ¢, that is, by 
F(g) = F(c) = C and nevertheless describes the same set of curves. For the direction of 
the curves it follows that 

dg 


at + 5 _dx =0, (25.5) 


or (assuming 0F /dg # 0) 


OF dg dg 
—- {| — ax” = ee 5 ax = 
bg (3 dt + ) Ul es = dl aay aad 0, (25.6) 


that is, always the relation (25.5). From this relation it then follows that 


. _ Alt, x) ce 
US aes = f(t, x), (25.7) 


where y, and y, denote the partial derivatives with respect to 1 and x, respectively. If g 
is replaced by a function of y, we obtain according to (25.6) the same equation (25.7). 
A one-parametric set of curves therefore essentially corresponds to a single differential 
equation of first order, We therefore may state: A one-parametric set of curves (25.4) is 


equivalent to a differential equation. Particularly simple differential equations of first order 
are of the type 


eb) (25.8) 
and 
ce f(x). (25.9) 
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In these cases the direction field depends only on one of the variables t or x, respectively. 
The solution of (25.8) may be obtained immediately: 


x(t) = if f(t’) dt' +x. (25.10) 
0 


Obviously all solutions originate from a single solution by adding an arbitrary constant 
to x(t) (by shifting the solution curves along the x-direction). The solution of (25.9) is 
obtained via the transformation 


dx 
at = ——_ 25.11 
FO) a 
by the integral 
(ae ae (25.12) 
f() 


In this case all solutions are generated from a single (fixed) solution by adding an arbitrary 
constant to t (by shifting the solution curve in the t-direction). A differential equation ‘of 
first order may be solved easily also then if it may be put into the form 


g(x)dx = h(t) dt, (25.13) 


that is, if the variables may be separated. We then get 


x t 


[ew dx’ = ico dt’. (25.14) 
Xo 0 


We now turn to the discussion of a differential equation of second order. The function 
f(t, x, x) in (25.3) ascribes to each point #, x and to each given direction (x) through 
this point a defined change of direction. For a reasonable function f(t, x, x), we may find 
graphical solutions as follows: We begin at an arbitrary point of the 7, x-plane with an 
arbitrary direction of the curve, and then calculate the associated value of x according 
to (25.3). The curve is then continued as a parabola in the assumed direction (x) with the 
calculated value of x (a parabola with a vertical axis has the same value of x everywhere). 
After a certain piece of continuation we have a new point /, x and a new direction x. There 
we again calculate x according to (25.3) and continue the curve by the corresponding new 
parabola, etc. The solution curve obtained this way depends on the choice of the position 
and direction when starting the procedure. In total, we obtain an entire set of solutions. The 
individual solution curve is thus determined by specifying two numbers, for example, the 
values of x and x at a certain time point (t-value). A set of curves in which the individual 
curve is determined by giving two numbers is called a two-parametric set of curves (see 
figure). Thus we may state: 

A differential equation of second order (25.3) with a reasonable function f(t, x, x) 
determines a two-parametric set of curves. 
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The general solution contains two arbitrary integration constants. 
Particularly simple differential equations of second order (which we met already) are 


i= f(t), (25.15) 
x= f(), (25.16) 
X= f(x). (25.17) 


In the first case, (25.15), the acceleration is given as afunc- x 
tion of time; in the second case, (25.16), the acceleration is 
given as a function of the velocity; and in the third case, (SEIT) 
as a function of the position. (25.15) may be solved by a twofold 
integration. (25.16) is of first order in x, thus it may be rewritten 
with v = x into » = f(v) and may then be solved as (25.9). 
(25.17) is transformed to 


xX = f (x)x, ’ 
ody 2G ee (25.18) 
x Set of solutions of a differ- 
i ential equation of second 
al = | f(x )dx'’ +c, bvaer 
Xp 


and we thereby obtain a differential equation 
x = 9(x), 


which may be solved as (25.9), In physics the linear differential equations are of particular 
importance because the phenomena described by these equations obey the superposition 
principle (compare equations (21.4) and (21.5) ff.). We shall outline this point of view for 
a differential equation of second order; the reader may extend that to other orders. The 
differential equation is linear if x, x, x occur linearly, that is, if the equation has the form 


Ax + Bx +Cx+D=0, (25.19) 


where A, B, C, D may be functions of 1. If the term D is missing, the equation is called 
homogeneous. \f x;(t) solves a homogeneous linear differential equation, then cx, with c 
being a constant is also a solution. If x;(t) and x(t) are solutions, then ¢).x; + ¢2x2 with 
arbitrary constants c; and c) is also a solution (compare equations (21.4) and (21.5) ff.). 
Because the general solution of a differential equation of second order contains two and 
only two arbitrary constants, a homogeneous Jinear differential equation of second order 
has been solved generally if two distinct (linearly independent) solutions are known. If we 
know a solution x, (¢) of an inhomogeneous linear differential equation (25.19), that is, 


Ax\(t) + Bx (t)+Cxi(t)}+ D=0, (25.20) 


and if x(t) is a solution of the homogeneous equation that arises by omitting the term D, 
that is, 


Axo(t) + Bxo({t) + Cxo(t) =0, (25.21) 
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then (xp + x)) is again a solution of equation (25.19). We have namely 
A(Xp + 1) + B(xo + 41) + C(xo +41) + D 
= Axo + Bxo + Cxp + AX) + BX, + Cx, +D=0. 
eee Sl eeeeeeeeneeennneenneeettnttinenntieniiee eee 
oi J) 


Hence, an inhomogeneous linear equation is solved generally if one has solved generally the 
homogeneous equation and then adds a particular solution of the inhomogeneous equation. 
We have already used this statement in the context of the forced vibration (Chapter 23). 
One may convince oneself by means of (25.20) that two possibly distinct solutions of the 
inhomogeneous differential equation, x; (t) and x2(t), must be equal to each other, apart 
from a solution of the homogeneous equation (25.21). From Ax, + Bx; + Cx, = —D = 
AX? + Bx2 + Cx, it follows namely that 


Ax, + Bx; + Cx) = AX. + Bx. + Cx; 


hence 
ASP — Xo EX) — 29) + Coy — 2x7) = 0: 


that is, the difference x; — x2 of the two particular solutions must be a solution of the 
homogeneous equation. Homogenous linear equations with constant coefficients (A, B, C) 
are solved by means of the ansatz 


miiase. 
From the differential equation 
Ax + Bx+Cx =0 
results the algebraic equation (it is called characteristic equation) 
Ad? + BA+C =0 


for A. Its two solutions yield, if they don’t just coincide, two solutions of the differential 
equation and thus the general solution 


x= ce" + ce. 
If the quadratic equation in A has only one solution, then 
x=cje + cote"! 


is the general solution of the differential equation, as may be checked easily (directly or by 
a limiting process). 
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6 Planetary Motions 


In this chapter we shall investigate the motion in a central force field. As usual in physics, we 
begin with experimental observations—in our case the Kepler laws of planetary motion— 
and deduce the forces—in ur case the gravitational force between two masses. Later we 
shall reverse this process and start our reasoning with the forces and Newton’s equations 
of motion, and we shall then derive Kepler’s laws, As will become evident, theory then 
predicts new phenomena not contained in Kepler’s laws, for example the orbits of comets, 
perhelion motion, and other facts. 

Accordingsly, let us now consider in particular the planetary motion and start from the 
three Kepler laws, which were derived by Johannes Kepler! from the observations of planets 
made by Brahe.” These three laws are as follows: 


' Johannes Kepler, b. Dec. 27, 1571, Weil der Stadt—d. Nov. 15, 1630, Regensburg. Kepler was son of a trader 
who often also served in military, first attended the school in Leonberg, and later the monastic school in Adeltberg 
and Maulbronn. In 1589 Kepler began his studies in Tubingen, to become a theologian, but in 1599 he took the 
position of professor of mathematics in Graz offered to him. In 1600 Kepler had to leave Graz, because of the 
counterreformation, and he went to Prague. After the death of Tycho Brahe (Oct. 24, 1601) Kepler as his successor 
became imperial mathematician. After the death of his patron, emperor Rudolf II, Kepler left Prague and went 
in 1613 to Linz as a land surveyor. From 1628 Kepler lived as employee of the powerful Wallenstein mostly in 
Sagan. Kepler died fully unexpectedly during a visit to the meeting of electors in Regensburg. 

Kepler's main fields were astronomy and optics. After extraordinarily lengthy calculations he found the 
fundamental laws of planetary motion: the Kepler's first and second laws were published 1609 in Astronomia 
Nova, the third one 1619 in Harmonices Mundi. In 1611 he invented the astronomical telescope. His Rudolphian 
Tables (1627) continued to be one of the most important tools of astronomy until the modem age. In the field 
of mathematics he developed heuristic infinitesimal constderations. His best-known mathematical writing is the 
Stereometria Doliorum (1615) where, e.g., Kepler’s tub rule is given. 


“Tycho Brahe, Danish astronomer, b. Dec. 14, 1546, Knudstrup on Schonen—4. Oct. 24, 1601, Prague. He 
first studied law, secretly dealt with astronomy until he inherited a considerable fortune, and then continued his 
study in Germany. In 1572 he became known by the discovery of a new star, the Nova Cassiopeiae, which was in 
fact a supernova. He lectured in Copenhagen and, by recommendation by Wilhelm IV, count of Hessen-Kassel. 
who dealt with astronomy, he got the support of the Danish king Friedrich II, who in 1576 transferred to him the 
island Ven in the Sound near Copenhagen. At the observatory “Uranienborg” built there Brahe dealt with research 
and education and tutoring his numerous scholars and assistants. The troubles he met after the death of Friedrich 
I] (1588) forced him to leave the country in 1597. After a two-year stay with the count Rantzau in Wandsbek near 
Hamburg, he served as imperial astronomer with Rudolf I. In Prague he again gathered a couple of coworkers, 
among them Christian Ljongberg (Longomontanus) and first of all Johannes Kepler. 
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1. All planets are moving on cllipses. The sun stands in one of their focal points. 


to 


. The radius vector sun—planet covers equal areas in equal times (area theorem). 


3. The squares of the revolution periods of two planets are related to each other as the 
cubes of the large semi-axes of their trajectories. 


Let us denote the large semi-axis by a, and the 
revolution period of the vth planet by 7,; then 

ie 7 EB 

a a 

This means for a planet: T* ~ a’. 

We adopt two approaches: First we try to find out ©2 
the properties of the force field from the Kepler laws. 
Later on we shall start from the force field that will be 
assumed to be given, and deduce the properties of the 4% vectors for Cartesian and esiepes: 
path. In order to formulate the motion and the force orginates. 
law, it is appropriate to formulate the equations of 
motion in polar coordinates. According to the first of Kepler’s laws, the motion must be a 
planar motion. 

We therefore introduce the local unit vectors e, and eg at each point. They are defined 
by the equations 


e, = cos@e, + sind eo, 
€s = — sine, + cose. 


We know them already from Chapter 10 but shall briefly remind the essentials. The orien- 
tation of these unit vectors is time-dependent. Therefore, 


e, = (—sin@ e, + cosé e,)0 = 6ep, 
é, = (—cos e, — sin e2)6 = —6e,. 


We now express the velocity and acceleration in terms of these coordinates. Twofold 
differentiation yields 


Pere, . 
r=fre,+re, =re,+r0es = V, 


Brahe was the most significant observing astronomer before the invention of the telescope. He practically 
reached the possible accuracy of observations with the bare eye. The observations of Brahe and his coworkers 
formed the prerequisite for Kepler’s works on the orbits of planets. Brahe tried to substitute the Copernican world 
system by his own system, according to which sun and moon are orbiting about the earth resting at the center 
of the universe, while the remaining planets orbit about the sun. The Tychonian system was favored in the 17th 
century since the assumption of the incredibly large distances of the fixed stars that had to be presupposed by 
Copernicus were not needed in Brahe’s system. Brahe proved that the comets are not phenomena caused by the 
carth’s atmosphere, as was assumed, for example, by Aristotle [BR]. 
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V=Te, +76, +7be, +rbep + rbe, 


= ( —r6")e, + (r6 + 276) ey. (26.1) 
The area theorem now reads simply 
rée=h (h = constant). (26.2) 


This may be seen as follows: Let the force center be at the coordinate origin; then 
I 
dA = |dA| = ait x dr| 


is the infinintesimal area element, and furthermore 


dA 1 ar 


] ] 
adden gee esi en = —h = constant, 26.3) 
AS aoe a 


where s\r x v| is the “area velocity” of the radius vector. Hence: 
ir x vl =r'6 =h. 
From the area theorem found empirically by Kepler, it now follows that 


d(r?6) 
d 


= r(2r6+r6)=0. = Og = 
— re 
A comparison with (26.1) yields for the wanted force field 
F-e9=0, YE5-0,=0 (26.4) 


that is, no acceleration and hence no force is acting along the eg-direction. The area theorem 
thus implies that we are dealing with a central force field. This is already known from earlier 
(Chapter 17). And vice versa, a central force ficld requires the area theorem to be valid: For 
central forces the torque vanishes, D = r x F = 0. Hence, for central forces conservation 
of the angular momentum generally holds: 


Stes 10 == (0) L = constant; 
hence, 


ae 
L=rx p=(r X v)m = constant. 
From there one may immediately derive 


\L| = 76m = hm. (26.5) 


Mathematical interlude: consideration of conic sections in polar coordinates— 
ellipse, parabola, hyperbola: 


The equation in polar coordinates 
k 
r= ————— 
1+ ecosé 2E6) 
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describes 
circles for é = 0), 
ellipses (fore < 1), ¥*K 
parabolas (fore = 1), 


hyperbolas (for é > 1). 


Equation (26.6) is therefore the general equation for conic sections in polar coordinates. 
We make that clear in detail now: 


(a) Ellipse y 
It is the set of all points whose distances from [NEE 
two fixed focal points F and F’ in a distance of EN 
2c (see figure) have a constant sum 2a, which is Be | [0 
larger than F F’. Thus (compare figure), r +7’ = a 
2a, c? + b? = a’, where a and b are the major 


and minor semi-axes of the ellipse, respectively. 
Further it holds that The geometry of the ellipse. 


c= J/a*—b*=€-a, eal 


€ is called eccentricity. For the circle ¢ = 0 (both focal points coincide, i.e., c = 0). 
Obviously (compare figure) 


r+J(2c)* +r2 4+2(2c)rcosé = 2a 


or 
Ae?a? +r? + 4ear cos6 = (2a —r)*, 
ws ati —<7) = k 

’=T+ec0s6 14+ecosd' 

where 
> ab b? 
k=a(l—é)\ =a aaa =>. 
a a 


We still give the equation of an ellipse in Cartesian coordinates. From the figure one may 
immediately read off 


P=vy@—e ty, tf =v (4c) sy, 


such that the defining equation for the ellipse reads 


rtraVvx-cPt+y?+V@ate?+y? = 2a. 
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Forming twice the square, together with b? = a? — c?, then leads to 
e2 | ye 
a bp 


(b) Circle 


Circles casually fit in as special cases of ellipses (€ = 0). 


(c) Parabola 


The parabola is the geometric locus of all points P of a plane that have equal distance from 
the fixed guideline L and the fixed focal point F. 
Therefore, 


Guideline 
r=d=2c-—rcosé 


or 
2¢ k 


pe 1+cosé = 1+ecos9’ 


where ¢€ = 1 and k = 2c. We shall also write the 
parabola in Cartesian coordinates. From the figure we read 


r=JV(c+x)4y?, 


such that from 


The geometry of the parabola. 


=a C— x 
after squaring follows 


a = —4ex. 


(d) Hyperbola 


The hyperbola is the geometric locus of all points of 
a plane whose distances from two fixed points on the 
plane (the focal points) F and F’ (with distance 2c) 
have a constant difference. Hence 


r—-r'=2a<FF' 


or 
a [pa ey. Ay eeaeo 6 =e The geometry of the hyperbola. 
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With c = €a (€ > I, see figure) it follows that 


a(1 — 7) k a8) 
r= = a —e*). 
1+ecosé@ 1+ e€cosé s 


In Cartesian coordinates the hyperbola equation follows from the defining equation 


r—r'=2a 
or 
(@— x)? + y* —4/ (c+ x)? + y? = 2a 


after squaring twice and using b* = c” — a? as 


Thus, the general form (26.6) of conical sections is founded. 

We now continue our physical considerations and return to the further investigation of 
Kepler’s laws. In order to derive the special form of the force law from the Kepler laws, we 
now take into account that the trajectory is an ellipse with the sun at one focal point. The 
equation of the ellipse reads in polar coordinates 


k 
= a 26.7 
J 1+ ecosé eet 
with the parameter 
1-2 @-ce Fb 2. , tw 
k =a(l — 6) =a ——— =“ =—, CaaS a oe 
a a a 
and the eccentricity 
2 be 
= : | 
a 


We already know from (26.4) that the force, and hence the acceleration, must be central, 
namely, proprtional to e,. We thus can calculate the central acceleration—-see (26.1)—and 
taking into account (26.2), we get 
dr. € 2 8 
p= —§ = —sinOr’?6 = —hsind, 
i aon: 
é a a 
Fr = —hcos0 0 = —- cos, 
k kr 


and, using (26.2) and (26.7) for the component of (26.1) along e,, finally 


55. eee 1 h? 
os 2, Saale (ioe Shes) Wee, 
hese ) (; cos @ *) (26.8) 
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The central force of the wanted field for a planet of mass m is therefore given by (see 
also (26.1)) 
on yy) a r 

F(r) = m(r ~ré Je, = peat 
At first the quantity h2/k appears as a constant that is specific for each planet. But keeping 
in mind the third Kepler law, we find that h”/k has the same value for all planets. This 
may be seen as follows: Because h/2 is the area velocity of the radius vector for a defined 
planet, the area of the ellipse equals ab and b* = ak, it follows for the revolution period 
T that 


h 
a = sab, 
h-T = 2nab = 2nVaerk, 
and 
T?  4n*k = hh? . 4n7a? 
ae hk = ee 
Because 
a 2 
72 =constant => ra = constant. (26.9) 


Because according to the third Kepler law a’ /T? is equal for all planets, the same obviously 
holds also for h?/k. The quantity h*/k is the same for all planets. Therefore, all planets 
obey the force law 


mr 
F(r) = — constant ee 
Lie 


If, according to the principle of actio and reactio, the mass of the central star is still 
factorized out from the constant (finally the force must vanish if the sun mass M vanishes), 
the gravitational law thus takes the form 


Ps ye ) (26.10) 


It is remarkable how this fundamental force law may be deduced from Kepler’s laws. As 
we have seen, it is completely contained in these laws. Already Newton realized that the 
acceleration a planet feels due to the attraction by the sun is of the same nature as the 
acceleration on a freely falling body by the earth gravitation. The factor const = y M in the 
law (26.10) is of course only then the same if the attracting body is the same in both cases, 
for example, the earth. Newton therefore compared the acceleration of fall near the earth’s 


surface, roughly 10 m/s”, with the central acceleration of the moon on its orbit about the 
earth. The latter one is 


Bie 4n7a  40-6370- 10° 60 cm 
ae 72 972-94? Gia 
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where the distance of moon a is set equal to 60 times the earth’s radius (6370 km), and the 
circulation period of the moon equal to 27 days. Because 


40 - 6370-10? _ 
22.28.60 
it follows that 


. _ 10° cm 


Qt = ——— 
602 s? 


and 
wa! g ~ 1/60"; 


that is, the acceleration of the moon on circulating about earth is actually related to the 
acceleration of free fall near the earth’s surface inversely as the squares of the distances 
from the earth’s center. 


Example 26.1: The Cavendish experiment 


In principle the gravitational constant y may be de- 
termined by measuring the attractive force between 
two bodies of known mass. In practice, however, the 
gravitational force is so weak that it becomes highly 
difficult to demonstrate it in the laboratory. In the 
so-called Cavendish experiment (Cavendish,* 1798) 
the force between two masses is determined from the 
torsion of an elastic suspension string (see figure). 

The masses m, and mare fixed to the ends of a 
light scale beam of length 2/ suspended by a very thin 
quartz fiber. Already a very weak force may force the 
fiber to rotate about its axis (torsion), such that the 
torsion angle may provide a measure for very weak 
forces. To make the small torsion of the string visible, 
a mirror is attached to this string, which is hit by a Torsional balance for the determination of 
light ray. Observation of the reflected ray allows us_ the gravitational constant. 
to measure any rotation of the string, and thus of the 
mirror. 

In the measurement of the gravitational constant y two large masses m, and m’, are positioned close 
to the masses m, and m’), as shown in the left figure below. Because of the gravitational attraction 
the small masses m,, m, move and thereby twist the string by the angle @. After stabilization of this 
configuration, within several hours the masses mm, m’, are brought into a new position, as represented 
in the right figure below. 


*Henry Cavendish, chemist, b. Oct. 10, 1731, Nizza—d. Feb. 28, 1810, London. He investigated gases in 
detail, isolated carbon dioxide and hydrogen as distinct kinds of gases (1766); he realized the composition of air, 
discovered the explosionlike combination of hydrogen and oxygen (oxyhydrogen gas) and hence the composition 
of water. When working on nitrogen he discovered nitric acid. His determination of the gravitational constant by 
means of the torsional balance was of particular significance. 
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voN 
Ea 


The first position of the masses Mm and The second position of the masses 
m, for the determination of the gravi- Mp and m),. 
tational constant. 


The string is now twisted anew by the gravitational force, namely in opposite direction by the 
angle 20. The system does not reach the final equilibrium state right now but rather oscillates with 
decreasing amplitude toward the final position (weakly damped oscillator—see figure on the next 
page). The period of oscillation amounts to about 8 min, and after about 30 min the system reaches the 
final equilibrium state. From these data the force between the spheres is determined, and with known 
mass and known distance between the centers of the spheres, we may calculate the gravitational 
constant y from Newton’s gravitational law: 


m°* 
= 6.67- 107" 
4 kg s? 
From the defining equation for the gravitational acceleration on the earth’s surface 
m 
ey a (m: mass of earth, R-: radius of earth) 
E 


and with the known constant y we may now calculate the mass of earth. We obtain 


5 R2. 
BME — 597-10" kg, 


Me = 


where R; = 6.37-10°m, g = 9.81m/s* have been assumed. This implies a mean mass density of 


End 
Position 


10 20 30 40 50 


Oscillations with weak dampening around the end position. 


t (min) 
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earth of 


m kg 
=>—-—= = 5.5- oe 
ay es as 


0 + 5.5 g/cm’ (o(iron) = 7.86 g/cm’) . 


Derivation of the Kepler laws from the force law 


So far we have derived the gravitational law from the Kepler laws. Now we shall investigate 
central force fields in general. One may start from the assumption that the force field is 
known. The central force field has the following properties: 

1. Central force fields F = f (r)* with arbitrary radial dependence f(r) are conservative, 
that is, the energy conservation law is valid because 


€| €2 1) 
a 0 a 
cul) ay ay Az =u: 


fN— FM FO 
lf r r 


With r = f/x? + y? +22 = f/x? +23 +x? and dr/dx; = x;/,/x? +213 +x? = x)/r 
there holds, for example, for the e,-component 


a Az a y 7) fo) or ) (2) or 
Be |e [rz ]=25 (2 ay arr ) az 
noe PLO \ ey ey 
ar ( r ) ( r 3 ) cas 
The vanishing of the the other components can be deduced in an analogous way. This is 


also vividly clear, as a central force field that points only toward the center or off center 
cannot have vortices. 


2. Ifa body moves on an orbit in the central force field, then the orbital angular momentum 
is conserved. That means that the area theorem holds. For central force fields, we have 


f(r) 


JD) 7p S28 1 a ee ae 


thus 
L=rx p=m(r x v) = constant = mh 
or 
—|r x vf = a = ~h = constant. 
2 at. 52 
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3. A body in the central force field always moves in a plane, because from 
——.> 
r X V= h = constant 
it follows that 
1 
rhor-@¢xy) =r b—0: 
m 


Hence, r points perpendicular to L. Because L is constant, r always lies in a plane. In 
other words: The body moves only within a plane perpendicular to the angular momentum 
vector. Based on the conservation of energy E and of the angular momentum L, we shall 
try to make statements on the orbital motion. The conservation laws concerning the angular 
momentum and the energy according to (26.5) read 


pee i (26.11) 
1 
5mv +V(r)=E (26.12) 


with the gravitational potential 


Vir)=- [Fw -dr 


r-d rd —yM 
=yMm [ “== yMm [ & = ae 
3 r2 r 


The gravitational potential has been chosen such as to vanish at infinity (i.e., for 7 — 00). 
This 1s always possible since we know that the potential is determined only up to an additive 
constant. Using 

y? ae r2 4 r°07, 
we rewrite the energy conservation law (26.12) into 


ae 47°67) 4 V(r) = E. 


With the angular momentum (26.11), it follows that 


Daal 
2, 2mr2 


++ Vir) = E. i (26.13) 


Hence, the total energy is composed of three components: a radial kinetic energy (@ F*); 
a rotational energy (L*/2mr7); and a potential energy (V(r)). The rotational energy is 
usually written in the form L?/2J, where J = mr? is the moment of inertia of the mass 
point (the planet) with mass m when revolving at a distance r from the axis of rotation. This 
will be treated in more detail in the second part of the mechanics course. From equation 
(26.13) we may now easily determine r(t), because 


: } 
Pay (E— V(r) — L?/2mr?), (26.14) 
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d 
d= a (separation of variables), (26.15) 


J 2(E — V(r) — L2/2mr?) 
/ dr 
ttf ——_—_———... 
-d Vf 2(E ~— V(r) — L2/2mr?) 
1 


As already mentioned, the total energy (26.13) consists of three terms; here 5 mr? is 
denoted as kinetic radial energy, and L?/2mr? as rotational energy. This rotational energy 
may be incorporated into the potential, as L* is constant and L?/2mr? therefore acts like a 
potential term in (26.13). The term L?/2mr? is therefore also called rotational potential or 
centrifugal potential. Thus one is led to the effective potential 


(26.16) 


2 


Le 
Uae YO) Tes 


consisting of the gravitational potential V(r) and the centrifugal potential L?/2mr?. From 
(26.11) we may calculate the orbit, using the expression (26.14) for r. It then results that 


Ldt Ldr 

dO = a 
mr r?,/2m(E — V — L?/2mr’) 

_ dr 
r2./2mE /L? — mV (r)/L? — 1/r? 
Or 
r d 
6 — 0) = / Ces. (26.17) 
r2,/(Qm/L?) (E — V) ~ 1/r? 


™) 


The integrals (26.16) and (26.17) yield t = t(r) and 6 = 6(r), respectively. The motion 
r(t) and r(@) may be determined by means of the inverse functions. There always enter 
four integration constants: E, L, ro, and fo or &. Energy and angular momentum may, of 
course, also be expressed by the initial velocities ro and 6. In principle from (26.17), the 
function 6(r) or r(@) may be determined. As will be seen later on, it is, however, easier to 
calculate u(?) = 1/r(@) directly from the dynamic basic law (force law). We now shall 
follow the second approach. 


The equation for the orbit in the gravitational field 


The path of a body in the Newtonian force field 
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shall now be determined. We don’t start from the integrals (26.16) and (26.17) but shall 
derive a differential equation for r (6) and look for the possible solutions in the gravitational 
potential. The energy law is (see equation (26.13)) 


1 . : 

mr +7PO)+V(N)=E, (26.18) 
and the angular momentum conservation law reads 

r°6 =h. 

Then 

ar drh 

r= —@O0 = — — 

dé dé r? 

and the energy law (26.18) thus can be written as 

oh? vedere) 


We expect the conic sections (26.6) as solutions. Therefore, it is obvious to consider the 
variable u(#) = 1/r(@) = (1 + €cos@)/k. For u(@) one may expect a simple differential 


4 


equation. By substituting u = 1/r, we have with dr/du = —1/u 
ca dr du ae! 4 du 
d@ dud@ = wd” 
ar. ld d 
j= 6 =~ hw? = -he, (26.20) 


and we obtain for (26.19) 
1 1 (du\” 1 l 
ee h CIM iid 9 (gel ae ae) es 
pitlat (3 (F) alt) le 
Lah? | (2 1s = Poe . 
Z dé@ 7 us (26.21) 


These relations will be useful later on. The function wanted is u = u(@). It could be 
calculated directly by integration, but another path is much easier. For this end we start 
from the Newtonian equation for the central force 


F(r) = m(F — r6’). 
Replacing again r by u, then with the use of (26.20) it holds that 


d {du d*u. 
Spe iee (| —— | a 
‘a (S) do’ 


pleat 
r? d@? dé? 
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and with r26 = h it then results that 


2 
i F(2). (26.22) 


dé? ~ muzh? u 


F(1/u) may now be determined from the gravitational law (26.10). We have 


M 
F = F(r)e, = -y—e, = —Hw’e,, (26.23) 
= 
where 
H=yMm. (26.24) 


Hence, (26.22) turns into 


aes + (fh ee Sa (26.25) 


This inhomogeneous differential equation is to be solved. The solution of the corre- 
sponding homogeneous differential equation 


d-u 
aa 
is, however, 
u(@) = Acos6+ Bsiné. (26.26) 


A particular solution of the inhomogeneous differential equation is easily found, namely 


= tant = —. 26. 
u = constan oe (26.27) 
The general solution of equation (26.25) therefore reads 
H : 
u = —+Acos#+ Bsiné, (26.28) 
mh? 
or written in another form—see (21.10) and (21.11): 
H 
i= C cos(@ — 9), (26.29) 
mh 


where @ is a constant angle; its magnitude depends on the choice of the coordinate frame. 
As no assumptions on the coordinate frame were made yet, one may choose it now such 
that @ = 0. One then obtains for u(@): 


H 1 
6) = —~+Ccosé = —-. , 
u(@) he + Ccos 76) (26.30) 
Solving for r(@) yields 
h?/H 
r(9) = sal (26.31) 


1+ (Cmh?/H) cos0 
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With a look at the equation of the conical sections (26.6) we introduce the constants 
k = mh?/H and ¢ = Cmh?/H. We then obtain for the path equation 
k mh? Cmh? 
§) = ———_——_., k= —, Ce ; 
r(6) 1+ecosé H H 
This is just the equation of a conic section. The particular shape of the path curve is 
determined by the eccentricity ¢: 


(26.32) 


¢€=0: r(@)describes acircle, 


O<e <1; an ellipse, 
cae a parabola, 
en I: a hyperbola. 


We shall now investigate on which physical quantities (e.g., energy, angular momentum) 
the eccentricity depends. For this purpose we first determine the constant C by means of 
the energy law: 


H 
u(@) = ie +Ccosé (26.33) 


is differentiated and inserted into the energy equation (26.21); hence 


Cee 
5mh (3) +2) =2—v(2), (26.34) 


1 H 2 
smh (c sin? 6 + (= + C cos 0) =E-V (=) ; (26.35) 


where V = V(r) is the potential. It reads 


r 


M 
vin=-[Far=[? pede 2 yn = Hu ¥ (2). 
r r u 
oo 


We now insert V(1/u) = —Hu in the energy equation, which leads to 
1 H i H 
Svan Ge since 4 ——— = pa! 
am ( sin’ 0 + a E+dH me Oo” ; 


With the intermediate calculation 


1 H \? H 
—mh? | C2 (sin? 6 + cos? 6 (=) 2C —~ 
5 ( )+ hi + Ca cos 6 


H 
=E+H (75 +C00s0)., 
mh 


PLANETARY MOTIONS 261 


we may solve for C and obtain 


H? 2E 
C=,J—+— - 26.36 
m*h4 mh? ( 
From there we calculate ¢ according to (26.32) as 
2Emh?2 


Hence, the shape of the path depends on the total energy E and the angular momentum 
| = mh of the moving body, and it holds that 


for a parabola: fe), hence E = 0, 
,M’m 
for an ellipse: O<e<1, henceE <0, -y He <E <0, 
H Dn Ah? 
for a circle: é=0, hence E = ape aia ae 
for a hyperbola: E> hence E > 0. 
The effective potential—overview on path types 
If one writes the total energy in the form (26.13) 
Mm.» 1B 
a Aaa 2mr? 
and introduces the effective potential 
L? 
Ver (7) = V(r) + Om?! 
hence 
a + Ver(r) = E, (26.38) 


then this equation just corresponds to a one-dimensional motion under a force depending 
only on r; the potential energy of this one-dimensional motion is just the effective potential 
energy Vog(r). We shall discuss its trend. Let the angular momentum L be given as fixed. 
Then V.¢ consists of the attractive gravitational potential ~ —1/r, which dominates at 
large distances, and of the repulsive angular momentum barrier ~ L*/r?, which governs 
the motion at smal] distances. The superposition of both terms yields a potential, as shown 
in the sketch. 

We now consider various energy values E. At the reversal points of the orbital motion 
one has r = 0, that is, according to (26.38), Veg = E. These positions correspond to the 
points with the maximum and minimum distances from the central star. For the parabola 
and the circle there exists only one solution for a given Veg, but there exist, on the contrary, 
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Vor 
Ey alas 
min circle max 
Ee itcin 
aise canis 
Ec | |be2eo eee Radial Kinetic Energy 


circle 


Classification of different orbit types with the help of the effective potential. 


infinitely many choices for hyperbolic and elliptic orbits. For the parabola and hyperbola, 
there are no bound solutions (the kinetic energy is large). The bodies come in from the 
infinite, are then reflected by the effective potential, and disappear again to infinity. Such 
processes play an important role also in atomic and nuclear physics: For example, atomic 
nuclei scattered by other atomic nucei are moving on hyperbolic paths, the same holds 
for electrons scattered by atoms or nuclei. Electrons may also be bound (Bohr’s model of 
atoms). These considerations, which were developed in the context of the gravitation law, 
may also be transferred to the Coulomb force law, as both types of forces have the same 
radial dependence and in both cases central forces are acting. 


Path parameters, the third Kepler law, and the scattering problem 


The semi-axes a and b of the elliptic orbit may be determined from the path equation (26.32). 
We have 


1, k k])  k 
a= 6é=0)+r(6 = = — ee | 
rhc eer sleet ie 
mh? /H _ H _-yMm 


~ See FE. eee 


k 
b= Va? —c? = Va? — ea? =aV1—~e2 = 


1 —«? 


(26.39) 


= mh? /H a mh =m, 
J—-2Emh2?/H2 J—2Em V 2E * vem 
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This allows us to calculate the period of revolution 7, based on the constant area velocity 
dA/dt = h/2, equation (26.3), and equation (26.37): 


n(mh?/H)* 


mab mk? 
© dA/dt (1 62)32h/2 (—2Emm?/ Hh /2’ 
such that 
Toh (CL — 62) 
a a-(h/2  k/( —e2)-(h/2) 
a 4n7*k An? mh? 
h? h?.H 
_ 4?mh?  4r? 
h?yMm yM 


Thus, 77/a? depends only on the universal gravitational constant y and the mass M of 


the central star. Therefore, 


T? An? 
—— = constant = —— 
a yM 


(26.41) 


for all planets. This is the third Kepler law. We note, however, that in the derivation of 
the Kepler laws recoil effects were neglected. Therefore, there result minor deviations 


of the order m/M. For the earth orbit, for 
example, such corrections are of the or- 
der m/M ~ 1/3-10-°. For the case of 
just two bodies interacting by gravitation, 
these recoil effects can be treated exactly 
with the help of the reduced mass; see Ex- 
ample 26.10. 

According to (26.32) and (26.37) the 
constants of the elliptic orbits k, a, ¢ de- 
pend on the constants FE (energy) and h = 
L/m (angular momentum constant). In 
particular, according to (26.39) the ma- 
jor semi-axis of a planet of mass m de- 
pends only on the energy E, the quantity 
k = mh*/H = h?/yM only on the angu- 
lar momentum constant. 

The first statement is immediately evi- 
dent from the discussion of planetary or- 
bits in terms of the effective potential: For 
given V.¢ (1.e., given angular momentum) 
both rmax and rpin depend only on E. If one 
initiates, for example, an elliptic motion by 
ejecting the mass m from a fixed position 


Orbits with the same energy have 
identical large half-axis. 


Perihelion Aphelion 


Orbits with the same area constant (constant an- 
gular momentum). Ail orbits with identical area 
constant A intersect at r((O = 2/2) = k = 
WP /(yM). 
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with a fixed initial velocity, then the direction of the initial velocity has no influence on the 
magnitude of the major semi-axis. The left-hand figure ahead shows elliptic trajectories of 
identical energy; the right-hand figure shows elliptic, parabolic, and hyperbolic trajectories 
of identical area constant (identical magnitude of angular momentum) h. Among the tra- 
jectories of equal energy the circular orbit has the maximum angular momentum constant; 
among the trajectories of equal area constant the circular orbit has the minimum energy. 


Hyperbolic orbits—the scattering problem 


We have already seen that for comets E > 0 may also 
occur. Because there are also other central force fields of 


the type 


for example, the electric forces between two charges g, Typical orbit for the scattering of 


and q2 


opposite electrical charges on 
each other or of two masses with 
gravitational interaction. 


the case E > 0 has general significance. We ask for the deflection 5 of a mass point (mass 
m) coming in from infinity with a velocity v,, and an impact parameter b (“distance”) and 
passing the center of force (mass M) caused by the attractive force (see figure). For the 


deflection angle 4, it holds that 


5 °0C<‘(§K 
2 — > -=—-g. 
o+ 4 ) 5) 9g 


The quantities g and ©,, are further related by 
Y=T —- On. 


Insertion in (26.44) yields 


a) : X 
= a == sin (8.0 — a) = — cos @,,. 


The radius in polar coordinates is given by 


k 


Q) = ——__—_.. 
AS) l1+ecos® 


(26.44) 


(26.45) 


(26.46) 


(26.47) 
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For r = 00, it follows from (26.47) that 
5 tl 
I+ecosO,=0 3 I-esin-=0 = tit ee 
2) A & 


It then holds that 
(5 sin 6/2 sin 6/2 
tanj —-}= SS —>__ SS = 
2 cos 6/2 1 — sin? 6/2 
! 1 
ae (26.48) 


Siena 62 — |] 


€ is, however, given by 


2Emh? 
E= ] + (yMmy2 ; (26.49) 


with the constants FE (energy) and h = L/m (constant of angular momentum): 


E= ae 
L b 
oe ae (26.50) 
m m 
Insertion of (26.49) and (26.50) into (26.48) then yields 
5 M Ms 
tan (5)= 2 A (26.51) 


— [1 mv? b2v2, ~ buz, 


For the deflection angle 5, we thus obtain 


yM ) 
6 = 2arctan | —— }. 26.52 
{ m2 FE 


If v.. increases from 0 to co, 6/2 decreases 
from 7/2 to 0, or 6 from 7 to 0, respec- 
tively. We still briefly consider the case of 
a repulsive force of the form (26.42). The 
calculation follows the same lines, only the 
coupling constant y changes its sign, and the 
deflection angle is given by the same equa- 8 2 ie Geeta ee 
tion (26.51) but with y = —ly|. 

These scattering problems play an im- Scattering angle 6 as a function of x = yM/(b v3.). 
portant role in particle physics. Also in the 
modern heavy-ion physics heavy nuclei may be interpreted as classical particles that are 
scattered by the central force field of another nucleus. This so-called Coulomb scattering 
gets important, both in Coulomb excitations of nuclei (the nuclei scatter by each other but 
don’t get in touch—nevertheless the individual nuclei are excited by the electric (Coulomb) 


—n/2 ia 
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forces), as well as in peripheral nucleus-nucleus collisions (the nuclear forces hardly play a 
role in a grazing touch of nuclei—only very few nucleons may be excanged between nuclei). 
(see, e.g., J.M. Eisenberg and W. Greiner, Nuclear Theory, Vols. 1-3, North Holland, 
Amsterdam, 1985). 


Problem 26.2: Force law of a circular path 


A particle moves on a circular path through the origin under the action of a force pointing to the 
origin. Find the force law 


F=+f(ne. (26.53) - 


Solution 1. (using the energy law): 
The path equation expressed in plane polar 


coordinates reads VAN 


r = 2acos?. (26.54) x 


For central forces holds the energy equation (26.19): 


mh? [{dr\’ _, 
= at 7) +r°]-+ V(r) = constant, 


PS Iilustration of the orbit and the coordinates used. 
m 


When differentiating the total energy with respect to r, we get 


mh? { (dr\° mh? { d (dr\° dv 
~2-—— | | — 2 —{|—|— — =0. : 
zs (3) +4 774 (F (5) +a) + 0 (26.55) 
We have 
os = —2a sing, 
d GF od 
oon | (nae es 4a? oo! = —2r 
7 (3) ek r*) 2r (26.56) 
From F = — grad V, it follows that dV /dr = — f(r). Inserting (26.56) in (26.55) hence yields 
mh ss WP 
fM=- = (4a? sin? + 4a? cos?) = aoe le (26.57) 
s : 
meaning the force law reads 
8a*mh? 
=a (26.58) 
Solution 2. (using equation (26.22)): 
We may obtain the force F also by taking into account equation (26.22) because 
3 BP fit 
= —-j=- og (geese = 
ryan (;) mu (Se tu), where u ern (26.59) 
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To get f(r), we first have to form d7u/d@?: 


du 1 siné 

es ty 26.60 
d6 2a cos?@’ ( ) 
dus 1s cos’ 6 + 2 sin’? A cos@ 1 1 2 sin? @ 
peaienedgrean sei ey. rans ND apm pee ae cee 26.61 
d6é2— 2a cos’ @ 2a (<5 cos? 4 ) ( ) 


Inserting 26.61 in 26.59, we obtain 
1 2 2 sin? 6 
= eee 
©) 7 ha? cos? 6 (5 cos @ Bs cane) 


2 1 — cos? 6 
er he 
a areas ( a cos? 6 ) 


2mh*4a? 1] —2mh*4a2 i —8mh2a 


r 4a? cos? 6 r° r 


From there it again follows that 


= 8a?mh? 


r 


Problem 26.3: Force law ofa particle on a spiral orbit 


A particle in a central force field with the center at the origin of the coordinate frame moves on a 
spiral path of the form r = e~°. What is the force law? 


Solution Central forces obey equation (26.22) with F(r) = f (r)e,: 


I\ ce eds 
s(=) = mh*u (Get ; 


with u = 1/r. Here u = e°, u = u”. By insertion we find f(1/u) = —2mh7u*; hence 
—~2mh? 
f(r) = ne 


Problem 26.4: The lemniscate orbit 


Determine the force field that forces a particle to follow the lemniscate path r° = 2 a? cos(26). 
Solution For central forces again equation (26.22) holds: 
1 du 
= ae h 7 Aa (ales ft ; 
i (<) mh*u ( 62 u 
where u = 1/r. The path equation then implies 


fd e000 I du sin 20 
r =av2cos26, u = 7 = ; 
av/2cos 20 46 a/2(cos 26) 3”? 


dru 1 (s+ 2 )= ] ( 3 l ) 
dO? aqu/2 \ (cos20)°/2 so /cos20/ a2 \(cos20)5/2, cos 20) 


268 PLANETARY MOTIONS 26 


Insertion into the above equation yields 


1 y 
Vi (<) = —12mh’ atu! 
u 
= 12mh?a‘ 
= f= ee = 
This lemniscate path is illustrated in the figure. 
For the sake of completeness we still remind 


ourselves of the definition of a lemniscate: The 
lemniscate is a particular Cassini* curve that is 
defined as the set of all points P of a plane for 
which the product of the distances 7; = | P F)| 
and r, = | P F,| from two fixed points F, and F, have a constant value a’ (see figure), 


The lemniscate r2 = 2a* cos 20. For 45° < @ < 
135°, cos@ is negative, and hence there is no 
“standing figure 8” part in the lemniscate. 


The distance of the two fixed points is | F, F)| = 2e. If a = e, the Cassini curve tums by definition 
into a lemniscate. Let F, and F> have the co- 
ordinates (+e, 0) and (—e, 0) in a Cartesian e=6 


coordinate frame. Then r? = (x —e)? + y” and _.a=10 
r2 = (x+e)?+y*hold.Fromr-r,=a* we / (—*—-2e4~---*~ \ 7 
get after squaring the equation meen A 
Gye yy) oe 
=a‘'-—e' 
of the Cassini curve. It is a fourth-order curve. 
In the special case of the lemniscate, a = e, 
hence The definition of Cassini curves. 
(x? + y?) — 2e7(x?—y*)=0. (26.62) 
When changing to polar coordinates (x = r cosy, y = r sing), we get 
r? =e cos2y + e4 cos? 2g + (a4 — e4). (26.63) 


The shape of a Cassini curve depends on the ratio of a to e. Again, for the special case of the 
lemniscate, a = e, we get 


r’ = 2e* cos2y. (26.64) 


Problem 26.5: Escape velocity from earth 


What must be the initial velocity of a projectile to leave the earth? The air friction is to be neglected! 


4 Giovanni Domenico Cassini, b. June 8, 1625, Parinaldo—d, Sept. 14(?), 1712, Paris. Cassini was professor of 
astronomy in Bologna, at the same time fortress architect and appointed to work on river regulation. From 1667 
he was director of the observatory in Paris. He mostly published astronomic papers. The Cassini curves were 
supposed to replace the Kepler ellipses. However, they were published only in 1740 by his son, Jacques Cassini 
(1677-1756), in his book Elements d'Astronomie. 
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Solution 


The attractive force of earth is F = —ymM/r’. At the earth’s surface r = R, there is —-F = mg = 
ymM/R?, that is, g = yM/R’. 
The equation of motion reads 


v if M 
/ vedv = — | Yar; 
r 
% R 
hence 
I ee! 
g(t) = ty (2 §): 
This is nothing else but the energy law, which we could have written down immediately: 
topes 1 , ymM 
= —ymM/r = — _-—. 
ie ymM/r pelea R 


If the missile shall leave earth, that means r —> oo. The minimum initial velocity results if the velocity 
of the missile arriving at r = oo just became equal to zero—v(r — oo) = O0—and therefore 


km 
Up = ——— = 2gR, wy © 11—. 


This is called the escape velocity that a body (independent of its mass) must have to leave the earth’s 
gravitational field. 


Problem 26.6: The rocket drive 


Solution 


A rocket of initial mass mp per unit time expels the quantity of gas@ = Am/Ar > 


0 with the constant velocity vp. We look for the equation of motion. The gravi- m 
tational force shall be assumed as constant. That means that the rocket problem f €; 
shall be considered only near the earth’s surface. v 
: : Am 

The rocket of mass m(t) moves upward with velocity u(t). Thereby the mass 
Am is expelled downward with the constant velocity vg (relative to the rocket). 

To describe the motion of the rocket, we must adopt the Newtonian force law Yo 
in its original form 

The rocket prob- 
dp =f lem. 
dt 


because the mass of the rocket is variable. It therefore holds that 
dp dy is vai 
—_> «= N— ==, 
dt dt dt 


where 


V = ve; 
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means the vertical velocity. Within the time interval Az, the expelled gases carry off the momentum 
Ap’ = Am(v — vp)e; = @(v — v9) Ate. 
This implies a force on the rocket (recoil force) of the magnitude 


: Ap’ 
r= - = —a(v — v9)e3. 


In addition, there acts the gravity force —mge,. Hence, the Newtonian force law reads 


ald ( ) ae an, Ay 
“i FP ata ai) er, aL 


This balance holds in the inertial system that is tightly fixed to earth. With m = mo — at and 
dm/dt = —a, it follows that 


mets = +aUe3 — mge 
di 2= 0&3 &&. 
The term arvp on the right side represents the recoil force. We further conclude that 
v 1 
av 
f= f[( -s) ar, 
mo — at 
0 0 
t 


vt) =—gr +0: f 


0 


= —pt — Up in ( -- <.1)| 
mo 0 
= —pt — woin(1 ~ <1) } 
mo 


Obviously, the rocket velocity depends linearly on the exit velocity up of the recoil gases. A further 
integration yields the altitude h(t) the rocket reached: 


h 
1 Oe 
h= f var =—eF—w f n(t- = 1) at. 
; 2 my 


With the substitution u = 1 — (a/mo)t, du = —(a:/mo) dt, we get 


| 
Upmo VoMg 
— [mud = ——|Julnu—u 
a Qa 
1=0 


a/mp dt 
1—(a/mo)t 


t 


10 


il 
! 
= 
| fee | 
a 
i 
=| 
~ 
Sa 
= 
Goa 
| 
eS 
B\e 
a 
So 
| 
a 
= 
| 
= 
&(R 
A 
Donegan 
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tl 
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Hence, the altitude of the rocket after time ft is 


1 
foe oa (: 7 =) in(1- 21) + wt 
iD a Mo m9 


To determine the moment T of the bumout, we introduce the mass of the casing m,. We then have 
mg =m, + aT, where aT is the mass of fuel. 


op a ee ee pln 
[o4 Mo 1 
and the altitude 
1 a a 
hy = hr) = —59(™ ™) + E mi ty a 
2 a Mo 


The final velocity depends linearly on the exit velocity vp of the recoil gases and is proportional to 
the logarithm of the ratio of initial to final mass. The further motion of the rocket follows according 
to the energy law: 


l > 
=m-v, =m-g-h. 


2 
The additional altitude h» the rocket reaches after burnout is calculated as 
v2 
a 
2 2g 


The total ascension altitude of the rocket is therefore 


ye 
h=ht+th=h,+—, 


2g 
1 my—m\? 1 Mayen Mo —m m 
n= 30( 0 ] ~52( 0 ! ons 0 i ipo 
2 a 2 a ao Mo 
WR sila Mo — mM m 
Fe ee Pg ee 
Io omy a a mo 


= (in +1) 9 + vyin™ (in 4 MA), 
mo a mo \2g mo a 


Problem 26.7: A two-stage rocket 


Establish the equation of motion of a two-stage rocket in the homogeneous gravitational field of earth. 


Solution Let T be the burnout time of the first stage. For: < T, the quantities s(¢) and u(t) are obtained as in 
Problem 26.6. The mass at start is 
Mj =m, +aT+aT’ +m; 
m,: casing of first stage, aT fuel of first stage, 


my: casing of second stage, aT’ fuel of second stage. 
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Fort = T, the mass is m) = m2 +a@T". Fort > T (A’(t) and v(t) have the analogous meaning as in 
26.6) we have 


h(t)=h(t—T)+A(T)+ 012) -T), 
v(t) =v (t —-T) + v(T). 


eae 


Probiem 26.8: Condensation of a water droplet 


Solution 


A dust particle of negligible mass being under the influence of gravitation begins to fall at time 
t = 0 through saturated water vapor. The steam thereby condensates with constant rate 1 [gram per 
centimeter] on the dust particle and forms a water droplet of steadily increasing mass. 


(a) Calculate the acceleration of the droplet as a function of its velocity and the traversed path. 
(b) Determine the equation of motion of the droplet by integrating the expression for the acceleration. 
Neglect friction, collisions, etc. 
(a) The only external force acting on the droplet is the gravitational force 
F, = mg. 
According to Newton’s law, 


dm dv dm dmdx 
= ——v + m— and i 
dt dt dt dx dt 


because the increase of mass dm/dx = X shall be a constant. According to equation 26.65, the 
acceleration is 


=v, (26.65) 


mg 


dv _mg—hv° 


2= 
dt m 


; (26.66) 


and, because the mass of the dust particle at ime t = 0 and position x = O is assumed to be negligible, 
we have m = Ax, and for equation 26.66 we get the acceleration 
2 
v 


¢=e 5 (26.67) 


x 


(b) The equation of motion for the dust particle shall now be determined by integration of equation 
26.67. From 26.67 it follows for x 4 0 that 


dx dx\? 
x: wat ( ) — gx = 0. (26.68) 
To solve this nonlinear differential equation, we try the ansatz 
See AM 
and substitute it in equation 26.68. We obtain 


(At")n(n ~ 1)At"™? + (Ant""')? — gAr" =0, 
A’n(n — 1)17"~? + A?n?t"-? — par" =0. (26.69) 


Equation 26.69 is fulfilled for n = 2, that is, if the powers of 1 are equal. By insertion equation 26.69 
yields 


A(2n’ —n) =g or A= g/6 


PLANETARY MOTIONS 2713 


and therefore as solution for x 


x= 87? (26.70) 
6 
The proposed unsatz may be verified by inserting this solution into equation 26.68. Differentiation 
of equation 26.70 yields 


v = (g/3)t and (HS RS) 


that is, the acceleration of the droplet is constant and, independent of x, equal to g/3. 


Problem 26.9: Motion of a truck with variable load 


An empty truck of mass Mp moves frictionless with velocity i [ke/sec] 
Vp ona stretch of track. At the position x = Oattimet = 0, 
the truck is loaded with sand with the load rate 4 kg/s (see 
figure). Determine the position of the truck as a function of 
time. 


Solution —_As no external forces are acting on the truck, the change of 
momentum is 


- Cate 0a etna ave constant (267A) A truck with variable load. 


although both m and v are functions of the time. With the initial conditions at the ume t = 0 (m = My 
and v = Vo), equation 26.71 becomes 


mu = MoV. (26.72) 
Because the truck ts being loaded with constant rate, the mass change dm/dt = 4 is a constant, and 
we have 

m= Mo+At. 


Insertion into equation 26.72 yields for the velocity 


Mo Vo 


ee aaek (26.73) 
With v = dx/dt, equation 26.73 after separation of the variables yields 
ie Movie (26.74 
Se ea 74) 
My Vo d(Mo + At) MoVo (dk 
Se Moar OX (; i ae) 


where k = Mp + At, and dt = dm/A = d(Mo + At)/A. Integration of equation 26.74 leads to 


MoVo 
A 
_ MoVo 


= i In(My ap At) iC. (26.77) 


x= 


Ink +c (26.76) 
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From the initial conditions x = 0 at time 2.0 
t = 0, the constant c is evaluated as 
My\ Pa LES 
c= ——-— In(Mo), (26.78) x 
, - 
and thus equation 26.76 becomes S 10 
MoVo My + ~) = 
xa MM (AEE (26.79) 
Equation 26.79 is plotted in the opposite fig- 0.0 3 rae , 
ure as a function of the dimensionless quan- : : 
tities 1A/Mo and xA/MpVo. The coordinate t VM) 
x thus increases steadily but logarithmically The position of the truck as a function of time. 


with time. 


Example 26.10: The reduced mass 


Solution 


In our treatment of the Kepler problem, we had considered up to now one fixed, massive center of 
gravitation (the sun) and small bodies (the planets) orbiting in the field of the immobile central mass. 
What happens if we consider two bodies of comparable mass that are bound together by gravitation, 
for instance, two stars in a double-star system? 


In a system that consists of two interacting masses m, and m> and that is not influenced by exterior 
forces, the force F between the masses can depend only on the distance vector r = r, —r2 and possibly 
on time derivatives of r. This is due to the assumption of homogeneity of space. The equations of 
motions for the two masses thus read 


mf, = F(r,f,t), (26.80) 
mo¥, = —F(r,f, t). (26.81) 


According to Newton’s third law meaning 
“action equals minus reaction,” the force on 
m> 1s opposite equal to the force on m,. One 
defines the position vector of the center of mass 


of the two-body system by 
mY, + mor 
pe aa ee (26.82) 
m,; + m2 


With this definition, we can decompose the mo- 
tion of the two-body system into the motions The definition of the center of mass. 
of the center of mass R and of the distance 
vector r. 

Adding equations 26.80 and 26.81 shows that the second time derivative of R vanishes, that is, the 
center of mass moves uniformly along a straight line through space: 


my¥, + mo¥) = 0, (26.83) 
R=0. (26.84) 
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If one multiplies equation 26.80 by m2/(m + m2) and subtracts equation 26.81, multiplied by 
m)/(m, + m2), one obtains the important relation 


mymy 


r= Prt): (26.85) 
m, + Mm 

Thus aclear, physical picture emerges for the motion of the two-body system: The motion of the center 

of mass is, according to equation 26.82, uniform along a straight line and completely independent of 

the relative motion of the two masses, which is described by equation 26.85. According to 26.85, the 

relative motion of the two masses m, and m, (on which no extarnal forces are acting) corresponds to 

the motion of one single mass, called the reduced mass L, 


m m7 


m, +m 


(26.86) 


in a force field described by F(r, r, t). Thus, the two-body problem has been reduced to an effective 
one-body problem for the reduced mass jz. Upon computation of the relative motion r(t) by integrating 
equation 26.85, the position vectors of the masses m, and mz of the two-body system can be obtained as 


my 


r,(t) = R(t) + r(t), (26.87) 
m, +m) 
me) SRG) = 111). (26.88) 
m, + m2 
| 
UL 


The motion of two masses m, and mp under the influence of their mutual gravitational interaction. Both 
masses move along elliptic orbits whose focal points lie in the center of mass of the two bodies. 


Problem 26.11: Path of a comet 


A comet moves on a parabolic path in the gravitational field of the sun being at rest. Its orbital plane 
coincides with the orbital plane (idealized as a circle) of earth. The perihelion distance is a third of 
the radius of the earth’s orbit (Rz = 1.49 10'' m). What is the time of flight of the comet within the 
earth’s orbit (a perturbation of the comet path by the planets shall be neglected)? 
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Solution The comet moves on a parabola, namely E = 
0, ¢ = 1, with the path equation 
k Le 
r=——_,, k= ——_.. 
1 + cosé yMmp 


We have Orbit of Comet 


L: angular momentum of 


Mm 
reduced mass jt = ree Orbit of Eartl 
ee The orbit of a comet crossing the orbit of the earth 
m: comet mass, at B. 


y: gravitational constant. 


According to (26.13), the energy law reads 


2 


L 
+—~+V(r=E=0. 


La r2 
Qpr2 


Me 


We evaluate this relation at the point A where the term (42/2)r* vanishes because there is no radial 
kinetic energy (the orbit is symmetric with respect to the straight line through A and S$): 


L? : Mon 

2u(rmin)? a inet Tin (26.89) 
IL ae 2 1/2 

= ils (2y(M + m)rmin) ? = 37M +m)Re) . (26.90) 


Let the planet be at the penhelion A at the instant to. The flight time until leaving the radius R¢ of 
the earth’s orbit at point B is, according to (26.16), 


dr 
t~n= f 2 — (E=0) (26.91) 
Ms) 


E 
x | dr-r 
¥ 2(7Mmr — £) 
Re /3 Hu 2p 
RE 
= a ae (26.92) 
~V2yM- | i: : 
ieee '* of ; 


However, according to 26.89, 


2 


2 1 
ee (Grew + mRe) 5a 


=s E = mins 
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and therefore, 


Re 
je dr-r 
t—t = /——— ee 26.93 
OV 2yM +m | Jr—Rzf3 26.22) 
Re /3 


with the substitution x :-= ./r — R-/3, dx = (1/2x) dr, 26.93 may be solved: 


(3 Rp)? 


2 a i 2x (x? + Re/3) dx 
aa 2yM-m a3 
0 


2 Rp) 
fe ieee (3 Re 
= =e irs 
lst a esl 
ae 3/2 iL 
= SiG 
93 2yM -m 


10 
Re By + my!” 


II 


For the total residence time of the comet within the earth’s orbit (7. = 2(t — t))), we then obtain 


20 
To = a By (M +m))'?, (26.94) 


For an “ordinary” comet, the mass m may be neglected against the sun’s mass M (M ~ 330000 
earth masses). Insertion of the values Rr; = 1.49-10'' m, yM = 1.32- 10” m’s~? yields 


Tio = 74.34 days. 


Problem 26.12: Motion in the central field 


A mass m moves in the central force field with the potential 


UG — (210): 


(a) Show that any orbit of finite motion (hence not at infinity) is closed. What happens if an additional 
term of the form B/r? is added to U(r)? 


(b) Show that the vector (Lenz vector) 
1 r 
V— [Expl 
ma iF 
is a conserved quantity. How may it be interpreted? 


Solution (a) Because we are dealing with a central force, we may use the expression (26.17) for the variation 
of the angle as a function of the radius: 


Ldr 


¢= | ——— 
r?2,/2m(E — U(r)) — L?/r? 
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Here L is the angular momentum. A revolution of the mass is characterized by the fact that the 
radius varies, for example, from rmax OVE Tmin back to rmax. The corresponding variation of the angle 
is then 


es a eines: (26.95) 


| r2,/2m(E — U(r)) — L2/r?- 


We now insert U(r) = —a/r and obtain 


rman 


[Nel ==> 


Ldr 
r2,/2mE + 2ma/r — L?/r? 


‘min 


Tmax 


Ldr 


r?,/—(L/r — ma/L)? + m?a?/L? + 2mE 


Ldr 


Ey : ; 
Cr2./1 — (L/r — ma/L)?/C? 


where we set (m’a)/L?+2mE = C’. This may be integrated immediately ((arccos x)’ = —1//1 — x? ): 


(L/r — ma/L) |"™ 


: (26.96) 


A@ = 2arccos 


‘min 
Because the motion shall be finite, the mass moves on a Kepler ellipse 


k ie 
- —-, with k= —. 
1+ ecosé@ ma 


r= 


Tmin ANd 79x are then uniquely fixed (for given total energy): 


oe wk eas ne \ — |, 4 ZBL 

ag Oe ye eo as eae sé< : &= 1 ee 

Insertion yields 

mae mae 
ING) 9) ———-}—-2 : 
arccos ( =" arceos (+ = 
Because 
2 
a ee See ised 
maz E 

we obtain 


Ao = 2([x +n-20|~n-2n) = 2x. 


But this just means that the path is closed. 


If one adds to the potential U(r) an additional term in the form of a small perturbation B/r*, then 
A@ # 2x or AO = 27 + 56; one then observes rosette orbits (perihelion motion). 
(b) We show that V = 0. We have 


r 
ee i ee 
ma Ie 
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Aphelion 


Aphelion Perihelion 


r r Perihelion 


max min r 


Kepler ellipse (left) and rosette orbit. 


and therefore 


; 1 : 1 = Il r 
V=— L xp+—Lxp+-r--sr. 
mo ~~ a a a 

i mmm 


Using L = m(r x r) and p = mv = —ar/r’, we get 


Vv 


1 : o NG 
={(P <9) (-<r) ap Sl = Sele 
a r r r? 


4 [Pi (iene (xi) xr] 


~ 


= + [Pe-@- Ort @-DF-@- HE] =O. 


~ 


Here we made use of the relation (a x [b x ¢]) = (a- c)b — (a b)c. Hence, it follows that 


V = constant (26.97) 
Both [L x p] as well as r are within the orbital plane; we now 
calculate the angle # enclosed by the Lenz vector and the radius 
vector: AD) 
1 peo ly 
V-r=V-rcosd = —[Lx p}r+ — (26.98) 
ma Le 


1 1 The elliptic orbit. 
=-—-L-[rxp]Jtr=r-—U 
ma ma 


L?/ma 
= : 26.99 
d 1— Vcost? ( ) 


This is exactly the path curve of a conical section if V = |V| is identified with the eccentricity ¢ 
and # with (gy + 7): For an ellipse the Lenz vector points from the focal point to the center, and its 
magnitude equals the eccentricity of the orbit. The figure illustrates this result. 


Problem 26.13: Sea water as rocket drive 


(For pre-Christmas entertainment) 
In the near future the sun will cool down so much that no life will be possible any more on earth. 
A desperate physicist proposes to dnll a hole until reach the hot earth’s interior (fT = 4000 K) and 
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then letting the sea water in. The emerging jet of steam shall be utilized as rocket drive to move the 
earth closer to the sun or—if necessary—to another star. How do you judge that proposal? 


Solution The molecules of water vapor of T = 4000 K have the kinetic energy }mw? = ;kT = velocity of 
w © 2.4 km/s (with the Boltzmann constant k = 1.38- 10-2? kgm’/Ks°, m = 2.99- 10°” kg). The 
spherical surface is A = 47 R?. The water volume is V = A -h, where h is the thickness of the water 
layer (ocean layer) (h = 4 km). As only 75 % of the earth’s surface is covered by water, it follows that 
V =0.75- 42 R?-h © 1.5- 10° km’ = 1,5- 10?! kg = m,,; the mass of earth is M = 5.6- 10” kg, 
i.e., m,/M * 1/4000. The velocity v of earth caused by expelling the water vapor is given by the 
momentum conservation as 

Mm, ~ ] 2 m 
vM=um, —> eateries < 
As compared to the orbital velocity of earth of 30 km/s, the recoil velocity of 0.6 m/s is negligible. 
Thus, the attempt would be useless—except for a depopulation of earth by an induced super-disaster 
(no life without water). But the attempt is bound to fail in any case, because the molecules of 
water vapor cannot leave earth at all: w ~ 2.4 km/s are significantly below the escape velocity 
Uso * 11 km/s. The vapor thus cannot be expelled at all by earth. The proposed rocket drive does 
not work, as earth and the water vapor form a closed system. 


Example 26.14: Historical remark 


One might wonder whether Kepler was denied discovering the force law (gravitational law—see 
equation (26.10)). After all, it seemingly follows “so easily” from his own laws. Of course, we cannot 
and will not accuse Kepler of any lack of brilliance and fantasy. He clearly was a master in empirical 
research and demonstrated fantasy in far-reaching speculations, sometimes even imaginations: for 
example, in his thoughts on the possible number of planets: Like the Pythagoreans, he, too, was 
convinced that God had created the world in number and size according to a definite law of numbers. 
The explanation is as follows: Kepler was a contemporary of Galileo, who survived him by 12 years. 
Hence, Kepler knew about Galileo’s mechanics, in particular the central concept of acceleration, the 
laws of inertia and throw, by correspondence and hearsay, but probably did not realize their meaning 
in full. Kepler died in 1630, eight years before the appearance of Galileo’s Discorsi in which his 
mechanics was outlined in 1638. Even more decisive is the fact that Kepler was not equipped with 
the theory of curvilinear motion. The elaboration of this theory was begun by Huygens for circular 
motion and was completed by Newton for general paths. Without the concept of acceleration for 
curvilinear motions, it is impossible to derive the form (26.8) of the radial acceleration from Kepler’s 
laws by means of simple mathematical operations. 

The Newtonian gravitational mechanics emerging from (26.8, 26.10) and the principle of action 
and reaction may be considered as a further development of the throw motion discovered by Galileo. 
Newton writes on this topic: 

“That the planets are kept in their orbits by the central forces may be seen from the motion of 
thrown stones (stone-bullets), A (horizontally) thrown stone is deflected from the straight path since 
gravity is acting on it, and finally it falls to earth along a curved line. [fit is thrown with higher velocity 
it flies further off, and so it might happen that it finally flies beyond the borders of earth and does 
no more fall back. Hence, the stones thrown off with increasing velocity from the top of a mountain 
would describe more and more wide parabola bows and finally—at a definite velocity-—return to the 
top of mountain and by this way move about earth.” 
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An explanation that convinces by intuition and logical conclusions! The “definite velocity” is today 
called orbital velocity. Its magnitude has been correctly given by Newton from mv*/R = mg for 
horizontal throw as v = ./gR = 7900 msec ”!. For a vertical throw into the universe, the necessary 
velocity (escape velocity) results from the energy law (compare Problem 26.5) as uv = /2gR = 
11200 msec™'. Both results hold without taking into account the friction losses by the air. 

The English physicist Hooke (1635-1703), the founder of the law named after him in the theory of 
elasticity, also came close to the gravitational law. This is evident from the following of his statements: 
“] shall develop a world system which in every respect agrees with the known rules of mechanics. 
This system is founded on three assumptions: |. All celestial bodies exhibit an attraction (gravity 
force) directed towards their center; 2. all bodies that are brought into a straight and uniform motion 
will move as long on a straight line, until they are deflected by some force and are forced into a 
curvilinear path; 3. the attractive forces are the stronger, the closer the body is on which they are 
acting. I could not yet establish by experiments what the various degrees of attraction are. But it is 
an idea that will enable the astronomers to determine all motions of the celestial bodies according to 
one law.” 

These remarks show that Newton did not at all create his monumental work Principia out of 
nothing: It took, on the contrary, his eminent mental power and bold ideas to summarize all that what 
Galileo, Kepler, Huygens, and Hooke had created in the fields of physics, astronomy, and mathematics 
in a unified manner, and in particular to realize that the force that lets the planets circulate on their 
orbits about the sun is identical with the force that causes the bodies on earth to fall to ground. 

Mankind needed one-and-a-half millennia to realize this discovery if one considers that already 
Plutarch (46-120) in the Moralia (“De facie quae in orbe lunae apparet’’) stated that the moon is 
prevented from falling to earth because of the impetus of its circulation, just as does a body being 
“swung around” by a sling. It was the ingenious Newton, who realized what the “sling” of the planets 
is! 

Some more remarks on the versatility and brillance of Hooke: In 1665 he wrote the prophetic 
lines: “I often thought that it should be possible to find an artificial glue-like substance being equal 
or superior to that excrement from which the silkworms produce their cocoon, and that may be 
spun to fibers by means of nozzles.” It is the basic idea of the manmade fibers which—though two 
and a half centuries later—has revolutionized the textile industry! In the same year he anticipated 
the mechanical theory of heat (hence also the kinetic gas theory) in speculative thought: “That the 
particles of all bodies, whatsoever solid they may be, nevertheless are vibrating doesn’t need to my 
opinion any other proof than the fact that all bodies include a certain amount of heat by themselves, 
and that an absolutely cold body never has been found yet.” 
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a7 Special Problems 
in Central Fields 


The gravitational field of extended bodies 


So far only the interactions between pointlike masses 
have been considered. Now we shall investigate ex- 
tended bodies concerning their gravitational action. 
Because of its linearity, the gravitational field of 
an extended body may be composed by superposi- 
tion of the fields of individual (thought as pointlike 
in their action) partial bodies. When performing a 
limit transition with the volumes AV’ of the indi- 
vidual partial bodies approaching zero, the problem 
is reduced to an integration. The force acting on a 
mass point M is 


; MAm; x 
F= lim a (- (r— r)) 
emo lr —¥;| Calculation of the forces of an extended 
a ; mass distribution on a point mass M. 
ime | jr—r' 


Depending on the kind of mass distribution the differential dm is replaced by volume, 
area, or line densities (weight functions) multiplied by the corresponding space element 
dV,dF, or ds. In the three-dimensional case, the force is given by 


= —yM r ay’, 
y | o(r) oc 
and correspondingly i" eee energy is 
V= lim — = t 
Am, 10 4 ( a yM f ote fis 
V 


Here g(r) = dm/dV is the mass density. 
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The attractive force of a spherical mass shell 


A spherical shell of negligible thickness with the radius a is uniformly covered by mass 
(constant area density o = dm/df). What is the force on a point of mass M at the distance 
R from the center of the shell? 

Because the mass is distributed 
over an area, twofold integration 
suffices. We first decompose the 
spherical surface into circular rings 
(see following figure). 

The radius of a ring is asin?, 
and the surface of the ring is df = 
27a sinv¥ adv. The result of the 
first integration along the circum- 
ference may be given immediately 
by exploiting the axial symmetry of Calculation of the gravitational force of a spherical shell on 
the mass distribution. To each sec- 4 point mass M. 
tion of the circular ring there is a 
second one, with the force component dF, (perpendicular to n) being equal but oppositely 
directed to the first one. Therefore, only the parallel components —dF) = dF cos fn are 
efficient, and the attractive force of the total mass ring is 


yMo df 
—o 


ay= cos Wn. 


The total force of the spherical shell then follows by integration over all circular rings: 


Fe | dF =~yMo2xa® | as aay 


r2 


We replace the angles by the distance r via the following geometric relations: 


(a) 
r? =a’ + R* —2aRcosd (cosine law), 


and in differential form 


d 
POUR ae sine doe —. 
and 
” oes? 
co SS 5 
2aR 
(b) 


a® = R* +-r* — 2rRcos w (cosine law). 
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This yields 


= R24+7r2-—a? 
cos f¥ = Ry : 


Insertion then yields the force 


Re =a fad 
2Rr3 aR 


R?2 — 2 
= LE [ (1+ + )ar. 


We first consider the case that the mass point M is outside the sphere (R > a). The desired 
total attractive force on M is obtained by integration between the limits R — a and R + a: 


R+a R 2 
pay ioe | (14 = jar 


= -yMa2xa” [ 


R2 
R--a 
yMona) | Reg" |*" yMm 
ee ee nn = SS ’ 
R? R-a Yr \R-a R? 


where m = 47a’o denotes the mass of the spherical shell. Hence: A hollow sphere (of 
low thickness) with a uniformly distributed mass is acting on the outer space with respect 
to its mass attraction so as if its total mass were concentrated at the center. This statement 
also holds for homogeneous full spheres (see Problem 27.3) and serves as the base for any 
calculations of celestial mechanics. 
Now let the mass point M be inside the sphere (R < a). The integration is now performed 

between the limits a — R anda + R: 

a+R 

= 
a—R 


Inside a hollow sphere uniformly covered with mass there is no gravitational force. 
Because the electric force between two charges q; and q> is of a similar structure as the 
gravitational force, namely 


i Bs: 


yMona 
a tae 


a—R r 


9192 Le) = Lp 
[Se ? 3 
lr, — rol? [ry — rol 


all results obtained here may immediately be transferred to the corresponding electrical 
charge distributions. In particular, one sees that a uniformly charged spherical shell does 
not admit fields (forces) in its interior, 
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The gravitational potential of a spherical shell covered with mass 


Because the potential is a scalar, the potential of a circular ring is 
yMo df 
r > 


ave 


and the potential of the spherical shell is 


y= fav ——ymatnat { 282 __yMo2ne f 4, Or 


r R ——F 
We again distinguish the two cases, namely: R 
1. Point outside the sphere (R > a) 
The integration limits are then (R — a)... (a + R). Case 1: Point outside 
M a the sphere 
m 
v= —2n MCR a aR =a) = -1-ana’a = — 
2. Point inside the sphere (R < a) 
The integration limits are then (a — R)...(a + R). /y 
M Rex M Re pet 
V=-2n 7 ((a+ R) — (a — R)) = —4ayoMa = is eS 
a 
The same result may, of course, also be derived from F(r): ae _ _ es 
R>a: 
R R 
Il te 
V(R) = - [ F-de=yMm f Tar 
ror 
CO [o @) 
h 1 M 
yum 
VE —dr = —-———-.. 
yMm i, 7 r R 
lo. @) 


R < a: The contribution F - dr vanishes everywhere; therefore, the potential must 
be constant everywhere within the spherical shell. If one requires continuity for R = a 
(otherwise the forces become infinite), then it follows that 

M 
ViRy=—-— for Ra. 
a 


The forces in a central field point along the radial direction. They are conservative and 
therefore in polar coordinates of the form 


F(r) = —VV(r) = Vi) e,. 


The potential in the interior of a spherical shel] is constant. As electrostatics is also gov- 
erned by a 1/r?-force law, one there observes the same phenomenon: In the interior of a 
charged hollow body, no potential differences (voltages) and hence no forces may occur 
(Faraday cup). 


286 SPECIAL PROBLEMS IN CENTRAL FIELDS 27 


The potential and the force between a point mass and a hollow sphere. 


Problem 27.1: Gravitational force of a homogeneous rod 


Find the gravitational force of a homogeneous 
rod of length 2a and mass M on a particle of 
mass m that is positioned at distance b from the 
rod in a plane perpendicular to the rod through 
the rod center. 


Solution We have 


dM 
yee ees 
= 
and 
ae b ; ef aM +a + 
[x2 4b b2 


Calculation of the interaction between a mass point 


dF may be decomposed into force compo- eae ee 


nents parallel and perpendicular to the rod. The 


components paralle] to the rod mutually compensate each other. Only the force components perpen- 
dicular to the rod, dF, = dF cos 2, are efficient. 


—ymdMcos0) —ymodxcos? —ymadxb 
dF, = ———_.__—_- = a 


r f dx 2ymoa 
i dF, =—2b ee SS 
| 2 yne | (+b)? Yar pe 
aay, 0 
yMm 


Mm gems because M = 2ao. 


For b > a, a series expansion of the square root yields F ~ 1/b?, as expected. 
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Problem 27.2: Gravitational force of a homogeneous disk 


Let a particle of mass m be on the axis of a disk of 
radius a at the distance b from the center of the disk. 
Find the attractive force between the bodies. The disk 
is assumed to be homogeneously covered with mass. 


Solution — The circular disk is decomposed into concentric 
rings. Only the force components perpendicular to 
the disk are efficient; the parallel components com- 
pensate each other. 


dM cos? 
dil=di ote 
R? 
b 
cost = ————.. R= Vre4+b, 
“| Pe 
aM =o(2zrrdr). Caleulation of the force between a mass 


point m and a homogeneous disk. 
Hence the force between the circular ring and the 
mass is 


ymo2nrdrb 


CLM (2 + b2)372 ”’ 


and the total attractive force is 


([  rdr 
F= [ dF, =~Inymob f —"S—. 
0 


The integral is solved by substituting u? = r? + b?, rdr = udu, 


a? +b? 
udu b 
= -—2 b —— = —2 1 - ——— }. 
mymo / % yom ( 5 = 


For b > a, it follows by expansion of the square root that F = —ymM/b? with M = ma’o, as it 
must be. 
Problem 27.3: Gravitational potential of a hollow sphere 


Show that the gravitational potential of a homogencous hollow sphere with the outer radius b and the 
inner radius a has the form 


(0 =a) aR 
V(R) = —2ryMe - { b? — a? for {a> R, 
p22 le b>R>a. 


Sea 
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Solution We call #: polar angle, g: azimuth (for rotation 
about the straight OM). According to the cosine 
law, 


r? =r + R* — 2r'Rcoosd, 
2r dr = 2r'Rsind dd, 


or 
d 
node = (27.1) 
rR 
The potential energy dV due to the mass element 
dm of the hollow sphere is dV = ~yMdvoa/r, 
where the volume element is dv = dr’-r'dv - 
r' sin? dy. M is the mass of the probe particle at 
point M (see figure). To get the total energy, one 
has to integrate over y, 0, andr’. 


b m 2x 
r? sind dy dé dr’ 
v(R)=—yMe f f f 2 
a 0 0 


bf 
2 sin 9 dd dr’ 
=—yMo2x i i AE ere 
ip 
a 0 


Db rmax 
A 
= al | r’ dr dr’ with A = —27y Mo. 


a Fmin 


Calculation of the potential between a mass 
point m and a hollow sphere of homogenous 
mass density p. 


We now distinguish three cases: 
1.R > b: Thenryin = R —7’, rmx = R+r’, and we get 


b 
A 2b5-a3 yMm 
R _—_— 2dr' = cl =f 
V(R) qzfr r A; R ( R i 


2.R <a. tpn =r’ — Ryrmax =r’ +R. Thus we obtain 
b 
A ae ee 2 2 
V(R) = Roe rdr = A(b* —a‘*), 


3.a < R < b: The point M lies at the outer border of a spherical shell with the radii a and R, and 
at the same time at the inner border of a spherical shell between R and b. The energy may then be 
composed of the contributions according to cases 1 and 2: 


2R°—a a 
vir) =a (5 eR) =a(v 2S Fe), 


R Suh 3 
The forces are calculated by F = —2“e,. 
Ihe 158 ee Lek 
4 b-a mM 
F — = M en 
37ve Bi e, y ra e,. 
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In this case the force on M is such as if the total mass m of the hollow sphere were united at the 
center. 

2. R <a: F =0. In the interior (empty) space of the hollow sphere, there is no gravitational force 
at all. 

3.a<R<b: 


_ ~yMo3n(R' =a _ Ty Mm(R) 


4 a’ 
F=yMsne(5-R)e= R : R 


ra 


where m(R) is the mass of the spherical shell with inner radius a and outer radius R (position of the 
particle with mass M). The mass shell beyond R does not contribute to the force on M. 


Problem 27.4: A tunnel through the earth 


Solution 


A tunnel for mail transportation is drilled from Frankfurt to Sydney (Australia). Determine the time 
needed for the freely falling air tube casing to cover this distance, assuming the earth is at rest and 
has a homogeneous mass distribution. Let the air friction be negligible. 


The gravitational force within a homogeneous sphere points 
to the center M and has the magnitude kr (compare Problem 
27.3). At the surface of the sphere, one has mg = kR; hence 
k = mg/R. From the figure we read off r = x/ sin ¥. The com- 
ponent of the gravitational force along the tunnel is therefore 
—kr sin} = —(mg/R) x. 

Hence, the equation of motion is x + (g/R)x = 0, that is, 
the air tube casing performs a harmonic vibration between F 
and S with the period T = 27./R/g. 

The time needed between F and S is t = 7/2 = x./R/g. 
With R = 6370 km and g = 9.81 m/s’, it follows that r = 42 _ Illustration of the earth with Frank- 
min. Note that this short time does not depend on the distance furt (F) and Sydney (S) as end- 
between F and S. points of a tunnel. 


Stability of circular orbits 


In any attractive central force field, the attractive force and the centrifugal force may be 
brought into equilibrium, such that circular orbits are always possible. In practice (e.g., 
telecommunication satellites on geostationary orbits, particles in accelerators), however, it 
is moreover important that the circular motion is not destroyed by small elongations. We 
therefore investigate how a central force field must be structured to allow for stable circular 
orbits. We first consider the field with the particular force law 


K 
Ea —— 
E 
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and look for the powers n for which stable orbits 
exist. By adding the centrifugal force we obtain the i Virg 
effective force 


Keb ae, 
Bent) = + mO*r with gee 


K L? 
=-—-—+—, | — 
rr” omr? r 


and hence the effective potential 


r 


K igs 
V. na-|F adr = ———-___—_ + —;; t; 
ett(r) a (n—1)r?-! Amr? i 
3 
To get a stable circular orbit with the radius r = 0, Fg > Fog <0 
the effective potential V.g(r) must have a minimum The effective potential around a stable 
at this position: orbit. 


>" Feentrifug = Farr. 
Thus, the following conditions shall be fulfilled: 


av, aV. 
see ee) end. eee), 


= 
or 26 or seo; 


% The second condition is essential for the path stability. It ensures that for small displacements 
of the orbit a backdriving force occurs, pushing the particle toward the stable radius g, 
namely Fey > 0 forr < o and F.g < Oforr > @. 

The two conditions lead us to 


(a) 
Green Oo") ee ’ Ee 
(b) 
OVeti| pn, Koa ; 
ar? |, ~~ ontt mod zs 


which is equivalent to 


Elimination of 9 yields 


L2 
(—n + 3)— > 0. 


m 
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The condition for stable circular orbits in a central force field of the form F = —K/r" 
isn <'S. 

We now omit the restriction to the power law and investigate arbitrary central force fields. 

For all central motions it holds, using the angular momentum L = mr26, that 


2 2 
P(r) = m(? 18) = mit — <= mF A 
mr 


m2r3 
We abbreviate: 
F(r) Pane a 
g(r) = -——_, en 2) =n 
m mr 
The particle circulates on the reference orbit with the Xx 


radius g. A small perturbation shall not displace it sig- 
nificantly from its path. After a small elongation x, the 
new orbit is 


loa. 
where a 
Oscillating Reference 
x * ° 
x <Q, eels real Orbit Orbit 
@ 
: Ae er Reference orbit and (oscillating) 
Because @ = constant (circular orbit), 7 = x. realorit 
L2 : L? 
—g(r)=x 


~ m@(otx mp1 +x/0)>" 


Because x/o < 1, the last term may be expanded into a Taylor series. We now assume 
that g(r) may also be represented by a Taylor expansion about r = g: 


g(o+x) = g(0)+xg'(0) +>. 


Neglecting all terms with higher powers than x, we obtain 


L2 
—(g(o) + xg'(e)) =X - mgs (: - 32) : 


A consideration of the reference orbit r = 9, x = 0, ¥ = 0 yields 
2 
g(Q) = mg? 
which allows us to eliminate the angular momentum. This yields 


3 
Cie (2 Hn £'@)) n=O 
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This is just the equation x + wx = 0 of the undamped harmonic oscillator with the 
angular frequency 


ie) 
2 


For w? > 0, the solution x = Ae’ + Be7i#* yields harmonic vibrations. For w? < 0 x 
tends to infinity as Be!". In the first case the particle “oscillates” on its actual orbit about 
the reference orbit. In the second case the particle in general runs away from the reference 
orbit. 

The condition for stable circular orbits thus reads w* > 0. For w” > 0: 


x(t) = Ae + Bei == x(t)=Dsin(wot+) (stable); 
for w* < 0 (w = ilo)): 
x(t) = Ae! + Bet!" ~~ (unstable). 


In the first case the particle vibrates with the small amplitude x about its reference orbit if 


Jef . 
aa() + g (@) > 0, 
@) 
or 
ee) 
@ g(a) 
Because mg(o) = —F i this implies for the force the 
F'(o) 
stability condition: = + > 
iz Fo) 
When applied to the meets central force ficld F(r) = —K/r", the stability condition 
implies 
K 3 o” 
x FQ) = nasi hence meer >0 


We obtain the condition n < 3, which agrees with our former calculation. This of course 
must be so, since by insertion of Vis one easily realizes that the new stability condition is 
equivalent to 07Veg/dr? > 0. 

The investigation of path stability may refer, among others, in the atomic range to 
the electric field of the nuclei. The simple Coulomb potential V(r) = —K/r allows for 
stable circular orbits, as was shown already. When taking into account the influence of an 
oppositely charged electron shell, this potential is weakened: An electron in the outer region 
“sees” only a small fraction of the nuclear charge. This phenomenon may be taken into 


account by multiplication by a correction factor < 1. An approximation for the “screened 
Coulomb potential” is 


K 
V(r) = -—e"/*. 
r 


STABILITY OF CIRCULAR ORBITS 293 


a characterizes the exponential decay of the 1 /r-term. Stable circular orbits are also possible 
for the screened potential. One should note that this potential allows for closed orbits even 
for positive energies. The figures illustrate the trend of the potential and the effective 
potential. The closed orbits of positive energy are fully stable in classical mechanics we are 
treating here. In quantum mechanics, however, we shall see that these orbits decay, because 
the particles on such orbits of positive energy may “tunnel” through the potential barrier 
(tunnel effect). 


(a) VO) 


_ A Coulomb Potential 
A e "@ screened Coulomb Potential 
(b) vy, © vo 


a=a, possible closed Orbit 
with positive Energy 


la, <l/a, 


screened effective 


Potentials 
effective 2 ; 
Coulomb: V,,=-4+-£ ee See 
Potential r 2mr r ne 


Shape of the potential: The screened Coulomb potential (a) decreases rapidly for distances r > a and approaches 
zero faster than the unsceened potential. Effective Coulomb potential (b) and effective screened Coulomb potential (c). 
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Problem 27.5: Stability of a circular orbit 
Show that for 92K > K’ the circular orbit with r = g in the force field F(r) = —K/ r? — K'/r* is 
stable (for K, K’ > 0). 


Solution The stability condition reads 
By A 
) 4 


oe Fie) 


hence 


3 ey} 
3, 2Kie + 4K le og ag? K 43K > 297K +4K', oP? K > K’. 


q —K/o? — K'/o' 
ee eS Se ee ee 


Problem 27.6: Stability of a circular orbit 
Show that a force field with the potential 


K 
U(r) = mee with K>0,a>Q0, 


allows for stable circular orbits. 


; ) 
Solution F(r) = ae) =~K (-- + =) enrla. 


] 2 2 : 
= 4 ar 2 oF aa é ie 
(eiete ar~ if 


Insertion into the stability condition yields for r = @ 


3 Ifa? +2/ea +2/¢’ 


0 l/a + I/o 
This means 

a’ +aq-—@°>0 
or rewritten 

2 
(Che eo 
a a 

This is fulfilled for 


Q D/5 


< 


. 5 =~ 1.62. 


The Earth and 
our Solar System 


General notions of astronomy 


Stars: Stars are celestial objects (suns) mostly of high mass concentration that emit light 
produced by nuclear reactions. In the core zone of our sun, for example, hydrogen (H) 
is burning to helium (*He). In other, older stars, higher burning processes are going on, 
such as 3*He — '7C, '*C +4He + '°O, etc. They are rather subtle in the details. A clear 
representation of these processes may be found in J. M. Eisenberg and W. Greiner, Nuclear 
Theory 1: Nuclear Models, 3rd ed., North Holland, Amsterdam (1987). 


Planets: Planets are bodies circulating in the central force field of a star. They may reflect 
light (the ratio of reflected to incoming luminous flux is called albedo), but hardly emit any 
light by themselves (up to some thermal] radiation corresponding to their temperatures). 
The point of maximum distance between a planet and its central body is called aphelion, 
th point of minimum distance is called perihelion. 


Meteors: Collective noun for the light phenomena that are caused by penetration of solid 
particles (meteorites) into the earth’s atmosphere. The meteorites that may have masses 
between 10~? g and 10° kg enter the atmosphere with velocities between 10 and 200 km/s 
and usually burn out completely. 


Comets: Comets are celestial bodies of low mass concentration (most likely all of them) 
moving in the central force field of a star. A comet has a core out of dust and ice grains. 
Under sufficient irradiation by the sun it develops a gas shell (coma) and a tail. The total 
Jength may reach up to 300 millions of km. 


Satellites: Satellites are bodies circulating about planets. One may distinguish between 
natural satellites, the moons, and artificial ones (the first one was Sputnik I (10/14/1957)). 
In the case of earth satellites, the longest and shortest distance from earth is denoted as the 
apogee and perigee, respectively. 
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Asteroids and planetoids: These are pieces of rock. The size is small as compared to 
the usual planets. They are orbiting about the sun in the range between Mars and Jupiter 
and mostly have similar orbital data. Therefore, they were presumed to be the residues 
of a decayed planet (the orbits of the planetoids are crossing each other). There are also 
commensurability gaps within the belt of planetoids, presumably caused by Jupiter. 


Period: The period denotes the time of a full course of any periodic motion. In astronomy 
one mostly means the sidereal period, namely, the time a mass needs for a complete 
revolution about its central body. 


Solar system: The sun together with its associated planets and their moons, as well as 
the planetoids, comets, and swarms of meteors, in total constitute the solar system. 


Ecliptic: The plane in which the center of mass of the system earth-moon orbits around 
the sun is called ecliptic. 


Determination of astronomic quantities 


We shall now briefly indicate how astronomic quantities are determined in practice. 


The distance between planets and earth 


(a) The distances may be determined by triangulation. From a measurement of the obser- 
vation angles of the planet as seen from two distinct points and of the distance between 
these points, the distance of the planet may be calculated. 


Parallax 
Planet 


S Earth 


Principal scheme for measuring distances by triangulation. 


(b) Distances may be measured by radar. Because the propagation speed of electromagnetic 
waves is known, one may conclude from the transit time of radar signals on the distance. 
This method works only for the immediate neighbors of the earth. 


(c) In the sense of (a), the earth’s orbit may also be used as a base for triangulation to 
measure the distance of the near fixed stars. 
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(d) The sun (and the planets) are moving uniformly by about 610 millions of km/year (or 
4.09 astronomic units per year) toward the sun’s apex in the constellation of Hercules 
(see later: “A model of the sun’s environment” and “The spatial motion of the sun” on 
page 318 ). This may also be used for parallax measurements, and thus for measuring 
the distances of fixed stars up to more than 100 lightyears. 


Determination of the distance of far away astronomical objects 


The universe is expanding. The farther away the astronomical objects are, the larger their 
velocity is. This extraordinary discovery is due to Edwin Hubble,'! who looked at the 
large-scale behavior of matter in the universe. The Hubble law 


v = Hod 


allows the determination of the distance d of extragalactic objects from their recessional 
velocity v if the numerical value of the constant Hp is known. Within the theoretical 
framework of the Big Bang, the Hubble law is quite plausible. Matter that has been 
created with high initial velocity travels the longest distance within time 7: d = uT; thus 
v = 1/T -d. For nonrelativistic speeds, the recessional velocity v equals the product of the 
speed of light and the redshift z, which can be measured in the spectrum of the observed 
object, 

A — do 

ho 


Here, A is the observed wavelength of a reference line in the line spectrum of the object and 
Ag is the wavelength of this line when the relative velocity between source and observer 
vanishes. If the period of the emitted light is 7, we have Ag = cT and A = (c + v)T, or 


Ao Xd 


Z= 


c ctv’ 


from which we obtain v = zc. 

In order to obtain the Hubble constant Ho, the distances of a suitable sample of galaxies 
have to be measured. Astronomical distances are usually measured step by step, progressing 
gradually from the solar system over nearby stars to ever more distant objects, finally 
reaching faraway galaxies.” 

The first step is the determination of the size of the solar system and of the distances of the 
planets. This can be done today very accurately with the help of radar delay measurements. 


' Edwin Hubble (1889-1953). American astronomer who determined the extragalactic distance scale by locating 
Cepheid variables in the galaxy M31 (the Andromeda galaxy) from the Mount Wilson Observatory in 1924 and 
NGC 6822 in 1925. Extending distance determinations by using the brightest star in galaxies, he proposed the 
Hubble law in 1929. 

*For more details about the measurement of astronomical and cosmological distances, see, e.g., Rowan- 
Robinson, M.: The Cosmological Distance Ladder, W.H. Freeman and Company, 1985. 
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The only possible way for the direct determination of further distances is the method of 
triangulation. This method is suited for the determination of distances of stars in our Milky 
Way neighborhood. Here, the change of the direction to a star when observing from two 
different points at a distance d is measured. The line between the two observation points 
is called the baseline; the angle difference is called the parallax of the star. The parallax is 
the same angle under which the baseline would be seen when observed from the star. The 
distance to the star can then be calculated by simple trigonometry. In the ideal (and most 
simple) case, the observed star lies in the plane perpendicular to the baseline and cuts the 
baseline in half. Then, the distance is, to a very good approximation, given by 

es 

(4 
where b is the length of the baseline and @ is the parallax angle. The longest available 
baseline is the line between two opposite points of the earth’s orbit around the sun. This is 
also the origin of the distance unit of Parsec (pc). One pc is the distance from which the 
orbit of the earth is seen under an angle of one arc-second, or, equivalently, the distance 
yielding a parallax of one arc-second. 1 Parsec corresponds to 3.26 lightyears. 

The range of applicability of the parallax method is given by the error in the determination 
of the angle da and by the restriction in the length of the available baseline. Gaussian error 
propagation yields a relative error for the distance from the parallax method of 
bd b d 
a 2 
This means that for a given error in the measurement of the angle a and with a given 
baseline b, not just the absolute error for the distance d, but also the relative error will 
increase. 

The first parallax of a star was measured by the German astronomer Friedrich Wilhelm 
Bessel. In 1838, Bessel published his value of 0.314 arc-seconds for the parallax of the 
star 6] Cygni, corresponding to a distance of about 10 lightyears. The correct value of the 
parallax of 61 Cygni is 0.292 arc-seconds, or 11.2 lightyears. 

During the 1990s, the Hipparcos satellite mission measured the parallax of 118,000 stars 
accurately down to 1 milliarc-seconds (mas), yielding a very exact picture of the distances in 
our Milky Way neighborhood.’ But even before the advent of the Hipparcos data, there had 
been possibilities to measure distances beyond the range of the triangulation method. With 
the help of the star drift parallax (also called convergent-point method) one can measure 
the distance to nearby open star clusters and thus determine the absolute luminosity of main 
sequence stars. 

The method of the star drift parallax is based on the determination of the two components 
of a star’s motion that can be observed from the earth: The radial velocity (the velocity 
along the line of sight) can be measured from the Doppler shift in the spectrum of the star, 
while the proper motion of the star (the motion on the celestial sphere) can be converted 
to the transversal velocity if the distance of the star is known. Both velocity components 
taken together yield the compete, three-dimensional velocity vector of the star. If, on the 


3 o . 
See, e.g. Perryman, M.: “The Hipparcos astrometry mission,” Physics Today (June 1998), 
http://astro.estec.esa.nl/Hipparcos/ 
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other hand, the direction of the velocity vector and the radial velocity of a star are known, 
the distance of the star can be calculated from the proper motion. This is used for the 
determination of distances by the star drift parallax method. 

If one knows the apparent convergence point of a cluster of stars in collective, paralle} 
motion, one can deduce the transversal motion of the stars in the cluster from the measure- 
ment of their radial velocities. By comparison with the proper motion, one can determine 
the distance of the stars. The accuracy of this method relies on the large number of measured 
stars. The most prominent example for the use of the star drift parallax is the determination 
of the distances of the Hyades.* The distance thus obtained for the Hyades is 45 pc. The 
determination of the distance to the Hyades serves as a gauge point for methods reaching 
still farther out such as the Cepheid method. 

When plotting in a diagram the absolute luminosity of stars versus their surface tem- 
perature, which can be inferred from their spectra, one finds a large class of stars showing 
a strong monotonic relation between these two observables. Such stars are called main 
sequence stars. The diagram is called the Hertzsprung—Russell diagram after its inventors. 
The fitting of large clusters of stars at the main sequence uses this relation between surface 
temperature and absolute luminosity in order to estimate the absolute luminosity of the stars 
and, by comparison with the measured apparent luminosities, the distance of the cluster. 
Thus, the ratio of apparent luminosities of stars in different clusters allows conclusions 
about the ratio of the distances of the clusters to the solar system. 

The methods of star drift parallax and fitting to the main sequence thus allow the 
determination of the distance of faraway star clusters. When observing Cepheid stars in 
such clusters, one can gauge the period—luminosity relation of this class of variable stars and 
measure distances up to 4 Mpc, reaching beyond the Milky Way in extragalactic regions. 

The Cepheid are a class of variable stars that show a definite relation between their 
absolute luminosities (i.e., the total amount of energy released as visible light) and the 
period of variation of their luminosity. They are named after the first known object of this 
type, the variable star 6 Cephei. When observing a distant Cepheid, measuring the period 
of variation thus allows the calculation of the absolute luminosity. Comparing with the 
apparent luminosity (the light received in a telescope), one can determine the distance of 
the star. In order to obtain reliable results, one must take into account the attenuation of the 
light by interstellar matter. 

The astrophysical mechanism responsible for the pulsation of Cepheid stars and the 
relation to absolute luminosity are quite well known. Modern astrophysics differentiates 
between classical Cepheids and W-Virginis stars, which show different light curves and 
spectra. Furthermore, one knows the relatively dim R R-Lyrae stars, which can be identified 
from their short penods. R R-Lyrae stars have a constant absolute luminosity, which can be 
used to determine their distance. However, since they are not as bright as Cepheids, they 
can be used only over shorter distances. 

With the help of extragalactic Cepheids, one can determine the absolute diameter of the 
H-II regions of galaxies. Assuming that the diameters of large H-II regions of different 


“The hyades, an association of several hundred stars, are an open star cluster in the constellation of Taunus (the 
bull). With a distance of about 145 lightyears, it is the second-closest star cluster to Earth. On the celestial globe, 
the hyades are centered around Aldebaran, the brightest star in Taurus, which, however, is not part of the hyades 
cluster. 
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galaxies are approximately equal, one can then determine the distance to other galaxies. 
Using this method, one reaches distances up to 25 Mpc. 

H-II regions bear their name from the simply ionized hydrogen they consist of. The as- 
sumption that these regions—which are supposed to play an important role in the formation 
of stars—are all approximately equal in size relies on the hypothesis that the UV radiation 
from the core of their galaxies which makes them glow always has the same range. This 
would imply that the observable radius is constant. 

The next step uses the distances of the H-II regions in order to determine the absolute 
luminosities of so-called Sc-I galaxies. In the Hubble classification of galaxies, Sc-I galaxies 
are a class of old spiral galaxies with wide, open spiral arms and a small core. All galaxies 
of this class have approximately the same absolute luminosity. 

Measuring the apparent luminosity of far away Sc-I galaxies and using their known 
absolute luminosity, one can infer their distance. This finally allows us to determine the 
relation between distance and redshift and yields a value for the Hubble constant Ho. 

For every step of the measurement of distances, there also exist alternative methods. 
Besides the well-established Cepheid calibration, one can look for novae, which have 
a definite relation between their maximal absolute luminosity and the time scale of the 
decrease of Juminosity, or for bright main sequence stars, which can be identified from their 
spectra and whose absolute luminosity is well known. Supernovae can still be observed in 
the huge distance of 400 Mpc. While all supernovae approximately reach the same absolute 
luminosity, this value is not easy to calibrate. Still another method uses the third bnghtest 
galaxy in a small galaxy cluster, making the assumption that all such galaxies have nearly 
the same absolute luminosity. Experience has shown that the third-brightest galaxy is better 
suited for this purpose than the brightest or second-brightest galaxy. Another possibility for 
the determination of distances is the use of the brightest globular clusters of far galaxies. 
Finally, a radio-astronomical method uses the observed close relation between the half- 
width of the 21-cm line of hydrogen and the absolute luminosity of a galaxy in the blue 
spectral band. 

The combination of all these different methods yields today a quite coherent picture of 
the distances in the universe. As for the Hubble constant, the accepted value from different 


>£ measurements by the Hubble space telescope” is Hyp = 72 + 8kms~!Mpc™!. 


The orbital velocity of the planets 


(a) For circular orbits the velocity may be determined from the measurable quantities 
orbital radius and revolution time (period). 


(b) For elliptic orbits the velocity may be determined from the measurable quantities 
semi-axes and period. 


‘Freedman, Wendy L. et al.: “Final Results from the Hubble Space Telescope Key Project to Measure the 
Hubbie Constant,” The Astrophysical Journal 553 (2001) 47-72. 
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The mass of the planets 


(a) From the gravitational law and the equation for the centripetal force the relation yM = 
4n* aT? follows; see equation (26.41). This is the third Kepler law. M here means 
the mass of the central body, which is large as compared to the mass of the orbiting 
body. From this equation one may calculate the mass of the sun and the mass of every 
planet having moons. 


(b) If planets don’t have moons, their mass is determined from the orbital perturbations of 
the neighboring planets. 


The rotational velocity of a planet or star 


The rotational velocity of a planet may be determined by observation of marked points 
on its surface. For stars that are visible only as a pointlike light source, this method fails. 
For these objects the rotational velocity may be derived from their spectra and from the 
distortion of a spectral line due to the Doppler effect (distinct shift—red, blue—at opposite 
sides of the rotating star). The east border of the sun shows, for example, a red shift, and 
the west border a blue shift from which follows a rotational velocity of the surface of the 
sun of 2 km/s. 


Detection of gases in the universe 


Elements occuring in stars may be determined from the spectrum of the star light. In the 
case of planets one has to take into account that they only reflect or absorb light. The gases 
of the atmosphere may be identified by the absorption spectrum (Fraunhofer lines). 


The tides 


Two masses are moving in the gravitational field of a third mass M (see figure). 


— —_——> « 
a, a, M 


Two masses in the gravitational field of a mass M are subject to different accelerations a, and a2 due 
to the inhomogeneities of the gravitational field. 


The first mass is subject to an acceleration a; = yM/ ab the second mass is accelerated 
by a2 = yM/r3. An observer on one of the masses therefore establishes that the other 
mass moves away from it with the acceleration a, — a) = yM(1/r? — l/r). Hence, the 
distinct magnitude of the gravitational force implies a force between the two masses, which 
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thereby are pulled apart from cach other. Such a force always arises if the gravitational 
field is inhomogeneous; it is called a tidal force because the tides on earth are caused by 
the same effect. 

Low tide and high tide are generated by the motion of the earth in the gravitational 
field of the moon (mass Mm). At point A or B (see figure) a body gets an acceleration 
a = yMy/(r + R)* due to the attractive force of the moon, where r is the distance between 
the centers of earth and moon, respectively, and R is the earth’s radius. 


Explanation of the tides: Earth and moon orbit around the common center of mass S. 


The Taylor expansion yields a © (yMy/r?)(1 = 2R/r). The acceleration at the earth’s 
center isa, = yMm/r?, such that the difference isa —a, = a—yMu/r? = =2yMmR/r?. 
This difference always points off the earth’s surface and has the magnitude 8 - 10~° cm/s?. 
At points A and B the earth’s acceleration is thus reduced by this amount. 

The common center of mass S of earth and moon is apart from the earth’s center by 
about 3 R. Because the center of mass is conserved, both earth and moon are moving with 
the same angular velocity about this point S. The center of earth thus moves on a circle 
of radius 3 R about S. This circular motion is the same for all points on earth and leads 
to a centrifugal acceleration a, that points along the axis earth-moon off the center of the 
circle. At the earth’s center the centrifugal acceleration and the gravitational acceleration 
y My/r? just compensate each other. 

The reduction of the earth acceleration at points A and B leads to formation of tide 
waves. Because the problem is symmetric about the axis moon-earth, one observes low- 
tide valleys in the ring through C and D perpendicular to this axis. The points A and B are 
floating along the earth’s surface, in accord with the moon’s circulation about earth and the 
rotation of the earth about its axis, such that the highest tide occurs twice within 243 hata 
given position. 

If the earth were completely covered by oceans, the height of the tide wave would amount 
to about 90 cm. By the various shapes of the coastlines, the times of the highest tide may 
shift, and tide waves with heights of several meters may evolve. 

The gravitational field of the sun also causes tidal forces on earth that amount to about 
half of the lunar tidal forces. If sun, moon, and earth lie on a straight line (i.e., at full moon 
and at new moon, i.e., each 135 days), the tidal forces add up and a particularly high tide 
arises (spring tide); at half-moon one observes a neap tide (see figure). 
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The friction between the waters and Ati 
earth implies a deceleration of the earth = 
rotation, such that the day became longer : ays 
by 0.0165 s during the last 1000 years. 
Because the total angular momentum 
of the earth-moon system is conserved, 
the decrease of the earth’s angular mo- 
mentum must be joined with an in- 
crease of the moon’s angular momen- 
tum. The moon’s angular momentum 
with repect to the earth’s center is ©’ Full Moon 


Sun 


Limoon = Muvr. : Sprin g Tide Neap Tide 


pews 4 Explanation of spring tide and neap tide. 
The gravitational force just balances 


the centrifugal force: 


yMeMmu a Myv* - 5 y Me 


r2 r r 


Hence: Lmoon = MuJ/y Mer. If Loon increases, the distance earth-moon also increases. 
This increase amounts to about 3 cm per year. 

The transfer of angular momentum from earth to moon is explained in the following 
somewhat simplified model. The friction between the waters of the oceans and the earth 
crust causes the two high-tide waves to flow with some delay behind the earth—-moon axis 
(see figure). The differences in the gravitational forces N and F result in a torque that 
decreases the earth’s angular momentum. The sum of the reactive forces acting on the 
moon has a component along the moon motion. Hence, there exists a torque that increases 
the angular momentum of the moon. 

The tidal forces of the earth onto the moon over the ages have resulted in the moon always 
showing the same face toward earth: The eigenrotation of the moon is already decclerated 
so much that its period coincides with the revolution time of the moon about earth.® 


The high-tide waves are partly convected by the earth rotation. 


®We recommend for further reading: Peter Brosche: The deceleration of the earth rotation, Contemporary 
physics (Physik in unserer Zeit) 20 no. 3 (1989) 70. 
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Precession and nutation of the earth 


In the following considerations we always take into account that the celestial bodies (e.g., 
earth) have a finite spatial extension. 

As the earth has no exact spherical shape but is a flattened rotational ellipsoid, and because 
the rotational axis of the earth is inclined against the ecliptic, the sun performs a torque D 
onto the earth that generates a change of angular momentum dL of the earth: L=Dor 
dL = Ddt. The torque D and hence also dL are perpendicular to the angular momentum 
L. Because this relation holds at any time, the vector L moves along the surface of a cone, 
whose axis is the polar axis of the ecliptic. This cone is called the precession cone. The 
problem of motion of spinning bodies will be treated in more detail in connection with the 
theory of the top in Classical Mechanics: Systems of Particles and Hamiltonian Dynamics. 


Ecliptical Pole 


Earth axis 
The geometry of the earth’s precession. The bulge of the gecid is exaggerated. 


We consider the problem from the earth’s point of view and base it on the assumptions 
that the sun were circulating about the earth and that the sun’s mass is uniformly distributed 
along the assumed path. (This will be justified below.) For our consideration there exists 
a mass ring about earth at the distance earth—-sun. This mass ring generates a change of 
angular momentum for the spinning top “earth,” which causes a rotation of the angular 
momentum axis about the pole of the ecliptic. In the figure, the pole of the ecliptic stands 
perpendicular to the assumed (hatched) sun orbit plane, the ecliptic. 

The angular momentum axis describes a precession cone about the pole of the ecliptic. 
The revolution period of the earth precession is 25,730 years (the so-called “platonic year”). 
This now justifies our assumption of the homogeneous mass ring “sun” since the sun would 
have performed 25,730 turns about the earth during one period of the precession motion. 

Besides the attraction by the sun, still other attractive forces by the moon and other 
planets are acting on earth, which also produce a change of the angular momentum. 


The largest perturbations are caused by the moon; they result in precession motions with 
a period of 9.3 years. 
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Because of the flattening of the earth, the earth’s axis and the angular momentum axis 
do not coincide exactly, such that the earth’s axis moves about the angular momentum 
axis. These fluctuations of the earth’s axis are called nutations. The measured period of the 
nutation motion of earth is 433 days. 

A detailed quantitative discussion of these phenomena is given in the chapter on the 
theory of the spinning top (gyroscope) in the volume Classical Mechanics: Systems of 
Particles and Hamiltonian Dynamics of these lectures. 


Small bodies in the solar system 


The more thoroughly the astronomers investigate the solar system, the more difficult it 
becomes to maintain the classical subdivision into the various categories for the smaller 
celestial bodies. Several of the moons orbiting about the planets meanwhile have been 
uniquely identified as captured small] planets (asteroids). Most of the asteroids, which 
presumably consist of the material of a “prevented” planet, are orbiting about the sun 
between the orbits of Mars and Jupiter. Several of them, however, on their flight also 
closely approach the earth’s orbit. 

It became possible by refined observation techniques to detect even small planets with a 
diameter of few meters in our neighborhood. Thus, in size they are comparable to meteorites. 

At certain time intervals of the year, shooting stars are piling up in the sky, namely always 
when the earth is crossing the path of a comet. From that phenomenon the astronomers 
conclude that many meteorites are fragments of comets. Other meteorites display a com- 
position that suggests an origin from small planets. It is also known that comets may split 
up and decay into debris. Initially intact comets later returned as twin comets. 

Such a decay may obviously happen also among small planets. An English—Australian 
observation program has led to the discovery of an asteroid in 1991 denoted as 1991 RC 
and Jater dubbed “5786 Talos’”.’ This object practically follows the same path as the small 
planet Icarus did, which had approached the earth in 1968 to only 6 million km. 

In October !990, the astronomers discovered a smal] planet with a diameter of only 60 to 
120 m. One month earlier a telescope on the Kit Peak in Arizona had been set into operation 
for a systematic search for small planets in the close vicinity to earth, which raises serious 
problems for the classification of small cosmic objects. By means of this device, a “small 
planet” (1991 BA) of only 5- to 10-m diameter had been detected, which 12 hours later 
passed carth at a distance of 170, 000 km. At tihs time, it was the closest object to earth 
ever detected, and so small that it might also be a meteor. 

The systematic search on the Kit Peak for cosmic rocks is performed for the first time 
by means of electronic detectors (CCD). Therefore, one has to expect such findings more 
frequently in the future. In just October and November 1991, four more objects were found 
with diameters less than 30 m each. Whether these were small planets or meteors could not 
be cleared in either case. For a meteor observed in 1972 in the west of the United States, 


7D, Steel, Nature 354 265-267 (1991). 
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it has been estimated that the glowing body had a diameter of 4 m—that is, not much less 
than the object 1991 BA. 

By means of the telescope on the Kitt Peak, during only 10 months the astronomers found 
evidence for 15 formerly unknown “small planets” on their way toward earth, moreover 
2000 further asteroids per month. The frequency of collision of such objects with earth 
will soon have to be calculated anew with additional data. At a conference held in 1991 
in St. Petersburg (“The Asteroid Hazard”) the participants still estimated the impact rate 
of a rock of 50-m diameter to be one event per century. This seems to be a major danger. 
Actually, meteors so far only rarely have caused noticable damages, because only a very 
smal] fraction of the earth’s surface is inhabited. 

If the object 1991 BA collided with earth, the impact energy—assuming a mass density 
of typical meteorite material—would be equivalent to about 40 kilotons of TNT. This is 
three times the energy of the Hiroshima bomb. For some time the American space agency 
NASA made plans and, indeed, has arranged for systematically localizing small objects 
moving toward earth and, if necessary, to destroy them before a collision. Whether such 
a project is meaningful and feasible with present-day means and wether it finds continous 
funding remains to be seen. 

In this respect it is worthwhile to note that in December 2001, NASA took the decision 
to stop a routine search program for small nearby asteroids with the help of the 300-m 
radio telescope in Arecibo/Puerto Rico. The American Congress had instructed NASA to 
track down until 2008 all astronomical bodies Jarger than 1 km that may represent any 
danger to earth. However, Congress did not provide enough funding to accomplish this 
task, NASA says. The observations with the telescope in Aceribo are extremely important 
for the determination of the actual position, velocity, and orientation of the orbit of possibly 
dangerous small objects. Moreover, the telescope allows to take radar maps of some of 
these bodies. The only remaining radio telescope for the search for the “NEOs” (near-earth 
objects) is now the antenna of NASA’s Deep Space Network at Goldstone/California. All 
other telescopes involved in the search for NEOs are optical telescopes. 


Recent research on the solar system—vJupiter’s large family of moons. 


The exploration of our solar system is, obviously, far from complete. This view may be 
corroborated by the discovery of 11 hitherto unknown moons of Jupiter in December 2001, 
and of further 18 moons during the year 2002, bringing the total number of moons of the 
largest planet of our solar system to 58 (as of April 2003). 

Jupiter has clearly captured several asteroids and minor planets within its gravitational 
field. The recently discovered moons had been found during a well-directed search program 
by a group of astronomers from Britain and Hawaii.® One expects that the overall number 
of satellites of Jupiter with a diameter of at least 1 km is well into the hundreds. Further 
discoveries will surely be made. 


8See, e.g., the web page of the group leader, David Jewitt, from the University of Hawaii, at 
http://www. ifa.hawaii.edu/“sheppard/satellites/ jup.html. 
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Schematic of . 
Jupiter’s Outer Satellites 


University of Hawali, Inetiiuie ior Astronomy 


New satellite orbits are shawn in black. 


Retrograde 
satellites 


» Prograde™»'s 
satellites 


© 


‘Callisto’s orbit 


a ee 5 million km 


This schematic view shows the orbits of the irregular satellites of Jupiter. The outermost regular satellite of Jupiter, the 
Galilean moon Callisto, is shown for reference. The orbits of the new satellites are shown in black. ((C)University of 
Hawaii, reproduced with kind permission) 


The newly discovered moons all are so-called irregular satellites of Jupiter, characterized 
by wide, elliptic orbits that do not lie inside the ecliptic. Many of those irregular satellites 
(including all the new ones) move along retrograde orbits, namely in a direction opposite 
to the direction of Jupiter’s rotation. 

The largest one of the irregular satellites, Himalia, was detected already in 1904. The 
retrograde orbit of these bodies is a clear hint that they are not primordial satellites of 
Jupiter, but captured objects. How Jupiter could capture and bind these small planetoids is 
not yet known. Astronomers cannot explain these events by celestial mechanics alone. It 
may be possible that Jupiter in the early stages of its history had a far-reaching atmosphere 
that could slow down the small planetoids. 
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Jupiter’s new moons all have diameters between 2 and 4 km. They were discovered 
with the help of the Canada—France—Hawaii telescope (diameter 3.6 m) with one of the 
largest digital imaging cameras in the world, the “12K”. This camera obtained sensitive 
images of a wide area around Jupiter. The digital images were processed using high- 
speed computers and then searched with an efficient computer algorithm for objects with 
movements characteristic of small moons that are near Jupiter. When the program detected 
an object, visual confirmation was made by eye. If the candidate looked good, it was 
observed during succeeding months at the University of Hawaii’s 2.2-m telescope. These 
observations allowed the computation of their orbits. 


Properties, position, and evolution of the solar system 


General facts on the solar system 


Our solar system belongs to the spiral nebula “Milky Way.” A lateral view of Milky Way 
is shown in the following figure. The lines denote zones of equal matter density, with the 
density decreasing from inside to outside. Our solar system is about 10 kpc apart from the 
center of the galaxy. (The length unit parsec has the magnitude | pc = 3.086 - 10'? km 
= 3.26 lightyears. This value stems from the following definition: 1 pc is the distance from 
where the major radius of the carth’s orbit is seen under 1”.) 


one +  kpe 


"= 10° light year - |* .~X. Galactic Halo 


Schematic profile of the Milky Way galaxy. The galactic halo is scarcely occupied with old stars, but 
perhaps filled with so-called dark matter. 


The two figures show how our Milky Way galaxy would 
look if we could see it from the top or from the side. 
This “synthetic photography” has been established by a 
computer from data measured within our galaxy. 

Data on the solar system are compiled in the following 
figures. When considering the solar system, keep in mind 
that all planets have the same direction of revolution and 
almost the same orbital plane. Only Pluto displays larger 
deviations in its data, which Jed to the assumption that Top view of the Milky Way galaxy. 
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Pluto was captured by the sun only after the evolution of 

the planetary system. In the context of the formation of nen ES a rt re oe 
the solar system the following, so far not yet explained ; 
empirical law for the major semi-axes of the planets de- 
serves interest (the planetoids are well fitting in there). It 
is the called the Titius—Bode relation for the major semi-axes a, of the planets: a, = agk". 
Thereby a) = 1 AU and k © 1.85. The abbreviation “AU” means “astronomical unit” = 
major semi-axis of the earth’s orbit. The integer numbers n are associated to the planets 
(see the figure on p. 309). 


Side view of the Milky Way galaxy. 
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Illustration of the Titius-Bode relation. 
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Our solar system in figures. 


; Ceres 
Name { Sun Mercury Venus Earth Mars (planetoid) 
Sennen rene ee os : 
Symbol i (3 y me > ef — 
Year of discovery oe _ ven o —_ 1801 
Piazzi 
Discoverer _ — ~— : a Gane 
Sidereal period 
eeenn ven) — 9.208 0.615 i 1.88 46 
Mean distance 
Sun~planet 0.387 0.723 i 1.524 2.767 
in AE 
Mean distance 
Sun—planet — 57.9 $08.2 149.6 2279 — 
in 10° km 
lad at 0.206 0.007 0.017 0.093 0.076 
of orbit 
inclination s a ae b 
of orbit a 7 3 o° 1°5] 10°37 
Inclination a x ey A 
Weigialos | — aa 3 23°27 23°59’ ~- 
Radius in 
re | 109 0382 0.949 i 0.533 0.055 
Mass in 
— 3.3-10° 0,054 0.814 i 0.107 ~ 0.0001 
Surface gravity 
ja aa 0.4 0.0.9 i 0.4 —_ 
Density 
@em') 1.4 5.46 5.06 §.52 3.93 3.3 
Sidereal Sy 7h é Surya Ss phaqip hy om 
rotation period a £8 eid Wl ed 2358 2437 5°0.5 
Moons ome 0 0 i 2 6 
Mean surface ) 
temperature (in K) 5785 100-625 740 288 216 160 
Spectroscopically 
found Bases H, He He, H ei No, O: Co,, No, _ 
in atmosphere : O2, H20 
Supposed chemical | Fe. Si Ie. Si 
composition | H, He Fe, Si ~ : ¢ - Fe, Si — 
i 


(main components) |; 
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Meath = 5.976 - 104 kg, 1 AE = 1.496. 10° km. 
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in AE 
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Sun-planet | 779 1432 2888 4509 5966 
in 10° km 
~ " aia m i 
erin | 9.048 0.056 0,047 0.009 0.247 
of orbit 
Inclination i ' — epee — eee 
oP GrBit 1 18 229 (P46 1-46 17°10 
eesti i 
i le | 3°04" 26°44! Bo 2 > $0° 
of equator 
Radius in fe ; 
97 aie 3.43 . 
ameathi 10.97 9.03 ae 4 0.24 (1) 
Mass in 
—— 317.45 95.2] 14.9 D2 6.002 (7) 
ane Say 2.4 0.9 0.9 LT 0.1 
in g 
Density 
3 me 8 C2 
(g/cm) 1,33 0.71 nS 4] 0.8.) 
Sidereal es : 
1S a PARSE Reger DAM 
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Mean surface : 
5 4 
conan | 134 97 60 57 $30) 
Spectroscopically Hh), He, i oa 
found gases CH,, NH, an Re H3, CHs = — . ey 
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Jupiter 


Asteroid Belt, re 


-— 
1 AU 10 AU 


Maps of the solar system in two different scales. 1 AU (astronomical unit) is the radius of the earth's 
orbit. The symbol! of each planet is given at the perihelion of its orbit. 


Closed orbits and perihelion motion 


As we have seen, there exist spatially fixed closed orbits in the 1/r-force field. But if the 
gravitational potential differs somewhat from r~', hence V(r) 4 r~!, for example, 


V(r) = Ar! 4+ Br?4+Cr?+:--, 


a rosette motion may arise. The effective potential has a minimum as before, such that 
a minimum and a maximum radius exists. But in general the paths are no longer closed 


curves as in the case of the 1/r-potential. They then must be rosette orbits. (We refer to 
Problem 26.12.) 


Deviations from V(r) ~ r~', such that the potential differs from cr~', are caused by 
the influence of other planets on the path of a given planet, or by deformation (flattening) 
of the central star. These perturbations generate both a perihelion motion of the planets 


Vir)~ + vine ZZ 


fou) 
NN 


Closed orbits and rosette orbits in the force field of a central mass. 
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as well as the typical rosette path. The planetary orbits agree with the values calculated 
according to Newton, except for the case where the planet is very close to the sun. The 
norma! mutual perturbations of the planets may be calculated by means of the tools of 
celestial mechanics. For Mercury, however, the observed value for the forward motion of 
the Mercury perihelion is too large to be traced back in full to perturbations by other planets 
and to the flattening of the sun. The calculated value is by 43” per century smaller than the 
measured one. Einstein’s theory of general relativity explains this effect. 

For the mathematical treatment of the perihelion motion, we refer to Problems 26.12 
and 28.4. 


Evolution of the solar system 


A sun is formed if a dense cloud of interstellar gas and dust contracts under the action 
of the gravitational force. Our sun is surrounded, however, by many other bodies forming 
the planetary system. The evolution of this planetary system is at present not yet fully 
understood. There are competing theories that always explain only some of the properties 
of the planetary system. 

The multitude of theories may be grouped into three main classes that differ in the 
mechanism of formation of the planets. 


1. Theories stating that the formation of planets is independent of the formation of the sun: 
The planets only emerged when the sun was already a normal star. This class includes, 
for instance, the tidal theories. 


2. Theories stating that after the formation of the sun, the planets were generated from 
interstellar matter. These are the so-called accretion theories, which assume an increase 
of mass within a plane (the ecliptic). 


3. Theories according to which the planets are formed out of the same nebula and by a 
similar process as the sun is formed (nebular hypotheses). 


In the following paragraphs, several of the basic mechanisms of these theories will be 
further described. 


1. Tidal theories (Bickerton, 1878; Chamberlain, 1901; Moulton, 1905; Jeans, 1916; 
Jeffreys, 1918) 

Two suns pass each other but without mutually capturing each other. Due to the tidal 
forces, matter is pulled out of the suns that shall condensate to planets. Aside from the 
low probability of such an encounter, this theory has several further deficiencies. It could 
in no way explain the chemical composition of the planets, and the planet orbits should 
be strongly elliptic according to this theory. Moreover, some later calculations (Spitzer, 
1939) showed that matter ejected by a star cannot condense to a planet, because of its high 
temperature. Therefore, the tidal theories meanwhile have been dropped. 
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2. Accretion theories (Hoyle and Littleton, 1939) 

If the sun moves through a cloud of interstellar matter, it can bind particles by the 
gravitational force. Due to the attractive force between the particles and by collisions, 
larger masses may be formed that shall grow up to the size of the present planets. One 
also has to take into account the consequences of electromagnetic effects (Alfven, 1942). 
As shown in Example 28.2, the magnetic field of the sun prevents a particle with charge q 
and mass m to come closer to the sun than to a critical radius r., which is proportional to 
(q/m)’/>. Therefore, the heavier particles pile up near the sun. By appropriate assumptions 
on the magnetic field of the sun, the chemical composition of the planets may be roughly 
explained. 


3. Nebular theories (Descartes, 1644; Kant,’ 1755; Laplace, 1796) 

The gas nebula from which the sun originated was flattened by its rotation. Because of 
turbulences, parts of the nebula split off, which then begin to contract. They thereby rotate 
faster and faster because the angular momentum is conserved. The central part of the nebula 
forms the sun, while the peripheral region leads to many proto-planets. In the interior of 
these proto-planets a core evolves from the solid fractions of the nebula. The number of 
proto-planets may decrease by collisions. 

In more recent time the following mechanism has been investigated: The solid fractions of 
the nebula are enriched in the middle plane of the disk-shaped gas nebula by the gravitational 
force (see figure). With increasing concentration, this dust disk becomes unstable and decays 
into regions of several kilometers of diameter. These regions are the cores for further mass 
accumulation. Larger and larger objects develop by attraction of further solid particles and 
by collisions, which grow to the size of planets. 


Motion of dust particles in the central plane of a nebula. 


? Immanuel Kant, philosopher, b. April 22, 1724, Konigsberg—d. there Feb. 12, 1804. 

Kant originated from a workman's family. He attended the pietistic Friedrich gymnasium in his hometown 
and until 1746 studied there natural sciences, mathematics, and philosophy; from 1747 to 1754 he was a private 
tutor. In 1755 he did his Habilitation in Konigsberg as magister of philosophy; he also served as subordinate 
librarian of the library of the castle. In 1763 he refused an offer for a professorship for poctry; in 1770 he became 
professor for logic and metaphysics. In 1786 and 1788 he administrated the principalship. In 1796 he stopped 


lecturing for health reasons. His life passed without stniking external events: He never left East Prussia and rarely 
left Konigsberg [BR]. 
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If a certain size is exceeded, then the gaseous residues of the nebula (H2, He) may be 
bound by gravitation; hence this theory may also explain the formation of Jupiter and 
Satum. 

There occurs a temperature gradient within the gas nebula such that the nonevaporating 
substances (dust particles) are condensing in the hot zonc in the interior, while the gases 
(e.g., HyO, NH3, and CH4) may condense only in the colder zones at larger distance from 
the young sun. This mechanism, in principle, can possibly explain the chemical composition 
of the planets. 

The angular momentum of our solar system resides to a large extent in the planets. Our 
sun contains 99.87 % of the mass but only 0.54 % of the total angular momentum available in 
the solar system. If the total angular momentum were concentrated to the sun, the resulting 
value would be typical for young stars. Thus one may conclude that the sun must have 
transferred angular momentum to the planets. A mechanism for this process is provided by 
magneto-hydrodynamics (Hoyle, 1960; Edgeworth, 1962): In the plasma (ionized matter) of 
the gas nebula, very large perturbations may occur, and stabilized magnetic fields, “frozen” 
in the plasma, may be convected. The transfer of angular momentum from the center to the 
peripheral region may be explained in this way, similar to the principle of the eddy-current 
brake. 

Only in the most recent time have detailed computer simulations of the evolution of a 
gaseous nebula been performed. One must take into account further physical effects (e.g., 
pressure, friction, solar wind, tidal forces, etc.). In due time one may judge whether these 
theories actually explain the presently observed properties of the planetary system. 


World views 


Geocentric—the Ptolemaic world view (about 140 ap) 
The Ptolemaic!® world view was the base of astronomy until the 17th century. It considers 
the earth as the world center being at rest. The moon, sun and the planets orbit about 
earth. The fact that this world view could survive undisputedly over such a long period is 
explained best by a sketch, showing that predictions on the position of the planets could 
actually be made, based on this view. It thus had “predictive power.” 

If one considers the actual situation (sun in the center of the planetary system), one 
gets the upper two figures for which hold r, = R+r,z or R = r, — rz, respectively. 


Claudius Ptolemy, b. after 83 Ab, Ptolemais (middle Egypt)-—d. after 161 AD. It is only known that he 
worked in Alexandria. He is considered as the most important astronomer of the Ancient World. He is the 
main representative of the geocentric world view. His Great Astronomic System—in the Arabic translation 
Kitab al-magisti known as Almagest—constituted the fundamental work on astronomy until Copernicus. In 
his representation, Ptolemy used the theory of epicycles of the Apollonios, a trigonometry of secants, and the 
stereographic projection. Ptolemy still published an Optics, the very influential astrologic work Tetrabiblos, and 
the most valuable Introduction to Geography, which was extraordinarily influential on science of the Middle 
Ages, just as astrology. 
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Inner and outer planets in a heliocentric world model. 


Correspondingly, r, circulates about the sun once in one planetary year, and rg does the 
same in one earth year. For the geocentric world view, we obtain a different figure: 

The equation R = r, —r¢ also holds in the geocentric world view, but here the Prolemaic 
deferent has been introduced. It is an immaterial circle performed by r, with the siderean 
revolution of the planet about the earth. Because one could not yet determine the distance 
of a planet, only the direction of R mattered but not its magnitude. This explains why the 
theory of epicycles describes the planetary motion correctly. 
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Understanding the theory of epicycles. 
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2. The heliocentric system—the Copernican world view 


In the Copernican world view,'! the sun is understood as the center (central body) of our 
planetary system. It culminated in Kepler’s laws that allowed one to calculate all processes 
in the planetary system easily and exactly. 


"\ Nicolaus Copernicus, German Koppernigk, Polish Kopernik, astronomer and founder of the heliocentric 
world view, named after him Copernican, b. Feb. 19, 1473, Thorn—d. May 24, 1543, Frauenburg (East Prussia). 
In 1491 he began humanistic, mathematical, and astronomical studies at Cracow University. From 1496-1500 
he studied civi} and clerical law in Bologna. At the instigations of his uncle, Bishop Lucas Watzelrode, he was 
admitted to the chapter of Ermland at Frauenburg in 1497. From autumn [501 he studied in Padua and Ferrara, 
praduated there on May 31, 1503, as doctor of canonical law, and then studied medicine. After returning home 
in 1506, he lived in Heilsberg as secretary of his uncle from 1506 until his uncle’s death in 1512 and was 
involved in administrating the diocese Ermland. As chancellor of the chapter Copernicus lived from 1512 mostly 
in Frauenburg. He resided as governor of the chapter from 1516-1521 in Mehlsack and Allenstein, and in 1523 
he served as administrator of the diocese of Ermland. From 1522-1529 he represented the order chapter as deputy 
at the Prussian state parliaments and there in particular also supported a monetary reform. 

His paternal family originates from the diocesian country Neiss in Silesia; hence his German origin may be 
considered as established, since in wnting he utilized only the German and Latin languages. Copernicus was also 
considered as a famous physician, as is indicated by the lily of the valley in one of his woodcuts. As astronomer, 
Copernicus completed what Regiomontan had imagined: A revision of the doctrine of planetary motion, taking 
into account a series of critically evaluated observations. Only on such a basis could one then speculate on a 
calendar reform. The urgency of this reform was generally recognized at the beginning of the 16th century. 
Copernicus was presumably influenced by these considerations. In the course of his work he then decided to 
accept a heliocentric world system, inspired by vague antique writings. A brief, preliminary report on this topic 
is the “Commentariolus,” presumably written before 1514. Already here the decisive assumptions are expressed: 
The sun is in the center of circular planetary orbits, and the earth also circulates about the sun; the earth rotates 
daily about its axis and in turn is orbited by the moon. The wider public got the first information on the Copernican 
doctrine by the Narratto Prima of G. J. Rheticus. 

The main work of Copernicus, the Six Books on the Orbits of Celestial Bodies (De Revolutionibus Orbium 
Coelestium Libri VI, 1543, German 1879, new edition 1939), emerged only in the year Cpernicus died. It was 
dedicated to Pope Paul II, but the original foreword of Copernicus was replaced by a foreword of the Protestant 
theologist A. Osiander that inverted the meaning of the whole subject. The doctrines of Copernicus remained 
uncontested by the Church until the edict of the index congregation of 1616. The remaining imperfections of the 
Copernican theory of planets were removed by J. Kepler. But just as Copernicus, Kepler could also not prove in 
modern sense the correctness of the heliocentric system. Still at the time of I. Newton, the astronomic data were 
not precise enough to establish the very small “Copernicus effects.” This was achieved only in 1728 by J. Bradley 
with the discovery of the aberration of the fixed stars, and in 1839 by F.W. Bessel by the first measurement of a 
fixed star’s parallax. The objections of the opponents of the Copernican view are intelligible, since for most of the 
fixed stars the parallaxes are not detectable even by modern methods of measurement, duc to the large distances 
from the sun. His opponents urged, for example, the famous observer T. Brahe to establish his own model of the 
planctary system, which represents a compromise between the geocentric and the heliocentric systems [BR]. 
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A model of the sun’s environment’? 


Already the nearest stars are so far away from earth that it is difficult to get an idea on the 
dimension. The following model shall assist on that point: The planetary system and the 
environment of the sun are reduced by the scale 1:100 billions. Then 1 cm in the model 
corresponds to 1 million km in nature. The solar system then could be accomodated on a 
schoolyard or on a large crossroads: The sun itself would have a diameter of 1.4 cm. At 
1.5 m apart the earth of a size of 0.1 mm would be localized. At nearly 8-m distance from 
the sun follows Jupiter with a size of 1.4 mm, and at a distance of 59 m follows the outer 
planet Pluto with 0.05-mm size. Proxima Centauri would be apart from there by 410 km, 
Sirius by 820 km, etc. This scale model is shown in the following figure: 


500 km 


The closer environment of the sun in a model: Our sun is located in Frankfurt; its diameter on this 
scale (1 : 10'') is only 1.5 cm. The next star is « Centauri at a distance of 410 km from Frankfurt, i.e., 
approximately in Paris. 


The nearest stars to the sun are collected in the following table: 


!2We follow here the excellent booklet of J. Hermann: dtv-Atlas zur Astronomie (Tafeln und Texte mit 
Sternatlas), Deutscher Taschenbuch Verlag Miinchen. 
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Star Constellation Distance in lightyears 
a Centauri/Proxima Centauri Centaurus 4.3 
Barnard’s arrow star Ophiuchus Se) 
Wolf 359 Leo Tell 
Luyten 726-8 Cetus 7.9 
Lalande 21 185 Ursa Maior 8.2 
Sirius Canis Maior 8.7 
Ross 154 Sagittarius 9.3 
Ross 248 Andromeda 10.3 
€ Eridani Eridanus 10.8 
Ross 128 Virgo 10.9 
61 Cygni Cygnus ie 
Luyten 789-6 Aquarius Wl 


Other planetary systems? 


Due to the large distances between the stars and the fact that planets for themselves are 
very dim, there have only recently been successful attempts to obtain strong evidence for 
the existence of other planetary systems besides the solar system.'? The star 51 Pegasi (in 
a distance of about 45 lightyears from the solar system in the constellation of Pegasus) 
showed periodic variations of its radial velocity (see figure). 

This observation can be explained by the motion of the star and an assumed planet around 
their common center of mass. The radial motion of the star was deduced from observations 
of the Doppler shift of approximately 5000 absorption lines in the spectrum of the star. 
This methods allows results as precise as 15 m/s. In order to give a better impression of this 
velocity, we mention that the velocity of the sun, which is caused by the common motion of 
the sun and Jupiter is about 13 m/s. The indirectly observed planet, 51 Peg B, is supposed 
to have roughly the mass of Jupiter (0.5M; < M < 2M)) and anearly circular orbit around 
its solar-type star (€ ~ 1) with a radius of only 0.05 AU and the short period of T ~ 2d. 
This means that when compared to our solar system, the planet would move around clearly 
within the orbit of Mercury. Other possible explanations for the varying radial velocity of 
51 Pegasi are very improbable. 

Current models for the formation of planets do not foresee the emergence of such giant 
planets so close to their central stars, leaving the origin of 51 Peg B (and of similar planets 
that have been found since with similar methods) somewhat obscure. Beside the possible 
migration of a giant, Jupiterlike planet to such a close orbit, another explanation may be 
the possible capture of a so-called brown dwarf. Brown dwarfs are dim stars whose mass 
is not sufficient in order to ignite the thermonuclear burning of hydrogen in the center of 


15M. Major, D. Queloz, “A Jupiter-mass companion to a solar-type star,” Nature 378 (1995) 355; see also, e.g., 
Europhysics News 26 (1995) 123. 
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The orbital motion of the star 51 Pegasi, corrected for long-term variations of the velocity of the center of 
mass. The points, plotted as a function of the phase of the orbital rotation, correspond to experimental 
estimates of the radial velocity as determined from the spectroscopic data. The solid line is the theoretical 
curve fitted for a circular orbit with a period of 4.2293+40.0011 days. It shows that the data are remarkably 
stable and sinusoidal. (From M. Mayor, D. Queloz, Nature 378 355 (1995) @Nature Publishing Group, 
reproduced with kind permission) 


the star.'* The periodic variations of the radial velocity of 51 Pegasi show a superimposed 
periodic perturbation with a longer period, hinting at a farther planet that is less massive and 
orbits a greater distance from the star. This implies that one can talk about a real planetary 
system. 

Before the discovery of the planet 51 Peg B orbiting a solar-type star, one had already 
found two planets with masses comparable to the earth’s mass and periods of several 
months, orbiting, however, a pulsar. 

A further discovery has been the periodic variation of the luminosity of some stars, 
due to the partial eclipse of the central star by the transit of an orbiting planet!>. The 
following figure illustrates this method: Data taken with the Hubble space telescope show 
the light curve (the luminosity as a function of time) of the solar-type star HD 209458 in the 
constellation of Pegeasus. This star has a jupiter-like companion in a very close orbit with 


' A good overview and an explanation of the different burning cycles in the interior of a star that is contracting 
by the gravitational forces can be found in Chapter 18 of J.M. Eisenberg and W. Greiner: Nuclear Theory. Vol 1: 
Nuclear Models, 3rd ed., North Holland, Amsterdam, 1987. 


!°L.R. Doyle, H.-J. Deeg, T. M. Brown: Searching for shadows of other Earths, Scientific American, Sep. 2000, 
p. 38 
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Left: The light curve of the star HD 209458. The star is partially eclipsed by the transit of its planet. Right: Schematic 
view of the partial eclipse of HD 209458 by its planet and the resulting light curve. (from T. M. Brown et al., Astrophysical 
Journal 552 699-709 (2001), ©American Astronomical Society, reproduced by permission of the AAS.) 


a period of about 3.5 days. Every transit of the planet in front of the star yields a dimming 
of the star, which is clearly visible in the light curve. 


In the meantime (2001), more than 40 planets are believed to exist around stars in the 
vicinity of our solar system. 


The spatial motion of the sun 


From the spatial motion of the stars one may conclude that our sun also moves through 
the universe. The method of how to determine this motion is illustrated by the following 
example. 

A driver moves by car along a straight road through the woods. If there were no chance 
to learn about the direction and speed of motion from other observations, one might derive 
it from the motion of the trees. When looking forward along the direction of motion, the 
trees seem to diverge. When looking perpendicular to the motion, the trees seem to pass the 


car in backward direction. If one looks in backward direction, the trees seem to converge 
(compare the following figure). 
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==> Antapex 


Motional effects that allow the determination of the speed and the direction when driving with constant 
speed on a road bordered by trees. 


The same holds also for the motion of the sun 
through the universe: One has to observe the system- 
atic effects of motion of the stars. A complication as See — ee 
compared to the case of the moving car, however, is APeX * Antapex 
due to the fact that the stars don’t stand fixed as the 
trees, but are moving by themselves. But one may ex- 
pect that in a statistical observation of very many stars egtinenaltel Vieiendnainionss tine 
the individual motions of the other stars will no longer apex, the largest positive value in 
show up too much, such that the effect described above _ the direction of the antapex (dashed 
manifests itself clearly. double arrows). The tangetial veloc- 

This will of course work only then if the observed _ ities of stars are largest in the direc- 
stars display no systematic motions, i.e., their individ- "0" vertical to the sun’s motion (bold 
ua] spatial motions are actually distributed in a purely CIPO | See eredia Via 

ties there are smailest. 
random manner (statistically). If certain directions of 
motion show up with some preferences, there may arise faults when deriving the spatial 
motion of the sun. 

This may easily be visualized by assuming, for example, that the trees in the above 
example move all in one direction, say from left ahead to right behind the car, looking 
along the direction of motion. 

Actually the premise of arbitrary directions of motion of the stars is not strictly fulfilled, 
which makes an exact determination of the sun’s motion rather difficult. Rough assignments, 
however, could be made already by W. Herschel,!® who at that time investigated only 13 


Radial velocities have the largest 


'©Sir (since 1816) Friedrich Wilhelm (Willam) Herschel, b. Nov. 15, 1738, Hannover—d. Aug. 25, 1822, 
Slough near Windsor. At first musician, he went in 1765 as organist to Great Britain. The theory of music led him 
to mathematics and optics, and in 1766 he began to cut mirrors with such a success that no less than 400 mirrors 
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stars. Later on the investigations were extended to a much higher number of stars. ‘The sun 
apex, the target point of the spatial motion of the sun, has the coordinates a = 18404m, 
6 = +30°, that is, is localized in the constellation of Hercules. 


Ras-algethi 
@ Ras-alhague 


Ophiuchus 


The position of the sun apex in the constellation of Hercules. Our solar system as a whole—located in 
the Orion branch of the Milky Way—moves toward the apex with a speed of 19.4 km/s ~ 610 million 
km/year. 


The velocity of the sun’s motion may be derived from a systematic distribution of the 
radial velocities of the stars. The stars located in the direction toward the sun apex on the 
average show a negative radial velocity. As a result, one obtains a velocity of 19.4 km/s (610 
million km/year) for the spatial motion of the sun. This motion relative to the neighboring 
stars 1s also denoted as peculiar motion (in contrast to the rotational velocity about the 
center of the Milky Way system). 

In 1967 the peculiar motion of the sun could be determined for the first time also by 
radio-astronomic means, namely by the Doppler shift of the 21-cm radiation of interstellar 
neutral hydrogen. Taking into account the possible errors of measurement, this result agrees 
with the optical observations. 


left his workshop. The largest one had a diameter of 1.22 m and 12-m focal length. The observations with his 
mirrors made him an astronomer. In 1781 he discovered the planet Uranus; in 1783 he established the motion of 
the solar system toward the constellation Hercules; in 1787 he found the two outer moons of Uranus; and in 1789 
the two inner Saturn moons. His observations of double stars, nebula spots, and stellar clusters opened new fields 
of astronomy, and his star gauges founded the explorations of the structure of the Milky Way system. 
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Neighbourhood of our Milky Way 


Our spiral nebula, the Milky Way, is embedded within the so-called local group, a cluster of 
about 9-10 galaxies. The Milky Way and the Andromeda nebula, just as the M33-galaxy, 
are spiral nebulas; all other galaxies are of a type of spherical clusters. A widespread 
phenomenon in the extended universe is the accumulation of galaxies to galaxy clusters. 
The first group of galaxies outside the /ocal group is located toward the constellation Virgo; 
it consists of 2500 galaxies and is at a distance of about 60 million lightyears away. 

One should make clear to oneself the ratios of distances: Our Milky Way has a diameter 
of 10° lightyears; the mean distance of two stars within the Milky Way is about 5 lightyears. 
The Andromeda nebula is separated from the Milky Way by 2 - 10° lightyears. The Milky 
Way is further “‘orbited” by two small satellite galaxies: The Small and the Large Magellanic 
Cloud. 

The famous supernova explosion in the great Magellan cloud was seen on earth on 
February 24, 1987, the only one in our time whose light curve and neutrino showers have 


M 31 (Andromeda Nebula) 
NGC 147 


M 32 - 
AndI +e NGC 185 
And II 3° NGC 205 


M 33 / And Hl 


_ @Draco-¢ Ursa Major 
Ursa Minor 2 eo II 
Sextans Feo 


© Galaxy (Milky Way) 
““~IMC (Large Magellanic Cloud) 


P Fornax MO (Small Magellanic Cloud) 


IC 1613 
Sculptor e 


NGC 6822 


<-— 2.000.000 LY 


ee. group. Only larger galaxies are shown. The circles indicate the distance from the Milky Way in millions of 
ightyears. 


ON THE EVOLUTION OF THE UNIVERSE 325 


been recorded experimentally. Satellite galaxics are frequently observed. Andromeda also 
has two “small” satellite galaxies. The following figure illustrates our neighboring galaxies. 


On the evolution of the universe 


Our knowledge about the beginning of the universe is rather obscure, because it was born 
out of a state which cannot be described by any physical law we know of. We simply call 
these indescribable moments of birth of our universe the Big Bang. 

Indeed, spectroscopic measurements have shown the existence of a relation between 
the redshift observed in all star spectra and the distance of the stars from earth. If we 
assume the Doppler effect as responsible for this shift, then the universe must expand in all 
directions. If all motions are now considered in a backward direction, then all bodies meet 
simultaneously in a certain space region. Here the cosmic “Big Bang” must have happened 
about 14 - 10° years ago. One imagines that matter (energy) was created by the transition 
from one state of the vacuum (true vacuum with zero energy) to an energetically deeper 
state of vacuum. 

After the Big Bang, the universe rapidly expanded from an incredibly small region with 
dimensions of 10~*? cm and an unthinkably high energy density of 1074 g/cm?—this initial 
phase of the Universe in known as the Planck aera. The Grand Unified Theories!’ of today 
suggest that physics was probably much simpler under the extreme conditions of the Planck 
aera, because all the forces we nowadays know of—gravitation, electromagnetism, weak 
interactions, and strong interactions—were one and the same, or indistinguishable. The 
world was then governed by an universal state of symmetry. However, while the universe 
was expanding rapidly, this symmetry was quickly broken into present-day forces with 
vastly different strength and range. 

At the extremly short time of 10~”° s after the initial event, the entire now-existing 
matter at that time existed in the form of free elementary particles (photons, quarks, 
gluons, leptons—that is, electrons and neutrinos—, perhaps other, yet unknown elementary 
particles like supersymmetric particles) of enormous concentration (9 = 10°° g/cm?) and 
temperature (7 = 10°? K). The expansion and the thereby implied cooling enabled the 
assembling of nucleons to nuclei, and finally the formation of complete atoms. Under the 
influence of gravitation, the cosmic primordial cloud then condensed to galaxies, and finally 
to individual stars. 

In the following sections we shall give a short discussion of the modern ideas about the 
early universe. '* 


'7 see ¢, g. W. Greiner and B. Miiller, Gauge Theories of Weak Interactions, Springer Verlag New York, 2000 


18In this and the subsequent section about dark matter, we follow closely the excellent article by Klaus Pretzl, 
In Search of the Dark Matter in the Universe, Spatium 7, May 2000, available from Association Pro ISSI at 
http://www. issi.unibe.ch/spatium.html. 
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littabeaers 


The evolution of the universe. Modern physics and experimental observations document the history of the universe 
from an incremental! fraction of time after the Big Bang some 14 billions of years ago up to its present state. Dark matter 


is seen today as having played a key role in the formation of stars and galaxies. (C)CERN Publications, July 1991, 
reproduced with kind permission) 


Inflation and the very early universe. 


One observes nowadays enormous homogeneity of the distribution of matter in the universe 
(averaged over large scales), and also within the Cosmic Microwave Background (CMB) 
radiation. This is very puzzling because there are regions in the expanding universe which 
have never been in causal contact, that is, light never had sufficient time to travel from one 
of these regions to another one. 

To overcome this difficulty, some cosmologists (A. Guth, A. Linde, and others) suggested 
an exponentially rapid expansion of the universe, blowing up the universe by about a factor 
3 - 10% between 10 * s to 10-™ 5 after the Big Bang. This expansion is called inflation 


of the universe. All this reasoning scems utopic, but is helps to understand the present-day 
observations. 
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The inflationary phase ended abruptly due to the creation of photons and all the clemen- 
tary building blocks of matter—quarks and leptons. Equal numbers of matter and antimatter 
were present, but most of the energy resided in radiation. The latter lost its energy faster 
due to the expansion, so that after 10* years the energy balance of the universe shifted on 
favour of matter. 


The hadronic phase transition in the early universe and the CP problem 


The quark gluon phase of matter ended about 10~° seconds after the Big Bang, when the 
universe cooled to a temperature of 2 - 10!” Kelvin. At that temperature a phase transition 
from a quark gluon plasma to a nucleonic phase of matter took place, where the protons 
and neutrons were formed. 

In this process three quarks of different flavors (so-called up-quarks and down-quarks) 
combine together to form a proton (two up-quarks and one down-quark) or a neutron 
(one up-quark and two down-quarks) and similarly antiprotons (two anuup-quarks and one 
antidown-quark) or an antineutron (onc antiup-quark and two antidown-quarks). 

The gluons were given their name because they provide the glue for holding the quarks 
together in the nucleus. They mediate the strong force by exchange between the force 
centers (color charges) similarly as photons mediate the electromagnetic force between 
electric charges. 

It is worthwhile to mention that in heavy nucleus—nucleus collisions at very high energies, 
one creates such a quark gluon plasma nowadays in the laboratory, for example, at CERN or 
at RHIC (Brookhaven). The idea is that in such collisions strong compression (up to 5—10 
times nuclear density) and high temperatures (~ 10! Kelvin) occur in a kind of nuclear 
shockwaves. Under such conditions, the protons and neutrons in the nuclei melt and set 
free quarks and gluons. 

After the hadronic phase transition, one would expect to end up with the same number 
of nucleons and antinucleons, which annihilate each other after creation, leaving us not a 
chance to exist. Fortunately, this was not the case. The reason that we live in a world of 
matter with no antimatter is believed to be due to a very subtle effect, which treats matter 
and antimatter in a different way during the phase of creation. This effect, known as CP- 
violation (charge conjugation and parity violation), was first discovered in an accelerator 
experiment by V. Fitch!? and J. Cronin2° in 1964, for which they got the Nobel Prize in 
1980, and was used by A. Sakharov”! to explain the matter—antimatter asymmetry in the 
universe. 


19Val Logsdon Fitch, American nuclear physicist, b. 1923, Merriman, Nebraska. He received his Ph.D. from 
Columbia University in 1954. After working on muons and muonic atoms, he started investigating the properties 
of kaons, where he found in 1964, together with Cronin, the CP violation in the decay of the neutral mesons. Fitch 
and Cronin shared the 1980 Nobel Prize in physics for this discovery, 


20 James Watson Cronin, American nuclear physicist, b. 1931, Chicago, Illinois. He received his Ph.D. from 
University of Chicago, 1955. His interest in strange particles was stimulated by Gell-Mann, and he worked mostly 
on kaons, first in Brookhaven, later in Princeton, joining the group of Fitch. 

21 Andrei Sakharov, Soviet physicist, b. 1921. Moscow—d. 1989, He was fascinated by fundamental physics 
and cosmology, but first he spent two decades designing nuclear weapons. He came to be regarded as the father of 
the Soviet hydrogen bomb. Gradually Sakharov became one of the regime’s most courageous critics, a defender 
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Primordial nucleosynthesis 


After further expansion the universe cooled to a temperature of 10° Kelvin, when protons 
and neutrons started to hang on to each other to form the light elements like helium, 
deuterium, lithium, and beryllium. This phase of nucleosynthesis began a few seconds after 
the Big Bang. The heavier elements were only formed many millions years later, mainly 
during star formation and supernova explosions. After their formation, the light nuclei had 
hundreds of thousands of years of time in order to catch electrons and build atoms. 


The cosmic background radiation 


About 300 thousand years after the Big Bang, radiation had not enough energy left 
to interact with matter because the excited states of atoms were appreciably higher than 
the photon energies contained in the cosmic radiation. Therefore, the universe became 
transparent for electromagnetic radiation. This radiation from the early universe was first 
discovered by R. Wilson”’ and A. Penzias”* in 1965. They received the Nobel Prize for this 
finding in 1978. Their discovery was made by chance, since they were on a mission from 
Bell Laboratories to test new microwave receivers to relay telephone calls to earth-orbiting 
satellites. No matter in what direction they pointed their antenna, they always measured the 
same noise. At first, this was rather disappointing to them. But they happened to learn of the 
work of the physicist G. Gamow”4 and the astronomers R. Dicke> and P. Peebles,”° thus 


of human rights and democracy. His commitment as a “spokesman for the conscience of mankind” was honored 
by the Nobel Peace Prize in 1975. 


22 Robert Woodrow Wilson, b. 1936. 


23 Arno Allan Penzias, b. 1933, Munich, Germany, from where his family could escape to the United States in 
1939. 


*4 George Gamow. b. 1904, Odessa, Russia—d. 1968. Russian-American physicist who worked out the theory 
of alpha decay in terms of tunneling through the nucleus’s potential barrier. Gamow showed that, as a star burns 
hydrogen, the star heats up. He supported the “Big Bang” theory of Lemaitre. He was also a popularizer of science, 
publishing many works including Mr. Tompkins in Wonderland (1937) and Thirty Years that Shook Physics (1966). 


*5 Robert Dicke, b. 1916, St. Louis—d. 1997. Dicke received his his Ph.D. in 1941 from the University of 
Rochester. Dicke is widely known for his leadership in developing experimental tests of gravity physics and 
of the standard gravitational model for the large-scale evolution of our universe. Working at Princeton, he was 
responsible for the famous 1965 paper that proposed that radiation detected near one centimeter wavelength is 
Jeft over from the hot Big Bang start of expansion of the universe. Dicke was building a radio antenna to test his 
theory when Penzias and Wilson discovered the echo by accident. Some physicists thought that Dicke had been 
unfairly excluded from sharing the 1978 Nobel Prize with them. 


© Philip James Edwin Peebles, b. 1935, Winnipeg. He graduated from the University of Manitoba in 1958. He 
then went to Princeton University as a graduate student in physics, and he has been there ever since, currently 
as Albert Einstein Professor of Science Emeritus. With Robert Dicke and others he predicted the existence of 
the cosmic background radiation and planned to seek it just before it was found by Penzias and Wilson. He has 
investigated characteristics of this radiation and how it may be used to constrain models of the universe. He has 
led statistical studies of clustering and superclustering of galaxies. He has calculated the universal abundances 
of helium and other light elements, demonstrating agreement between Big Bang theory and observation. He has 
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Full sky map of the cosmic background radiation as seen by the COBE mission. After subtraction of the 
dipole anisotropy. which is due to the motion of our solar system within the background radiation (still 
visible at top) and our own galaxy's emission (center), temperature variation of 0.01% unveils matter 
density fluctuations in the very early universe (bottom). (C)NASA Goddard Space Flight Center and 
the COBE Science Working Group. Reproduced with kind permission.) 
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realizing that the noise they were measuring was finally not the noise of the receiver, but 
rather the cooled-down cosmic microwave background radiation (CMB) from the Big Bang. 
From the frequency spectrum and Planck’s law of black body radiation, the temperature of 
the CMB was derived to be 2.7 Kelvin.”’ Regardless of which direction the cosmic radiation 
was received from, the temperature came out to be the same everywhere, demonstrating 
the enormous homogeneity of the universe. The most accurate CMB measurements come 
from the Cosmic Background Explorer satellite mission (COBE), which was sent into orbit 
in 1989.28. They found temperature variations only at a level of one part in a hundred 
thousand. 

Presently it cannot yet be predicted whether the course of evolution observed so far will 
be inverted and the universe will collapse again. If it would expand more and more expand 
and evaporate into an infinite vacuum, we would be dealing with an “open universe.” A 
periodic expansion and compression, that is, a “pulsating” universe, is also conceivable. 


Dark Matter 
Where does dark matter come from? 


What about the dark matter? Why dark matter at all? When and how is it created? What is 
it made of? A partial answer to this question is given to us by the COBE cosmic microwave 
background radiation measurements. They show islands of lower and higher temperatures 
appearing on the map of the universe which are due to density fluctuations (see lower part 
of last figure), They were already present at the time radiation decoupled from matter, 
300 thousand years after the Big Bang, long before matter was clumping to from galaxies 
and clusters of galaxies. We have reasons to believe that these density fluctuations are 
due to the dark matter, which was probably created from quantum fluctuations during the 
inflationary phase of the universe. These tiny fluctuations expanded first through inflation 
and then retarded their expansion due to gravitational binding forces. They then formed 
the gravitational potential wells into which ordinary matter fell to form galaxies and stars 
billions of years later. All galaxies and clusters of galaxies seem to be embedded into halos 
of dark matter. 


provided evidence of the existence of large quantities of dark matter in the halos of galaxies, and he continues to 
work on the origin of galaxies. Peebles was one of the first to resurrect Einstein's cosmological constant, suggesting 
it was needed in the 1980s. His books on physical cosmology have had a significant impact in convincing physicists 
that the time has come to study cosmology as a respectable branch of physics. 

27 Kor more details, see W. Greiner, L. Neise, H. Stécker, Thermodynamics and Statistical Mechanics, Springer, 
Berlin, New York, Tokyo, 1994. 

28 : ; 

See, e.g., G. Smoot, Wrinkles in Time, New York, 1993, a popular account by the COBE leading scientist, 
the COBE homepage http: //space.gsfc.nasa.gov/astro/cobe/, and Ch. L. Bennett, M. S. Turner, and M. White, 
The cosmic Rosetta Stone,” Physics Today, Nov. 1997, for a summary of the scientific results of COBE. 
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How much matter is in the universe? 


At first this question seems to be highly academic. It is not. The fate of our universe depends 
on its mass and its expansion velocity. 

In the 1920s the famous astronomer Edwin Hubble demonstrated that all galaxies are 
moving away from us and from each other—we have already mentioned this in the section on 
“Evolution of the universe.” His discovery was the foundation stone of modern cosmology, 
which claims that the universe originated about 15 billion years ago in an unthinkably small 
volume with an unthinkably high-energy density, the so-called Big Bang, and is expanding 
ever since. 

However, this expansion is counteracted by the gravitational pull of the matter in the 
universe. Depending on how much matter there is, the expansion will continue forever or 
come to a halt, which subsequently could lead to a collapse of the universe ending in a Big 
Crunch, the opposite of the Big Bang. The matter density needed to bring the expansion 
of the universe to a halt is called the critical mass density, which today would be roughly 
the equivalent of 10 hydrogen atoms per cubic meter. This seems incredibly small, like a 
vacuum, when compared to the density of our earth and planets, but seen on a cosmic scale 
it represents a lot of matter. 

How can we find out how much matter there is? When estimating the visible matter in 
the universe, astronomers look in a very wide and very deep region in space and count 
the number of galaxies. Typical galaxies containing hundreds of billions of luminous stars 
have a brightness proportional to their mass. 


NGC 3198 


Kepler’s law 


Orbital velocity (km/s) 


10 20 30 
Radial distance (kpc) 


The observation of constant orbital velocities of stars around the galactic center (here the spiral galaxy 
NGC 3198) as a function of the radial distance provides convincing evidence for the presence of an 
extended halo of dark matter surrounding the galaxy. The expected curve from Kepler's law if there 
were no dark matter is also shown. (From K. Pretzl, Spatium 7, May 2000 ()Association Pro SSI, 
reproduced with kind permission) 
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Thus, by simply counting galaxics over a large volume in space and by assuming that 
galaxies are evenly distributed over the entire universe, one can estimate the total mass they 
contribute in form of visible mass to the universe. 

However, it turns out to be only 1% of the critical mass of the universe. Therefore, if the 
visible matter in the form of stars and galaxies were the only matter in the universe, the 
universe would expand forever. We neglected here the amount of matter in form of planets, 
because they contribute not more than a few percent of the mass of a star. However, it came 
as a surprise when Vera Rubin’? and her team found out in the 1970s that the visible stars 
are not the only objects making up the mass of the galaxies. They measured the orbital 
speeds of stars around the center of spiral galaxies and found that they move with a constant 
velocity independent of their radial distance from the center (see figure). This is in apparent 
disagreement with Kepler’s law, which says that the velocity should decrease as the distance 


Envelope 
Luminous Galaxy ow. 0.00 SS eae of Dark Matter 


Our galaxy (Milky Way) as seen schematically from a distant point in the galactic plane. Dark matter 
forms a large halo extending far outside the outer edges of the galaxy. (From K. Pretzl, Spatium 7, May 
2000 (€)Association Pro ISSI, reproduced with kind permission) 


29 ; 
Vera Cooper Rubin, b. 1928, Ph.D. from Georgetown University in 1954, working as an astronomer at the 
Carnegic Institution of Washington. Most of her work centers about the distribution and motion of galaxies. 
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of the star from the galactic center increases, provided that all mass is concentrated at the 
center of the galaxy, which seems to be the case if only the luminous matter is considered. 
Indeed, starting from Kepler’s third law, 


4a 
aa yM”’ 
and assuming circular orbits for simplicity, we get 


2na yM 1 
SS =e 


T a Ja- 

This distance-dependence is indicated in the figure at the curve labeled ‘‘Kepler’s law”. 
Now, if Kepler’s law, which describes the orbital motion of the planets in our solar system 
very correctly, is valid everywhere in the universe, then the rotational velocities of the stars 
can only be explained if the mass of the galaxy is increasing with the radial distance from 
its center. This is seen from our formula above, which tells us that v = constant implies 
M ~ a, that is, the mass inside the orbit has to grow proportionally to the radius a of the 
orbit. 
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Experimental analysis of the rotational velocities in the Andromeda Galaxy M31 from optical observa- 
tions (V. Rubin, W. Ford, Astrophysical Journal 159 379-404 (1970)) and radio observations at 21-cm 
wavelength (M. Roberts, R. Whitehurst, Astrophysical Journal 201 327-346 (1975)). (From K. Pretz!, 
Spatium 7, May 2000 (€)Association Pro ISSI, reproduced with kind permission) 


Numerical calculations show that there must be at least an order of magnitude more 
matter in the galaxies than is visible. From measurements that were repeated on hundreds 
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of different galaxies, it is conjectured that each galaxy must be embedded in an enormous 
halo of dark matter, which reaches out even beyond the visible diameter of the galaxy 
(see figure). Spiral galaxies are surrounded also by clouds of neutral hydrogen, which 
themselves do not contribute considerably to the mass of the galaxy, but which serve as 
tracers of the orbital motion beyond the optical limits of the galaxies. The hydrogen atoms 
in the clouds are emitting a characteristic radiation with a wavelength of 21 cm, which is 
due to a hyperfine interaction between the electron and the proton in the hydrogen atom and 
which can be detected. The Doppler shift of this characteristic radiation tells the velocity 
with which the hydrogen atoms (and thus the matter out there) are moving. 

These measurements show that the dark matter halo extends far beyond the optical 
limits of the galaxies (see figure). But, how far does it really reach out? Very recently 
gravitational lensing observations seem to indicate that the dark matter halo of galaxies 
may have dimensions larger than 10 times the optical diameter. It is quite possible that 
the dark halos have dimensions that are already typical for distances between neighboring 
galaxies within galactic clusters. 


Determining the mass in the universe 


The effect of gravitational lensing is a consequence of Einstein’s general relativity. Because 
radiation consists of photons, every photon with frequency w carries the energy Ephoton = 
hw/2m. According to Einstein (see Chapter 33), each mass m carries the energy E = mc’, 
and, consequently, each photon can be attributed a (dynamical) mass 


ho 
nc? 
Hence, photons (and therefore radiation) can be defiected by a mass M due to gravitational 
forces. This is described in more detail in Problem 33.14 and Example 34.4. 

The deflection of light by the sun was first observed in 1919, when the apparent angular 
shift of stars close to the solar limb was measured during a total solar eclipse. This was the 
first, important proof for the validity of Einstein’s theory, according to which light coming 
from a distant star is bent when grazing a massive object due to the space curvature caused 
by the gravity of the object (see figure). 

It was Fritz Zwicky™ in 1937 who realized that the effect of gravitational lensing would 
provide the means for the most direct determination of the mass of very large galactic 
clusters, including dark matter. But it took more than 50 years until his suggestion was 
finally realized and his early determination of the mass of the COMA cluster, in 1933, was 
confirmed. With the Hubble telescope in space and the Very Large Telescopes (VLT) at the 


Mphoton = 


Fritz Zwicky, (1898-1974). Swiss-American astronomer who was professor of astronomy at Caltech. He 
studied extragalactic supernovae and the distribution of galaxies in Coma Berenices. From his observations of the 
Coma galaxy cluster, he suggested already in 1933 that a large amount of matter in this cluster must be invisible 


in order to explain the dynmics of the galaxies in the cluster. In 1937 he was the first to consider gravitational 
lensing by extragalactic objects. 
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Space is curved by gravity. The light rays from a distant star are bent by the gravity field of the sun. The 
distant star therefore appears at a different position. (From K. Pretzl, Spatium 7, May 2000 ©)Association 
Pro ISSI, reproduced with kind permission) 


Southern Observatory in Chile, astronomers now have very powerful tools, which allow 
them to explore not only the visible, but also the dark side of the universe with gravitational 
lensing. 

An observer sees a distorted multiple image of a light source in the far background, 
when the deflecting massive object in the foreground is close to the line of sight. The light 
source appears to be a ring, the so-called Einstein ring, when the object is exactly in the 
line of sight (see figure). If one knows the distance of the light source and the object to 
the observer, one is able to infer the mass of the object from the lensing image. With this 
method it was possible to determine the mass of galactic clusters, which turned out to be 
much larger than the Juminous matter. It seems that the gravitational pull of huge amounts 
of dark matter is preventing individual galaxics from moving away from cach other and is 
keeping them bound together in large clusters, like, for example, the famous Coma cluster. 
By adding the total matter (dark and luminous matter) in galaxies and clusters of galaxies, 
one ends up with a total mass that corresponds to about 30% of the critical mass of the 
universe. With only 1% luminous mass, this would mean that there is 30 times more dark 
mass in the universe. In addition, the universe would be growing forever, since its total 
mass is subcritical to bring the expansion to a halt. But as we will see, this seems not to be 
the full story. 
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Gravitational lensing occurs when the gravity field of a massive celestial object bends the path of light 
emitted by a distant source. Einstein predicted the deflection of starlight by the sun (top) and the ring 
that would appear if the star and the celestial body were aligned perfectly (center). Lens systems found 
to date result from the alignment of extragalactic quasars and galaxies (bottom). (From Edwin L. Turner: 
“Gravitational Lenses”, Scientific American, July 1988 ©Scientific American, Inc. reproduced with kind 
permission.) 
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The discovery of dark energy 


The big surprise came in 1998 from a supernovae type la survey performed by the Super 
Cosmology Project (SCP) and the High z-Supernova Search (HZS) groups.*! Supernovae 
of type la are 100 thousand times brighter than ordinary stars. They are still visible at 
very great distances, for which their light needed several million years to travel until it 
reached us. In principle, we experience now supernovae explosions that happened several 
million years ago. Since in every supernova typela explosion there is always the same 
total amount of energy released, they all have the same brightness and therefore they 
qualify as standard candles in the cosmos. Their distance from us can then be inferred 
from the measurement of their apparent brightness. By probing space and its expansion 
with supernovae distance measurements, astrophysicists learned that the universe has not 
been decelerating, as assumed so far, but has rather been expanding with acceleration (see 
figure). More measurements are still needed to corroborate these astonishing findings of the 
supernovae survey. But it already presents a surprising new feature of our universe, which 
revolutionizes our previous views and leaves us with a new puzzle. In order to speed up the 
expansion of the universe, a negative pressure is needed, which may be provided by some 
unidentified form of dark energy. 
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Recent supernovae distance measurements show that the expansion of the universe is accelerating 
rather than decelerating as assumed before. This observation suggests the presence of dark energy. 
(From Craig J. Hogan et al.: "Surveying Space-time with Supernovae", Scientific American, January 
1999 (C)Scientific American, Inc. reproduced with kind permission.) 


‘For a recent account, see, e.g., C. J. Hogan, R. P. Kirshner and N. B. Suntzef, “Surveying Space-time with 
Supernovae;” L. M. Krauss, “Cosmological Antigravity,” both in Scientific American, Jan. 1999. 
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¥% This ubiquitous dark energy amounts to 70% of the critical mass of the universe and has 
the strange feature that its gravitational force does not attract—on the contrary, it repels. 
This is hard to imagine since our everyday experience and Newton’s law of gravity tell us 
that matter is gravitationally attractive. In Einstein's law of gravity, however, the strength 
of gravity depends not only on mass and other forms of energy, but also on pressure. From 
the Einstein equation, which describes the state of the universe, it follows that gravitation 
is repulsive if the pressure is sufficiently negative and it is attractive if the pressure is 
positive. In order to provide enough negative pressure to counterbalance the attractive force 
of gravity, Einstein originally introduced the cosmological constant to keep the universe in 
a steady state. At that early time all observations seemed to favor a steady-state universe 
with no evolution and no knowledge about its beginning and its end. When Einstein learned 
about the Hubble expansion of the universe in 1920, he discarded the cosmological constant 
by admitting that it was his biggest blunder. 

For a long time cosmologists assumed the cosmological constant to be negligibly small 
and set its value to zero, as it did not seem to be of any importance in describing the 
evolution of the universe. This has changed very recently, because we know about the 
accelerated expansion of the universe. However, there remain burning questions like why is 
the cosmological constant so constant over the lifetime of the universe and has not changed 
similar to the matter density, and what fixes its value. Besides the cosmological constant, 
other forms of dark energy are also discussed by cosmologists, such as vacuum energy, 
which consists of quantum fluctuations providing negalive pressure, or quintessence, an 
energy source, that, unlike vacuum energy and the cosmological constant, can vary in space 
and time. 

In contrast to dark matter, which is gravitationally attractive, dark energy cannot clump. 
Therefore, it is the dark matter that is responsible for the structure formation in the universe. 
Although the true nature of the dark energy and the dark matter is not known, the latter can 
eventually be directly detected, while the former cannot. 


What is the nature of the dark matter? 
Baryonic dark matter 


The obvious thing is to look for nonluminous or very faint ordinary matter in the form of 
planetary objects like jupiters or brown dwarfs, for exaniple. If these objects represent the 
dark matter, our galactic halo must be abundantly populated by them. 

Because they may not be visible even if searched for with the best telescopes, B. Pac- 
zynski®” suggested to look for them by observing millions of individual stars in the Large 
and the Small Magellanic Cloud to see whether their brightness changes with time due to 


gravitational lensing when a massive dark object is moving through their line of sight (see 
figure). 


2 Bohdan Paczynski, Polish astronomer, b. 1940, Wilno, Poland, now professor of astrophysics, Department 
of Astrophysical Sciences, Princeton University. His main current interest and effort are in the work related to the 
Optical Gravitational Lensing Experiment. 
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Massive dark otects [Massive Astrapnysical Compact Haig Obects, MACHOS) moving through the 
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luminosity to change. (From Bild der Wissenschaft 2/1997, (C)bild der wissenschaft) 
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Several research groups looked for these so-called Massive Astrophysical Compact Halo 
Objects (MACHOs) using gravitational lensing. They found some of these dark objects 
with masses smaller than the solar mass, but by far not enough to explain the dark matter 
in the halo of our galaxy. Other objects like black holes or neutron stars could also have 
been detected by this method, but there are not many of them in the galactic halo. 

Do we know how much ordinary matter exists in the universe? Under ordinary matter 
or so-called baryonic*? matter, we understand matter in the form of chemical elements 
consisting of protons, neutrons, and electrons. About 3 minutes after the Big Bang, the 
light elements, like hydrogen, deuterium, and helium, were produced via nucleosynthesis. 
From the measurement of their present abundances, one can estimate the total amount of 
the baryonic matter density in the universe. This amounts to not more than 6% of the critical 
mass density of the universe. It shows that most of the baryonic matter is invisible and most 
of the dark matter must be of nonbaryonic nature. 


Nonbaryonic dark matter 


~ The most obvious candidates for nonbaryonic matter would be the neutrinos, if they had a 
mass. Neutrinos come in three flavors. If the heaviest neutrino had a mass of approximately 
10°? times the mass of a hydrogen atom, namely mpeutrinoc? = 107? - 1GeV = leV, it 
would qualify to explain the dark matter. This looks like an incredibly small mass, but the 
neutrinos belong to the most abundant particles in the universe and outnumber the baryons 
by a factor of 10'°. For a long time it was assumed that neutrinos have no mass. The 
standard model of particle physics** includes this assumption. All experimental attempts 
to determine the mass of the neutrinos ended in providing only upper limits. 

However, in 1998 an underground detector with the name SUPER-Kamiokande in Japan 
observed anomalies in the atmospheric neutrino flux which is highly suggestive of neutrino 
oscillations, which can only occur if neutrinos have indeed a mass. These observations 
will have to be reproduced and further substantiated by planned accelerator experiments, 
like K2K in Japan, MINOS in the United States, and OPERA in Europe. The OPERA 
experiment will be constructed in the underground Gran Sasso laboratory, which is located 
about 100 km northeast of Rome. For this experiment, a neutrino beam will be sent from 
CERN to the Gran Sasso laboratory. If neutrinos have a mass, they would change their 
flavor during their journey over the 735-km distance from CERN to the Gran Sasso. The 
neutrinos would start as muon-neutrinos at CERN and would arrive as tau-neutrinos at the 
Gran Sasso. This change of flavor can be detected. Massive neutrinos may also provide the 
solution to the puzzle of the missing neutrinos from our sun. 


& Barys meaning strong or heavy in ancient Greek. 


For more details about neutrinos, see, e.g., W. Greiner, B. Miiller, Gauge Theory of Weak Interactions, 
Springer Verlag New York, 2000. 
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A cocktail of nonbaryonic dark matter, neutralinos, and WIMPs 


Computer models allow us to study the development of small- and large-scale structures 
under the hypothesis of various nonbaryonic dark matter candidates. Two main categories 
are distinguished, namely the so-called hot and cold dark matter. Neutrinos would qual- 
ify under the category hot dark matter, since their velocities were very large when they 
decoupled from matter, a few milliseconds after the Big Bang. Because of their speed 
they were not able to clump on small, typical galactic scales, but their gravitational force 
would still allow for clustering on very large, typical supercluster scales. Thus in a hot 
dark matter-dominated universe, only the formation of large-scale superclusters would be 
favored. In such a model superclusters would fragment into smaller clusters at a Jater time. 
Hence galaxy formation would be a relatively recent phenomenon, which, however, is in 
contrast to observation. Cold dark matter candidates, on the other hand, would have small 
velocities at early phases and therefore would be able to aggregate into bound systems at all 
scales. A cold dark matter-dominated universe would therefore allow for an early formation 
of galaxies in good agreement with observations, but it would overpopulate the universe 
with small-scale structures, which does not fit our observations. Questions like how much 
hot and how much cold, or only cold dark matter, are still not answered. Some computer 
models yield results that come closest to observations when using a cocktail of 30% hot 
and 70% cold dark matter. 

Exotic particles like neutralinos are among the most favored cold dark matter candidates. 
Neutralinos are stable elementary particles predicted to exist by Super Symmetry (SUSY), 
a theory that is an extension of the standard model of elementary particles. Thus if they 
exist, they would solve two problems at the same time, namely the dark matter as well as 
SUSY, which is a prerequisite for the unification of all forces in nature, the so-called grand 
unification theory (GUT). Experiments at the Large Hadron Collider (LHC) at CERN, 
which is under construction and will be operational in 2005, will also search for these 
particles. 

If the dark matter consisted of neutralinos, which would have been produced together 
with other particles in the early universe and which would have escaped recognition because 
they only weakly interact with ordinary matter, special devices would have to be built for 
their detection. These detectors would have to be able to measure very tiny energies, which 
these particles transfer in elastic scattering processes with the detector material. Because 
of the very weak coupling to ordinary matter, these particles are also called WIMPs, for 
Weakly Interacting Massive Particles. They would abundantly populate the halo of our 
galaxy and would have a local density in our solar system equivalent to one hydrogen atom 
in 3 cm?. Because they would be bound to our galaxy, allowing for an average velocity 
of 270 km/s, their flux (density times velocity) would be very large. However, because 
they only weakly interact with matter, the predicted rates are typically less than one event 
per day per kilogram detector material. WIMPs can be detected by measuring the nuclear 
recoil energy in the rare events when one of these particles interacts with a nucleus of the 
detector material. It is like measuring the speed of a billiard ball sitting on a pool table after 
it has been hit by another ball. Because of the background coming from the cosmic rays 
and the radioactivity of the material surrounding the detector, which yield similar signals 
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in the detector as the WIMPs, the experiment must be carried out deep underground, where 
cosmic rays cannot penetrate, and must be shielded locally against the rest radioactivity of 
materials and the radioactivity in the rock. 

There is presently a race for WIMPs, with several groups in the United States, in Europe 
and in Japan searching for WIMPs employing different techniques. 


NR 


Problem 28.1: Mass accretion of the sun 


Solution 


Find the approximate accretion rate dM /dt of the sun if it moves with velocity v, through a homo- 
geneous gaseous cloud of density a. 


A particle is captured by the sun if its velocity w in a coordinate frame convected with the sun is 
smaller than the escape velocity to leave the sun. According to Problem 26.5, the escape velocity 


reads 
2 
v% a ; (28.1) 


For a given constant w all particles will be captured that are localized within a sphere about the 
sun with the critical radius 


2yM 
= . 


2 (28.2) 
w 
This formula holds, of course, only if Ro exceeds the sun’s radius. To determine the accretion rate, 
one has to specify how many particles flow into the sphere of radius Ro per unit time. 

Let the mean thermal velocity of the gas molecules be ug. We distinguish between two limits: 

(a) ly < vg: In this case the motion of the sun may be neglected, and the mean velocity of the 
gas molecules in the coordinate frame fixed to the sun may be set equal to vg. 

The critical radius according to equation 28.2 is therefore 


2yM 
Ry = & (28.3) 


G 


If the sun were not existent, the numbers of particles flowing into and out of the sphere would be 
the same, provided that the velocity vectors vg are distributed isotropically. Not only the molecules 
flowing into the sphere will be captured by the sun, but also the particles flying outward will be 
prevented from escaping and thus will also be captured. Therefore, the mean flow (= particles per 
unit area per unit time) of captured particles is approximately equal to gu;;. The accretion rate equals 
the flow multiplied by the surface of the sphere: 


dM ; 
—— = 41 Rjevc = 


l6éry?M7o 
dt ; 


UG 


(28.4) 


(b) vs >> vg: In this case, the thermal motion of the gas molecules may be neglegted. In the 
coordinate frame of the sun, all particles then move with the velocity v,. The critical radius is therefore 
2yM 


2 
Us 


eee (28.5) 
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Because all gas molecules are moving in from the same direction, they “see” only the cross-sectional 
area of this sphere. The accretion rate therefore equals the flow ov, multiplied by the area of a circle 


of radius Ro: 
dM 5 4ny’?M’o 
ae a Roov, = ae taal (28.6) 


BY 


Numerical example 


We set v, = 0 and thus obtain an upper limit for the accretion rate. For ug we assume a value of 
10* ms”! (this corresponds to a temperature of about 100 K for hydrogen molecules). A typical value 
for the density of an interstellar cloud is @ = 107'* kg m~*. The sun mass is M = 1.99 - 10°° kg, and 
the gravitational constant is y = 6.67: 107!!! m* kg™' s~?. 

According to equation 28.4, it then results that 

ale = 8.86-10'* kgs7' 

dt 
= 2.79 - 10” kg/year 


= 4.67 - 107* Me/year 
with the earth mass Mp = 5.975 - 10" kg. 


Example 28.2: Motion of a charged particle in the magnetic field of the sun 


If the sun moves through a cloud of interstellar matter, one has to take into account also electromagnetic 
effects in the calculation of the mass accretion. These shall be estimated below in a simplified model. 

The cloud shall contain both gases in ionized form as well as charged solid particles. We consider 
the motion of a charged particle of mass m and charge q that moves from far away toward the sun in 
the gravitational field and magnetic field of the sun. 

For sake of simplicity we assume the magnetic field of the sun as being generated by a dipole 
with the magnetic dipole moment p# (for a definition of the dipole moment, see Chapter III in Vol. 
3; Electrodynamics). Moreover, we shall restrict ourselves to particles moving in the plane passing 
through the center of the sun and being perpendicular to p. 

The Lorentz force acting on the particle in the magnetic freld B in this plane is (see volume 3, 
Electrodynamics): 


Fran = Lex B= 222 (28.7) 


(ae 


where c is the speed of light. 
According to (26.10), the gravitational force reads 


r 
F av =-y Mm =a (28.8) 
with the sun mass M. Hence, the equation of motion of the particle is 
r We 
mr = ~yMm— + so x pL. 
r cr 


In plane polar coordinates (7, g) this equation, taking into account (10.11) and (10.12), reads 


: ae : 
m{((i ~r¢@’)e, + (r@ + 27g) ey) = ~yMm= + is (re, +rge,) x mp. (28.9) 
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Because yp is perpendicular to e, and e,, this equation may be split with respect to the two 


components: 
m(rg + 2F@) = ~ 2 (28.10) 
M p 5 
Le ee’ (28.11) 
r2 cr 


We begin with the first equation. The left side may be transformed such that the following holds: 


md_ 5. q ur 
—— ==, 28.12 
r dt 9) Cre ( 
Integration of this equation yields 
F d 
mr’g = Lay ET | eles i or + constant (28.13) 
egos c re oF 


The integration constant may be set to zero if we require the boundary condition that at large 
distances from the sun the particle shall have no angular momentum with respect to the sun (the left 
side of this equation just represents the angular momentum). 

By inserting the result 28.13 in equation 28.11, we obtain 


»  yMm | 2q?p? 
a nae mais (28.14) 
Because 
p= aie le 28.15 
~ dt dr Gets) 
we get 
dr yM — 2q?p? 
Ge m2¢275- pe 
Integration of this equation yields 
2 2yM— gw 
Paes 
ee -+ constant (28.17) 


With the boundary condition r = 0 forr > oo, we may set the integration constant to zero. There 
is still another point r, at which the radial velocity vanishes. Solving the equation 


2yM gy? 

Te ‘i meer ae (28.18) 
yields 

i oye Sue 

© \ayMmc2 } * (28.19) 


Hence, a particle coming from outside can never approach the sun closer than to the radius r,. 
The only particle parameter entering the formula for r, is the ratio g/m. The interstellar matter 
typically contains two kinds of particles: atoms (mainly hydrogen) and solid particles. Solid particles 


have a significantly smaller value for g/m than an ionized hydrogen atom and thus may approach the 
sun much closer than the hydrogen atoms may do. 
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Anestimate of the magnetic field of the sun yields a value of r, of about 10'° km for hydrogen. The 
actual value of 7. should be somewhat smaller because hydrogen atoms are ionized only at velocities 
of about 5 - 10’ ms ', such that the boundary condition for equation 28.17 must be a distinct one. 
In any case the minimum distance for hydrogen atoms lies in the external regions of the planetary 
system where the large gas planets are actually localized. 

For the solid particles one may assume that only their surface is ionized. One may then estimate 
their g/m-ratio to be proportional to the ratio of surface to volume, that is, inversely proportional to 
their radius. The radius of, for example, an intersteilar dust particle is typically about 500 times larger 
than that of a proton, such that for r,. ~ (g¢/m)*/* there should result a value being by about a factor 
of 100 smaller. This is just the radius of the inner planetary orbits. 


Example 28.3: Excursion to the external planets 


Many new insights about our solar system have been collected by unmanned space probes such as 
Voyager I and II. The passage of Saturn by Voyager I (on Nov. 12, 1980) and of Voyager II (on Aug. 
25, 1981) provided much new knowledge on this planet.** 

The Cassini gap of the Saturn rings, caused by the largest moon Titan, is not empty but is also 
interspersed by a number of narrow rings. The Saturn rings consist of countless individual rings, the 
widths being about 2 km. Besides the classical 10 Saturn moons, 7 further ones with diameters of 
less than 100 km have been detected. 


20. Aug. 77 


Jupiter 

5. March 79 
Jupiter 
9. July 79 


Saturn 
2. Nov.80 


Typical pearl! string configuration of the exterior planets with the orbits of the Voyager space probes 
shown. Note the “swing-by” maneuver, i.e., the optimized passages of the planets by the space probes 
in a kind of “planet swing.” 


The discussion of this problem goes back to suggestions of students of the mechanics course in Frankfurt, 
using material from various sources. 
g 
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The newly discovered outer ring, called the F-ring, is slightly eccentric, contrary to the other rings. 
Moreover, onc could detect “spokes” in the Saturn rings. Their origin has not yet been explained, 
but presumably they may be traced back to a sun flare of the sunlight by tiny ice crystals. After 
about 4 - 104 years Voyager I will reach the vicinity of the star AC + 793 888 in the constellation 
Ursa Minor. Voyager II, after an encounter with Neptune on August 24, 1989, will travel a long way 
through innterstellar space, and after 3.58 - 10° years will pass Sirius, the main star of Canis Maior 
and the brightest fixed star of the firmament, at a distance of 0.8 lightyears. A difficulty in exploring 
the outer planets are the long flight times. These may, however, be shortened significantly if the 
probe exploits the gravitational field of a planet on its route for a calculated change of flight direction 
(swing-by). A rare constellation of the four largest planets Jupiter, Saturn, Neptune and Uranus that is 
particularly suited for this purpose arose in the 1980's: The planets didn’t stand in a straight line but 
nevertheless along a flat curve. Such a “pearl string configuration” occurs only once in 175 years and 
allows Voyager II to pass our four largest planets. Due to the increase of kinetic energy by the various 
passages of planets (“‘swing-bys”), as is seen from the preceding figure, the program of Voyager II 
may be finished already after 12 years, while a direct flight with equivalent energy expense would 
last about 30 years. 

The essential aspects of the calculated trajectories with gravitational support for such a mission 
may already be elaborated from the equations on planetary motion in Chapter 26. 

For exploring the outer planets, the start should generally be performed in the direction of the 
earth’s circulation about the sun. The velocity of earth vu; moving on an almost circular orbit of radius 
re and period t¢ about the sun is given by 

20 2m -1.5- 10° km 

ee Se 665 aes a age0) 

A spaceship of mass m with an initial distance r¢ from the sun (©) needs a minimum escape 
velocity u,, to leave the gravitational field of the sun (compare to Problem 26.5): 

10) 
ae smug)" ee (28.21) 


rE 


On the other hand, the circular orbit of the earth about the sun obeys 
My as = y M; M° 


= a (28.22) 
From equations 28.20 to 28.22, we obtain 
1 ymM° dy Me 
5m (vn) =——— © = | i = ¥2u; = 42 km/s. (28.23) 
E E 


Equation 28.23 yields a general relation for the escape velocity for leaving the solar system from 
a planetary orbit. The planct moves on a circular path of radius r with the velocity v, about the 
gravitational center (sun). 


vP(r) = V2», (r). (28.24) 


In a start from the earth moving with vz, the escape velocity out of the gravitational field of the 
sun reduces according to 28.20 to 


= (v2 Z 1) ve = 12 kis. (28.25) 


The spaceship needs an additional initial velocity (~ 11 km/s) to leave the attraction by the earth. 


WHAT IS THE NATURE OF THE DARK MATTER? 347 


For a direct flight to Uranus with minimum driving energy, the start should therefore be performed 
along the earth’s orbit about the sun, such that the spaceship switches into a Kepler ellipse about the 
sun, with the earth standing in the perihelion and Uranus in the aphelion. Note that the shape of this 
ellipse (shown below) is uniquely fixed by two conditions: 

(a) The distance between earth and Uranus fixes the major semi-axis, and therefore according 
to (26.39) 

_ -yMm k 


jie oan ees 


also the energy. 
(b) The condition that the probe shall enter the Kepler ellipse at the perihelion position and parallel 
to the earth’s orbit uniquely fixes the angular momentum constant 


eee 
~ m?yM mH 


and therefore also the eccentricity. Moreover, the launching time from the earth must be chosen such 
that the arrival of Uranus and that of the satellite in its aphelion position coincide in time. To calculate 
the trajectory in the following figure, we still need the orbit radii of earth and Uranus about the sun. 
These are 


re = 1.5 x 10° km = 1 AU (astronomic unit), 
y= 19.2 AU. 


Uranus 


Uranus 
at launch 


a eee ea owe Poa 
_— ~—. 


Earth 
Elliptical orbit of a space probe for a direct passage from earth to Uranus. 
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According to (26.32), we obtain the following expression for the perihelion and aphelion positions 
of the ellipse: 


r(@ = (0) = t3 == i ee (28.26) 
k 
r@=n)=rmy= é 
l-—«é 
& §= sel 0.9 (ellipse), 
fee 
k=rze(1 +e) = 1.9 AU. 
The resulting trajectory to Uranus reads 
1.9 AU 
= -— 28.27 
ES eee Ceo (29:27) 
] 
C= ge +ry) = 10.1 AU (28.28) 


is the major semi-axis of the ellipse. 
To get an expression for the velocity at an arbitrary point of the trajectory, we start from equa- 
tion (26.39): 


—ymM° 1 M° 
E= i = mv — — (28.29) 
From there it follows that 
1 1 
— |2yM© (+ _ al 
face 
and with equation 28.23, 
r ig 
v= ve = = oe (28.30) 


such that the incident velocity at the perihelion of the ellipse to Uranus is given by 


ir 192 
Up = ve fi — = of] — & 41 kms, — (28.31) 


By subtracting the orbital velocity of earth about the sun, we obtain the incident velocity Us = 
11 km/s. 


To calculate the flight time for approaching Uranus, we apply the third Kepler law 


2 3 
T ne a 
eer (28.3 
When denoting the circulation time of the earth by t,- and the major semi-axis by ag = rg, we 
obtain 


so 8(2) =} wine 
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This flight time, with an equivalent energy expense, may be shortened by 11 years by choosing a 
trajectory supported by the gravitational field of Jupiter. The idea on which the following calculation 
is based rests on the assumption that an elastic collision takes place in the gravitational well of 
Jupiter, whereby an infinitesimal fraction of the planetary kinetic energy is transferred to the satellite 
(see following figures). We begin with the same heliocentric path (sun in the center of gravity) as 
in the preceding case, but choose the start time such that a meeting with Jupiter in its circulation 
orbit happens. The reaction of the satellite onto Jupiter and therefore onto its orbital velocity V, are 


neglected because M,/m > 1, and morcover the interaction time is small against the orbital period 
of the planet. 


Uranus 
at launch 


Uranus 


\ 
\ 
\ 
I \ 
at passage I 
\ 
! 
1 
| 


' Encounter with Jupiter 
a p 


Jupiter 
\\ at launch 


Using the gravitational potential well of Jupiter for an optimized voyage (shorter in time) of a space 
probe to Uranus. 


350 


THE EARTH AND OUR SOLAR SYSTEM = 28 


The momenta of the spaceship before and after the meeting with Jupiter in the heliocentric system 
are denoted by p; and py, respectively. The following equations hold: 

P =p, t+mvV,, (28.33) 

Py =p; + mV,, a (28.34) 
where V, is the orbital velocity of Jupiter, and p’, p, are the momenta of the spaceship in the 


center-of-mass system of the planet. The Galileo transformation 28.33, which is meaningful only for 
nonrelativistic velocities, yields for the momentum transfer 


Ap = py — Pi. 
The momentum transfer is the same in both reference frames: 
Ap = Ap’. (28.35) 


The change of kinetic energy, however, depends on the reference frame from which the spaceship 
is observed. In the heliocentric reference frame, we get 
P} ~ PB; 
2m 


In the center-of-mass system of Jupiter, we had required an elastic scattering, such that A7’ = 0 
and hence 


AT = eV Ap: (28.36) 


In the center-of-mass system of the sun, however, the scattering causes an energy increase of the 
satellite which is supplied by the planet Jupiter. 

The strong gravitational field of the sun almost exclusively governs the path curve of the satellite. 
Only in the immediate vicinity of Jupiter is the gravitational field of the sun relatively constant, and 
the trajectory of the satellite is then essentially determined by the gravitational field of Jupiter (see 
following figure). 

If u, and u, denote the velocities of the probe when entering and leaving the range of attraction of 
Jupiter in its center-of-mass system, energy and momentum conservation lead to 


] 1 ] 1 1 m 

E'=- 2 24 —M,Av* = - 2 Shih || == 

us rile yAv gs J Vi 

where Av is the change in the velocity of Jupiter due to the momentum transfer Ap = m(u; — u,). 
Because m < M,, the recoil energy onto Jupiter may be neglected, from which it follows that 


Me Se ee (28.39) 


Because the energy E’ is positive, we may conclude from the classification of conic sections on p. 
261 that the path is a hyperbola. In the heliocentric frame, one gets for the velocity of the spaceship 
at the border of the attraction range of Jupiter (comparable to the gravitational field of the sun), 
neglecting the change of V, (see following figure): 


2 
(uy — uy, | (28.38) 


dv; =U; + Vi (28.40) 
vy = uy + Vy. (28.41) 
For the asymptotic velocity on the hyperbola, it follows with 28.39 that 


u = ,/u? + V? — 2u;V, cos B; . (28.42) 
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ingoing Asymptote 


Geometry of the elastic scattering of the satellite at Jupiter (“swing-by”). 


With the circulation period of 11.9 years and the orbital radius r; = 5.2 AU of Jupiter, the orbital 
velocity V, is 


20 2m -5.2-1.5- 10% km 


ee 16 
Vi omens 24. 36008 (28.43) 
The velocity of the spaceship when approaching Jupiter may be estimated from 28.30, with 

pS ry SS NUE 
42 km/ 16 km/ 28.44 
Coat Sin sl S ‘ 
i 52 2-101 (28.44) 


We now calculate the angle 8; enclosed by the flight trajectory of the probe and the planetary orbit: 


yV- 
=V a (28.45) 
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The projection of v; along Vy (i-e., (v;)9) may be derived from the angular momentum conservation 
in the Jupiter meeting and in the perihelion of the path: 


L=m(vj)ery = mvpre (28.46) 
> (vij)o = Up (# = 4] km/s J = 8 km/s. (28.47) 
ry Sv 
According to 28.45, we then obtain for the angle 
] 
cos 8; = 2° (28.48) 
According to 28.42, the asymptotic hyperbola velocity is 
u = 14.7 km/s. (28.49) 


The hyperbolic path of the spaceship around the planet Jupiter is determined by the initial values 
for the energy, E’ = imu’, and the angular momentum, L' = mub. Contrary to the energy E’, 
which is fixed by the asymptotic hyperbola velocity, the angular momentum depends via the collision 
parameter b on the distance between Jupiter and satellite during the meeting and therefore on the start 
time. The meeting shall now proceed in such a way to make the energy transfer to the satellite, and 
thus its final velocity vy, a maximum. From equations 28.36 and 28.40, we may calculate the energy 
transfer to the spaceship: 


AE = mV, : (uy = u;) = mV, i (v; — v;)- (28.50) 


From the velocity diagram in the next figure, we see that the velocity v; becomes a maximum if 
vy is parallel to Vy. 


vy 


v, = (V; +2) : 28.51 

ee an Clee 
From the available data, we obtain 
vy = 13 km/s + 14.7 km/s = 27.7 km/s, (28.52) 

as compared to v; = 16 km/s! 
The scattering angle ©, between u, and u, is also determined from the following figure: 
V, =v; cos B; + u; cos(x — O,) (28.53) 
& cosO,= bay = —0.34. 
u, 


Accordingly, the probe is deflected by ©, = 110°. 

We now shall investigate whether the minimum distance r,,i, of the hyperbolic orbit about Jupiter 
is indeed larger than its radius R,. For this purpose we write the hyperbola path in the customary 
form: 

k' 
1 + €’cos(® — @p)’ 
where r is the distance to Jupiter, and Qo is the symmetry angle of the probe orbit with respect to the 


initial and final velocities u; and u;. To calculate the eccentricity ¢', we employ the initial condition 
that for @ = 0 r — oo. From that it follows that 


r(@) = (28.54) 


&' cos(@p) = —1. (28.55) 
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ee 


Velocity diagram for the passage of Jupiter in the general case. Note that in the special case used in 
the calculation (equation 28.53), vy; || Vy. See also preceding figure. 


We further see from the figure on p. 351 that 2@ — ©, = z, and therefore 


7 
eee Ca (28.56) 


To determine the angular momentum constant k’, we make use of (26.37): 


2E (EP 
e’ =,/1+ — ! : ; (28.57) 
mH? 
with k’ = |L|?/(mH), it follows from 28.57 that 
H 
k= (67 — ‘ 
oF (e* — 1) (28.58) 
M 
= a (e? — 1), (28.59) 
or in terms of the escape velocity from the planet Jupiter 
2yM. 
v= e ! — 60 km/s (28.60) 
J ; 


var, (% te? ‘7 ae Voor RES 28.61 
oe oep een oe NAT) yen ee een 
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Hence, for the path it follows that 


4.27 Ry 


Din ee Meee ee, (28.62) 
1 + 1.23 cos(® — 144°) 


At the point of closest approach, © = Qo, which implies r = 1.9 R;, ensuring a safe passage. 

When leaving the sphere of influence of Jupiter, the spaceship switches with a final velocity v; 
parallel to V, into a new conic-sectionlike trajectory about the sun with perihelion at r = ry. The 
type of orbit of this new heliocentric path depends on the energy transfer of Jupiter to the probe. The 
escape velocity for leaving the solar system is, according to 28.24, 


vo = V2Vy. (28.63) 


escape 


Depending on the magnitude of the final velocities v,, there result the following types of paths: 


vy < V2V, ellipse, 
vy =V2V, _ parabola, (28.64) 
vp > J2V; hyperbola. 


In our example, v;/V, = 1.5, and therefore a hyperbola results, which again may be wnitten in 
the usual form: 


[ae 


"= Tye e8 si 
The distance of closest approach lies at @ = 0, r = ry: 
es ke 
ea EE (28.66) 
Because the probe leaves Jupiter along its orbit about the sun, one has L” = muvyr,, and with 
k” = L’? /(mH) it follows that 
per? v2 2 
pe ee Dy EY. 
yM° yM°/ry Vy si: 
So Gee SS k 2a OA, (28.68) 
The trajectory from Jupiter to Uranus is therefore completely given by 
23.6 AU 
r(Q) = ——____ 
(9) 1+ 3.54cos © _ 


The start time for the path plotted in the figure on p. 349 must be chosen such that the planets 
are in a constellation enabling the gravitational-field-supported swing-by at the planet Jupiter and the 
passage flight at Uranus. The premise for such a Jupiter mission repeats every 14 years. 

We still calculate the flight times for the path sections earth—Jupiter (equation 28.27) and Jupiter— 


Uranus eee 28.69) plotted in the figure on p. 349 from the angular momentum conservation 
IL] = r*Om: 


n ©) 
m 
Ar = = . © 
< t fa ui" dO; (28.70) 
ty 0) 
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with r = k/(1 + € cos @) and k = L?/Hm it follows that 


Qs 


km f d® 
At = — | ——--—— ; 28.71 
ib (1+ 6écos @)?2 ( ) 
| 
3/2 62 d 
he (2) 
eee. / ee. (28.72) 
(yM°)!? J (1+ ecos@)? 
ion 
To work with convenient units, this is expressed by the orbital velocity of the earth (compare 
to 28.23): 
2m 3/2 
Vv yM° =vUeEV/TE = 7, ey (28.73) 
E 
Q2 
3/2 
TE ie dO 

Atr=(—}(— ——————.. 28.74 

as (#) (=) mae eae 

0) 


From the integral tables (e.g., Bronstein, # 350 and # 347), we find 


i dQ _ esin@ 
(l+ecos@)? (e2 —1)(1 + ecos@) 


1 (s — 1)tan$ + Ve? —1 , 
In | —————_——_——— fore* >], 
1 ve?=1  |(e-1)tan ~— Ve? = 1 
-——— (28.75) 
67 —] e 
‘ arctan iors lan] fore? < 1 
ore* <1. 
V1 —e? V1 —é? 
For the elliptic path to Jupiter at the start ©, = 0, @2 is determined from 28.27: 
1.9 AU 
Sa or A IN Of a eee @, = 135° 
Se fee ; 
and with 28.75 and e? < 1, we obtain 
At = 1.21 years. (28.76) 


For the hyperbola-type path from Jupiter to Uranus, we determine @, analogously from 


23.6 AU 


SS ee cs. GHSR6 3° 
1 + 3.54c0s @> 


=Tly 


and analogously from 28.75 with e* > 1: 
At = 3.74 years. (28.77) 


The total flight time for an excursion from the earth to Uranus could be reduced from 16 to 5 years 
by a swing-by at Jupiter. The given data are, of course, approximate values, as we have assumed the 
gravitational forces of the planets and of the sun onto the spaceship to be independent of each other. 
By using numerical methods, one can drop this approximation and, for example, confirm the data in 
the figure on p. 345. For this goal, however, a number of refinements of the approximations made in 
our simple calculation are needed. 
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Problem 28.4: Perihelion motion 


Solution 


A planet of mass m moves in the gravitational potential of the sun: 
B 


4: 


K 
UG) ===> 
ere 


where the additional term is due to a polar flattening of the sun. Calculate the perihelion motion 60 
of the planetary orbit per revolution. 

Hint 

B shall be small such that the orbit may be assumed as a superposition of a fixed elliptic orbit and 
a perturbation: 


u(@) = uo(Q) + ev(O) + Ole”). 
From the potential U(r) = —«/r — B/r’, the force F(r) follows: 


En) =—-VU@)=— (5 + =) e, = Fir)e,, 


eer 
or expressed in u(@) = r~'(@) (see (26.20) ff.) 


F (<) =—Ku? —3Bu', (28.78) 


We are dealing with a central force. The differential equation to be solved is therefore (see (26.22) of 
the lecture): 


1 maf a te 
F (<) = —mh'u (= +u], (28.79) 
which explicitly reads 
K 3B 
tt e aes a A 
u (©) + u(O) ah? + mpi (28.80) 
€ 
=A+ rig : (28.81) 
Here we have set 
ee _ 3«B 
~ mh? 2 


One realizes that the differential equation without the term ¢ again leads to the Kepler problem 
with a fixed elliptic orbit. 


Assuming that B and hence also ¢ is small, the following ansatz (“perturbation ansatz”) is obvious: 
u(®) = u(O) + ev(@) + O(e?). (28.82) 


We now demonstrate that uo yields the original Kepler ellipse, and v represents the perturbation 
leading to the perihelion motion. Insertion of 28.82 into 28.80 yields 


uy (©) + ev"(O) + up(O) + ev(O) 


4 


é es “ge 
= A+ 4uj(©) + 70) + S-ug(@)v() + 0 (e4) 
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=> ug(O) + uo(@) + € {v"(®) + v(0)} 
Pes 
=AteE {wo} + O(e?) + O(e*) + O(c). , (28.83) 
Only terms without e and terms linear in ¢ are considered; hence: 
(a) Terms without ¢: 
u5(©) + uo(O) = A. (28.84) 


This is the differential equation (26.25) of the Kepler motion known already from the lectures, 
which is solved by 

u(O) =A+CsnO+ DcosO 
or 


up(®) = A+ Ecos(® — ¢). 


Without restriction of generality, the coordinate frame may be selected such that g = 0, and one gets 
the trajectory 
Av! 


Ga ee a 
Sele mare) ETERS 


(28.85) 
(b) Terms linear in ¢: 


| 
v"(@) + (8) = 7 up(8) 


1 
noe + 2AE cos © + E’ cos’ 9) 
E2 E2 
( +S )+ cos + yg eae 


where 2 cos* p = 1 + cos 2g has been used. Because the differential equation is linear in v, we may 
write the solution as a superposition of three individual solutions: 


v(O) = v)(O) + v.(O) + v5(9), 


with 
E2 

" = A = \ 
vy, +0; ar TA (28.86) 
v, + v2. = 2Ecos@, 

E2 
v, +3 = 5A 8 20, (28.87) 
The corresponding solutions are 
E?2 
(2) = A mrs le 

v;(®) oF A (28.88) 


v7(O) = EOsinO, 
E? 
v3(O) = — ae cos 20. ; (28.89) 


358 THE EARTH AND OUR SOLAR SYSTEM 28 


The solution of the path equation up to first order in ¢ is then given by 
u(@) = uo(®) + ev(O) 
Ee Ee 
=A+Ecos@+e[A+— }+eEOsinO —¢— cos20. (28.90) 
2A -6A 
The cos 2Q-term is periodic in ®; hence it cannot cause a perihelion motion. A perihelion motion 


must therefore originate from the (@ sin @)-term, which increases oscillatory with 0. 
We now employ the approximations 


cosa + 1 fora < 1, 


sina ¥ o fora <1, 
and the identity cos(a — 8) = cosa cos B + sina sin B: 


cos(® — ¢@) = cos Ocos(e@) + sin © sin(e@) 
= cos @ + sin O{eQ) (eo <1). 


Hence, u(@) may be written as 


E? FE 
O)=A+E = —_—- OF. : 
u(@) + Ecos(® — 60) +e At >, = cos20 (28.91) 


The last term oscillates with the period 7 between the values ¢(A + E*/3A) and ¢(A+2E?/3A), that 
is, the radius shows, besides the variation due to the motion along the Kepler orbit, a slow periodical 


variation: 
r(6) = : A(20@)=A+ aS 20 
~ A+ Ecos(® — 20) +e A(20)’ = oh eke 
= | 1 
~ A+ Ecos(@ —&@) | 4+ ACO) 
A+ Ecos(@ — €@) 
hence, 
] ~ ~ 
r(Q) » ——_—_________ [1 — eAte, 26)], A= a 


A+ Ecos(® — €®@) A+ Ecos(@ — €@)' 


The perihelion is defined as the minimum of r(@): 
=> cos(O—¢«0)=1 
=> O- 60 =2nn, iO lee 
This yields 
Onin = = = Inn(1 + €) + O(e’). 
The perihelion thus moves for each circulation by the amount 


6rKB 


60 = 27ée = oe: 
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Radial Variations 
cA 


Aphelion 
Precession of 


thePerihelion §0 


Perihel motion and variations of the radius due to a small, perturbative potential term. 


part || | 


THEORY OF RELATIVITY 
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Relativity 
Principle and 
Michelson— 
Morley 
Experiment 


For the mathematical description of a mass point one specifies its relative motion with 
respect to a coordinate frame. It is convenient for this purpose to adopt a nonaccelerated 
reference frame (inertial system). 

To an arbitrarily selected inertial system there are, however, arbitrarily many alternative 
ones that are moving uniformly against the first one. If one now changes from such an 
inertial system (K) into another one (K’), then the laws of Newtonian mechanics remain 
unchanged. As a consequence, one cannot decide from mechanical experiments whether 
an inertial system at absolute rest exists. 


N 


x 
Two coordinate systems with constant relative velocity vo (inertial systems). 
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The transformation specifying the transition from one reference frame to another 
frame moving with constant velocity vo against the former one is the called Galileo 
transformation.' The corresponding transformation equations read (see figure) 


x =% =v, 1, 


/ 
Ay = y — Uoyl, 
Z =e tel. 


'Named after Galilei, Galileo, Italian mathematician and philosopher, b. Feb. 15, 1564, Pisa—d. Jan. 8, 1642, 
Arcetri near Florence. He studied in Pisa. At the Florentine Accademia del Dissegno he got access to the writings 
of Archimedes. On recommendation of his patron Guidobaldo del Monte, in 1589 he got a professorship for 
mathematics in Pisa. Whether he performed fall experiments at the tilted tower is not proved incontestably; in any 
case they should confirm a false theory he proposed. In 1592 Galileo took the professorship of mathematics in 
Padua, not because of disagreement with colleagues but because of the better salary. He invented a proportional 
pair of compasses, furnished a precision mechanic workshop in his flat, found the laws for the string pendulum, 
and derived the fall laws in 1604 from false and in 1609 from correct assumptions. Galileo copied the telescope 
invented one year earlier in the Netherlands. He used it for astronomic observations and published the first results 
in 1610 in his Nuncius Sidereus, the Star Message. Galileo discovered the mountainous nature of the moon, the 
abundance of stars of the Milky Way, the phases of Venus, the moons of Jupiter (Jan. 7, 1610), and, in 1611 the 
sunspots, but on these Johannes Fabricius was before him. 

Only since 1610 did Galileo, who retumed to Florence as Court’s mathematician and philosopher of the Grand 
Duke, publicly support the Copernican system. By his overkeenness in the following years he provoked, however, 
in 1614 the ban of this doctrine by the Pope. He was urged not to advocate it further by speech or writing. During 
a dispute on the nature of the comets of 1618, where Galileo was not in all points mght, he wrote as one of 
his most profound treatises the Saggiatore (inspector with the gold balance, 1623), a paper dedicated to Pope 
Urban VIH. Because the former cardinal Maffeo Barberini had been well-disposed toward him, Galileo believed 
to win him as Pope for accepting the Copernican doctrine. He wrote his Dialogo, the Talk on the two main world 
systems, the Ptolemyan and the Copernican, gave the manuscript in Rome for examination, and published it in 
1632 in Florence. Because he obviously had not included the agreed changes of the text thoroughly enough and 
had shown his siding with Copernicus too clearly, a trial set up against Galileo ended with his renouncement 
and condemnation on June 22, 1633. Galilieo was tmprisoned in the building of inquisition for a few days. The 
statement “It (the earth) still moves” (Eppur si muove) is legendary. Galileo was sentenced to unrestricted arrest 
that he spent with short breaks in his country house at Arcetri near Florence. There he also wrote for the further 
development of physics his most important work: the Discorsi e Dimonstrazioni Mathematiche, the Conversations 
and Proofs on Two New Branches of Science: The Mechanics (i.e. the Strength of Materials), and the Branches of 
Science Concerning Local Motions (Fall and Throw) (Leiden, 1638). 

In older representavions of Galileo’s life there are many exaggerations and mistakes. Galileo is not the creator of 
the experimental method, which he utilizes not more than many others of his contemporaries, although sometimes 
more critically than the competent Athanasius Kircher. Galileo was not an astronomer in the true sense, but a 
good observer, and as an excellent speaker and writer he won friends and patrons for a growing new science and 
its methods among the educated of his age, and he stimulated further research. Riccioli and Grimaldi in Bologna 
confirmed Galileo’s laws of free fall by experiment. His scholars Torricelli and Viviani developed one of Galileo’s 
experiments—for disproving the horror vacui—in 1643 to the barometric experiment. Chr. Huygens developed 
his pendulum clock based on Galileo’s ideas, and he converted Galileo’s kinematics to a real dynamics. 

Galileo was one of the first Italians who also used their mother’s language in their works for presenting 
scientific problems. He defended this attitude in his correspondence. His prose takes a special position within the 
Italian Jiterature, since it distinguishes by its masterly clanty and simplicity from the prevailing baroque bombast 
Galileo had reproved also in his literary-critical essays on Tasso et al. In his works Dialogo Sopra i due Massimi 
Sistemi (Florence, 1632) and / Dialoghi delle Nouve Scienze (Leiden, 1638), he utilized the form of dialogue that 
came down from the Italian humanists, to be understood by a broad audience [BR]. 
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In compact vector notation this simply becomes 
‘=r —Vof, ¥ = constant, (29.1) 
or more general: 
r =r—vot — Ro (with Vo = constant), 


if the coordinate origins (r = r’ = 0) at the time ¢ = 0 differ by Ro in the x-frame. 
Twofold differentiation yields 


F =mi=mi =F. (29.2) 


From this equation (29.2), one immediately realizes that Newton’s law, if it holds in one 
inertial system, also holds in any other inertial system, that is, the Newtonian mechanics 
remains unchanged. One says that the Newtonian mechanics is Galileo-invariant. In other 
words: The dynamic fundamental equation of mechanics is Galileo-invariant. 

In the Galileo transformation it is assumed that in each inertial system the time ¢ is the 
same, namely, when changing from one system to another one the time remains unchanged: 


erie 


Hence, the time is an invariant; one speaks of an absolute time. In this premise one 
implicitly assumes that there is no upper limit for the velocity but that it is possible to 
transmit a message (comparison of clocks) with arbitrarily high velocity. Only then can 
one speak of an absolute time. We will come back to the problem of measuring times in the 
following chapters (see, for instance, Chapter 31). 


The Michelson—Morley experiment 


in the physics of the 19th century it was assumed that the light was bound to a material 
medium, the so-called ether. Just as sound propagates in air as a density oscillation, the 
light should propagate in the world ether. 

It was obvious to declare the ether as “being at absolute rest” and then to try to find an 
“absolutely resting” inertial system, making use of electrodynamic experiments. 

Imagine a spaceship moving in the ether. If this spaceship flies against the rays of light, 
then according to the ether theory the speed of light measured in the spaceship is larger; 
in the case of opposite direction of motion, it is lower. To check this theory Michelson? 


*Albert Abraham Michelson, American physicist, b. Dec. 19, 1852, Strelno (Posen). May 9, 1931, Pasadena 
(Calif.). From 1869-1881 he was a member of the Navy, taught at the Navy colleges in Annapolis, New York, 
and Washington, then was appointed professor in New York, Washington, Cleveland, Worchester, and Chicago. 
In 1880/81 Michelson performed an experiment in Potsdam, aimed at the proof of an absolute motion of earth. 
This attempt, as wel} as a repetition thereof performed commonly with the American chemist E.W. Morley (barn 
Jan. 29, 1838, died Feb. 24, 1923), pave a negative result. Michelson further fixed the value of the normal meter 
to high accuracy, using interferometry. In 1925-1927 he performed precision measurements of the speed of light, 
and in 1923 he proposed an interference method to determine the absolute diameter of fixed stars. In 1907 he got 
the Nobel Prize of Physics for his “precision interferometer and the spectroscopic and meteorologic investigations 
performed with it.” [BR] 
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adopted the earth as a spaceship moving with a speed of 30 km/s about the sun. If the ether 
theory applies, then the light must propagate along the direction of motion of the earth with 
higher speed than in any other direction. 

To demonstrate these differences of speed, Michelson performed an experiment, which 
is sketched in the following. 


Screen 


Scheme of the Michelson—Morley experiment. 


The monochromatic light source L emits a light ray, which is split into two bundles by 
the semitransparent mirror S. After the distances /, and /5, these hit the mirrors S, and S$), 
respectively. Here they are reflected into themselves and finally again hit onto S, where the 
two bundles superpose. If the experiment is organized such that the two light bundles have 
different times of flight, one observes interference fringes on the screen. 

The path difference between /, and /2 in the frame at rest is 


AS = 2(i; — i). 


In the frame (v |{/;) moving uniformly against the ether, the situation is as follows: The 
light ray passing the distance /,; needs the time 


path = |; 


LS fe crarsie eeeamaee 
: velocity =c 


In the ether at rest, the speed of light is always equal to c. The path of the light ray is 
!; +x; x 1s the distance traversed by earth (or the mirror) during the time f¢. 
x 1, +x 


a ia 5 
v c 


Because tg = t,, it follows that 


x b+x lyu/e lu 
eae! Ls) ee (29.3) 
v c l-—v/ec c~v 
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The path of the light moving ¢¢ with respect to the direction of flight is + x. 


If we now consider the light ray moving back, the path traversed by the light ray equals 
I, — x’. x’ is the distance traversed by the oncoming earth during the time ,. = x'/v. 


ee mea ee ee ae 
Oe rater ed 
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The path of the light moving +) with respect to the direction of flight is /; — x. The background should 
denote the ether, in which the light was supposed to propagate. 


The backmoving light ray needs the time t; = (/, — x’)/c. Because t, = t;, it follows 


that 
’ hx’ l l 

~=to* = we 1v/e pees, (29.4) 

v c l+v/ec ctu 

The total distance passed by the light ray is 

sehtxth —x’. (29.5) 
By inserting x and x’ (from (29.3) and (29.4)) into equation (29.5), we obtain 

l l 
727 


CaN Cary 
and after rewriting, we get 
2h; 
sc (fe 


We now consider the path of rays of /2: While the ray is running to S», the time 


y Jb+y? 


— a = — (29.6) 
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passes. On the way back the ray needs the same time, that is, it covers the same distance as 
on the way forward. From there it follows that 


$2 = 2,/12 + y?. (29.7) 
We first determine y” from (29.6): 
y bt+y 
i 
Solving for y? yields 
Ri (v?/c*) i 
~ Laer 


Inserting y* into (29.7) yields 
( pe 2 P - F Fi 
eae res [c*) lb The path of the fight moving L with re- 
tiie Gabe eae: ]c2’ spect to the direction of flight. 


The path difference between s and s2 in the moving frame becomes 
= ~2| I aly f 
1—(v/er? /1—(/e)? 


the difference of the transit times is correspondingly (the propagation speed of light in the 
ether is always equal to c) 


As 2 I I 
ae ( 2 (29.9) 


As = 8; — 52 (29.8) 


c 06¢c\l—(/c? t= (w/c 


If the experimental set-up is rotated by —90°, /; turns to the direction of /2, and /> to the 
direction of /), that is, /, points along the direction of motion of earth. The light ray covers 
the distance /, faster than before the 90° rotation, and the distance /; is traversed slower. 
For (v ||/2) an analogous expression results, namely 


2; hb 
Vis@ie: 1—W/e 


This would cause a shift of the interference fringes, because 


AS = 5; —52 = (29.10) 


a 1 1 v\2 
As — AF = (2h + 2h)- | ——_ - = | sh +h) (-) . 
et crea) ee 
If, on the contrary, the frame is at rest (v = 0), then As’ in the rotated frame is equal 
to As in the nonrotated frame, namely the interference fringes are not shifted. Michelson 
observed, however, that also for v # 0 no shift of the interference fringes arises when 
rotating the apparatus. 
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This result might be understood if the speed of light were c = oo. According to (29.8), 
one then would have As = AS = 2(1; —lp) for both orientations of the Michelson apparatus. 
Then there were no shift of the interference fringes. But it is known that c = 300, 000 km/s. 
Hence this explanation is ruled out. 

Because the Michelson experiment did not show any shift of the interference fringes and 
it would be unreasonable to assume the ether to follow the complicated motion of earth, 
Einstein? set up the following postulates to explain the result of the Michelson—Morley 
experiment: 


The speed of light in vacuum has the same magnitude in all uniformly moving reference frames. 


In this case the difference of the light paths s; — s2 = 2/; — 2l2 is independent of 
the orientation of the Michelson apparatus. If the speed of light is actually the same no 
matter whether the observer is moving toward the light source or away from it, always 
As = S| — 8) = 2l; — 2l, and also AS = 8) — 52 = 21, — 2ln, hence As ~ As = 0. 
Then there is no shift of the interference fringes, so to speak a priori. Moreover, Einstein 
postulated the relativity principle: 


3Albert Einstein, physicist, b, March 14, 1879, Ulm—d. April 18, 1955, Princeton (N.J.). He grew up in 
Munich, then moved to Switzerland at the age of 15 years. As a “technical expert of third class” of the patent 
office at Bern he published in 1905 three highly important papers in Vol. 17 of the Annalen der Physik. 

In his Theory of the Brownian Motion Einstein gave a direct and final proof of the atomistic structure of matter 
ona purely classical base. In the treatise “On the electrodynamics of moving bodies” he founded the special theory 
of relativity, based on a penetrating analysis of the concepts of space and me. From this theory he concluded a 
few months later on the general equivalence of mass and energy, expressed by the well-known formula E = mce?. 
In the third paper Einstein extended the quantum theorem of M. Planck (1900) to the hypothesis of light quanta 
and thereby made the decisive second step in the development of quantum theory, which immediately implies the 
duality conception wave — particle. The idea of light quanta was considered by most physicists as being too radical 
and was accepted with much scepticism. The swing of opinion came only after the proposition of the theory of 
atoms by N. Bohr (1913). 

In 1909 Einstein was appointed as professor at Zurich University. In 1911 he went to Prague; in 1912 again to 
Zurich to the Eidgendssische TH. In 1913 he was called to Berlin as full-time member of the Prussian Academy 
of Sciences and head of the Kaiser Wilhelm Institute for Physics. In 1914/15 he founded the general theory of 
relativity, starting from the strict proportionality of heavy and inert mass. The successful check of the theoretical 
prediction by the British expedition for observing the solar eclipse in 1919 made him publicly known far beyond 
the circle of experts. His political and scientific opponents tried to organize a campaign against him and the theory 
of relativity, which, however, remained meaningless. The Nobel Committee nevertheless considered it advisable 
to award the Nobel Prize for Physics of the year 1921 to Einstein not for the proposition of the theory of relativity 
but rather for his contributions to quantum theory. 

As of 1920 Einstein tried to create a “unified theory of matter,” which should comprise besides gravitation also 
electrodynamics. Even then when H. Yukawa had shown that besides the gravitation and electrodynamics there 
exist still other forces, Einstein continued his efforts that remained however without a final success. Although he 
had published in 1917 a landmark paper on the statistical interpretation of quantum theory, he later brought about 
serious objections against the “Copenhagen interpretation” by N. Bohr and W. Heisenberg, which originated in 
his philosophical world view. 

Offenses because of his Jewish origin caused Einstein in 1933 to resign his academic positions in Germany. He 
found a new sphere of activity in the United States at the Institute for Advanced Studies in Princeton. Einstein's 
last life period was clouded by the fact that he—being all his life a convinced pacifist—had given the impetus 
to build the first American atomic bomb, initiated by a letter of August 2, 1939, commonly written with other 
scientists to President Roosevelt, that was motivated by fear of German aggression [BR]. 
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In all uniformly moving frames there hold the same laws of nature. 
(covariance of the laws of nature) 


Henri Poincaré, the great French mathematician, statesman, and contemporary of Ein- 
stein, expressed it as follows: The relativity law states that the laws of physical phenomena 
shall be the same both for an observer being at rest, as well as for one put into uniform 
motion, that is, we have no, and cannot have a possibility to judge whether we are in such 
a kind of motion or not. 

These requirements, first set up by Einstein, are not necessarily an implication of the 
Michelson—Morley experiment. On the contrary, many physicists tried to stick to the ether 
hypothesis by other possible explanations. An example of such an attempt is a hypothesis 
brought forward independently by Lorentz and Fitzgerald which is denoted in literature 
somewhat pathetically as “fatal cry of ether.” 

The basic idea is that the Maxwell equations hold in and only in the rest frame of 
the ether. Under this premise there result of course modifications of the electromagnetic 
interaction—additional electric and also magnetic fields—between those charged particles 
moving relative to the ether. 

With this assumption Lorentz could prove that a system of charged particles moving in 
such a way against the “ether wind” is shortened by the modified electromagnetic forces.‘ 

In order to apply this idea to the Michelson—Morley experiment, one has to get straight 
in mind that the surrounding matter, and in particular the measuring apparatus, consists of 
electric charges. In this way Lorentz could show that the arm of the device pointing along 
the motion of earth is shortened by just such an amount, that the actually longer transit time 
of light along this direction is compensated. As a consequence, one cannot observe changes 
of the interference patterns when rotating the measuring apparatus, just as is demonstrated 
experimentally. 

Although this idea cannot be disproved in a simple way, it seems very unlikely that nature 
applies such complicated means to keep our absolute state of motion secret from us. 

The goal is now, being confronted with the result of the Michelson—Morley experiment, 
to find transformation equations that mediate the transition between two inertial systems 
K and K’. These transformation equations are called Lorentz transformations; named after 
the Dutch theoretical physicist Hendrik Antoon Lorentz, who for the first time derived 
the Lorentz transformation from the Michelson—Morley experiment, but did not realize its 
general validity, and hence also not the philosophically new element. 


4H.A. Lorentz, De Relative Bewegung van de AARDE en dem Aether, Amsterdam (1892), Vers. 1, p. 74. 


5Hendrik Antoon Lorentz, Dutch physicist, b. July 18, 1853, Arnhcim—d. Feb. 4, 1928, Haarlem. He was 
professor in Leiden and since 1912 curator of the cabinet of natural sciences of the Teyler foundation in Haarlem. 
Lorentz joined the Maxwellian field theory with the electro-atomistic ideas: The most striking success of this 
theory 1s the explanation of the splitting of spectral lines in a magnetic field, detected in 1896 by P. Zeeman. 

Lorentz thoroughly treated the relation between electric and optical phenomena in moving bodies, based on 
the electron theory, and he gave a first explanation of the result of the Michelson—Morley experiment by assuming 
a length contraction of the moving body in the direction of motion (Lorentz contraction). He contributed to the 
development of the theory of relativity and the quantum theory. After his retirement he was involved as leader 
in the scientific project to drain the Zutdersee. In 1902 he was awarded together with P. Zeeman with the Nobel 
Prize for Physics [BR]. 
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Let us consider two systems moving uniformly agai 
locity v: The system (x, y, z, f) and the system (x’, ° 
thought experiment. 
At the time ¢ = t’ = 0, the origins of the two coor 
moment a light shall flash up at the origin of the two « 
We follow Einstein’s postulate—stated in order to « 
Morley experiment—that the speed of light has the sai 
that is, both an observer in the nonprimed system as we! 
see a spherical wave propagating with the same velocit &) 4 
systems and not an ellipsoidally deformed wave in the 
at first) can be explained by the postulate of the relat. 
requirement set up by Einstein, according to which | 
the system) cannot be read off from any observation ( | 
ellipsoidally deformed wave in the moving system or i 
allow one to establish the state of motion, and thus w 3 c 
Hence the light flash must be a spherical wave in both 
the equation 


SS: x +y?t2=c*?? : (30.1) 
in the nonprimed system and also 

S: x7 4 y? 4 7? = 624? (30.2) 
in the primed system. 

Because S specifies the spherical wave in K, the equation S’ shall according to the 
relativity principle also specify a spherical wave in K’. We further postulate that also for 


a finite space-time distance x? + y? + 2? — c?r? # 0 in the system at rest, there shall 
be a corresponding finite space-time distance in the moving system, namely, x* + y? + 


12 


z? — c*t? & 0. One situation shall follow from the other, and vice versa. Therefore, S’ 
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must follow from S; there must exist a corresponding functional relation between these 
equations; for example, 
xP pyta 7? oy2 = F (x? pyr tee — op, y) 
= Fy) (x? + y? + 2? — cs”). 

In the last step we have written the functional Sonne en as an operator equation. 
The pOpSEaLOE F enetey acts on the combination (x? + y? + z? — c?t”). The function 
F(x? + y* +27 —c??, v) still might expel depend on the space-time coordinates 
x, y, z, t (not only in the combination a + y* + z* —c*r?), and on the relative velocity v of 
the inertial systems, namely, F Ge z Vogl yee, Vv). it operator notation this 
reads F(x, y,z, ct. v)(x2 + y? + 22 — c#?). In this case the operator F depends on the 
space-time point (x, y, z, ct) and on the velocity v. But we require homogeneity of space 
and time. In other words: Each space-time point (x, y, z,?) shall have equal rights. The 
physical process then cannot depend on x, y, z, and t. This means that F cannot explicitly 
depend on the space-time point x, y, z, t, and we obtain F(x? + y* + z? — c7t?, v). More- 
over, the space shall be isotropic, that is, the function F must not depend on the orientation 
of v. In particular then it holds that 


F(e+tyt+2-er v=F (x+y + 2’ —¢71?, -v), 
or in operator form 
Fo) (xP? +y+22-c#?) = F(-v) (x? +y? +22 - cP). 
But because K is related to K’ just as K’ is to K, there must hold with the same function F: 
xt y? +427? —¢77? = F(-v) (x? + y? +27 — 74’) 
= F(v) (” $y? +27 — ct *) (30.3) 
= F(v)F(v) (x? + y? +22 — 72’). 


This is only possible if the operator F means multiplication by +1. The negative sign 
is excluded because in the limit v — 0 all primed quantities continuously turn into the 
nonprimed ones. The oe remaining possibility is 


xr tyre? Pax ty +7 —c't’. = 


This relation was derived for light waves, and for these it is actually trivial. It is now 
generalized in the following sense: 

The transformation between the two systems K and K’ shows similarities with a rotation 
of the coordinate frame in a three-dimensional space: Under a rotation the magnitude of 
the position vector r? = x? + y* + z* remains conserved; under a Lorentz transformation 
the quantity s* = x? + y? + z? — c?t? is conserved analogously. 

We refer the reader to the subsequent considerations in the context of equation (30.43)! 
In other words: We now interprete the relation (30.4) in a more general sense, that is, 
we don’t assume its validity to be restricted to light sources only, but require that the 
space-time length of the space-time vector {x, y, z, ct} remains unchanged under Lorentz 
transformations. 
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In order to get more insight on the relation of the Lorentz transformation to a rotation, 
we first consider the rotation of a three-dimensional coordinate frame. 


Rotation of a three-dimensional coordinate frame 
To get a relation between the vector r’ in the rotated frame S’ and the vector r in the frame 
S, one adopts for simplicity orthogonal coordinate frames, where r and r’ of course always 
describe the same physical points: 
ror, 
A unit vector in the primed frame must be representable by a linear combination of the 


unit vectors in the nonprimed frame. One obtains the following system of equations: 


e, = Rye; + Ri2€2 + R383, 


e, = Rye) + Rye. + Ro3€3, (30.5) 
e, = R31) + R322 + R33e3. 
In matrix notation the three equations read 
e; Ry Ry Rp e; 
e, f=] Ra Ry Ra || e& (30.6) 
e; R31 R32_—-R33 e3 
For one of the equations one may also write 
3 
C=) Net 1,2, 3: (30.7) 
k=1 
Let its inversion read as follows: 
3 
: i) Vie some es: (30.8) 
we a 
— To get an idea of what the coefficients Rj, are, we multiply equation (30.7) by en: 
'Y 3 
ron Ct, — >. Raen eq. (30.9) 
> k=] 
<s Because we have restricted ourselves to an orthogonal system, it holds that 
LOAN) 
2 ej ey = dix. 
os This means 
x —> €; - Cp = Rim = COS(E;, Ep). 
$ Just in the same way, (30.8) implies 


, 
<—> ee, = Ui = Ry. (30.10) 
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Thus, the inverse rotation matrix is the transposed (permuted indices) of the original 
matrix R (compare to Example 6.6). 

The coefficients represent the cosines of the angles between the corresponding primed 
and nonprimed coordinate axes. Such a cosine is also called direction cosine. 

From e; - e = 8;; it follows because of (30.7) that 


5 3 
83; poe se Ri Rie €x "ee = > RR. (30.11) de 
ene 


k=1 


This is the row orthogonality of the matrix R;;. The column orthogonality 


3 
ay Ry Raj => 8;; : (30.12) & 
kei 


follows from the row orthogonality of the U;, utilizing (30.10), namely, Uj, = Ry;. 
For a vector r we have 


3 
r= Do xe. 
| 


Because we have required that the vectors r and r’ shall describe the same physical point, 
we have r = r’. The vector is kept fixed in space; the base frame rotates. Hence 


Multiplying this equation by e;, yields 


3 3 
t dent | r fi 
i=! 


pI 


We have e, -e, = Ry; and e’ - e, = 4;x, from which it follows that 


3 
td 
Xi = ) Ry X,, 
teil 


or after renaming the indices 


5 
Rarer (30.13) 
Keil 


and analogously the inversion 


3 3 
“= a Ujpx) = e Ruxi. (30.14) 


Thus, the transformation equation for the components is completely analogous to the 
transformation equation for the unit vectors (equations (30.7), (30.8)). 
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Taking into account (30.13) and (30.14), for the normalization of r in both frames it 
results that 


or 


3 

oer eee (30.15) 

i= i=] 

Inversely, from the invariance of the magnitude of a vector it follows according to (30.15) 
that the underlying transformation (30.13) and (30.14) must be an orthogonal transfor- 
mation (i.c., (30.11) and (30.12) must hold). This will be proved in the following for 
four-dimensional vectors, starting from equation (30.17). 


The Minkowski space' 


In order to point out further analogies between a rotation in 3D space and the Lorentz 
transformation, we have to change to a four-dimensional space. This 4D space is called 
Minkowski space. We introduce the four coordinates 


Mi SH, Sh), Saag, ia See 
A vector in the Minkowski space will be called four-vector. The position vector reads 
r= Xe; + .X2€2 + X33 + X44. 
The Minkowski space is an orthogonal space. The orthogonality relations 
Gj «ey = bi, bok 152, 3:4, 


hold. By introducing these coordinates, the propagation of a flash of light as described 
by (30.1) 


royrte2— ep? =o 


' Hermann Minkowski, b. June 22, 1864, Aleksotas (near Kaunas)~--d. Jan. 12, 1909, Gottingen. Minkowski 
got his school leaving certificate in Konigsberg (Kaliningrad) at the age of 15 years. Still during his college days 
in K6nigsberg and Berlin he won in 1883 the Great Prize of the mathematical sciences of the Academy at Paris 
with a paper on quadratic forms. In 1885 Minkowski did his doctorate in K6nigsberg, followed by his Habilitation 
in 1887 in Bonn, and since 1892 was appointed professor in Bonn, Kénigsberg, and Zurich, since 1902 in 
Gottingen. His most important achievement is the “geometry of numbers,” which he developed, allowing him to 
obtain number-theoretical results by means of geometric methods, These investigations naturally led him also to 
research on the foundations of geometry. He also contributed significantly to theoretical physics, in particular to 
electrodynamics, which deeply influenced the development of the special theory of relativity. 
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may be written in a simpler form, namely, 


The expression 


4 
oF (30.16) 


is the square of the magnitude (square of normalization) of the position vector in the 
Minkowski space. The particular feature is that the normalization of a four-vector may also 
be negative. We have seen by (30.4) that this normalization 1s conserved under a Lorentz 
transformation, that is, for Lorentz transformations 


4 

(pA 
yf 
tf?) k 


holds. This important relation is no additional, intuitively found postulate. It may be 
concluded from the covariance of the light flashes (30.1) and (30.2). This will soon become 
evident: The starting points for determining the Lorentz transformation are equations (30.1) 
and (30.2). They express the covariance (equality of phenomena) of the spherical light wave 
in uniformly moving coordinate frames. Hence we look for a coordinate transformation 
between x;(x’, y’,z’, ict’) and x;,(x, y, z,ict) that converts (30.1) into (30.2), and vice 
versa. In analogy to the three-dimensional rotations, we try with a linear transformation 


x2. (30.17) 
] 


4 
= ye OnjXj; (30.18) 
j=l 


or written out 


x} Oy) yz 13 B14 x] 
/ 
x 2; 22 G23 24 x2 
al : (30.19) 
x3 3, 32 33 34 X3 
x, 4, O42 O43 Ong X4 


where the @,,; constitute the transformation matrix. That the transformation must be linear 
may be understood as follows: Linear transformations are the only ones that map a straight 
line in one frame again on a straight line in other frames. In more general transformations 
it would happen that a uniform motion appears as accelerated motion in another inertial 
system. This would contradict the relativity principle. The matrix of a transformation that 
conserves the magnitude (30.16) of the position vector is an orthogonal matrix, that is, the 
row vectors or the column vectors are orthogonal to each other. The matrix a;, is such an 
orthogonal matrix. 
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We may realize that by replacing in the relations 


4 4 
Ge So oie, pe > tints. (30.20) 


4 4 
(di 
x; = 3 Yo intivxexy 


in (30.2), the requirement that (30.2) follows from (30.1) and vice versa implies conditions 
for the a;;: 


4 4 
2 
= ne = s De = OLjKAjyAKXy 
4 4 /4 4 
! 2 
= EP (Youn) unt Soak 
k= 


(e=| 1 


That means that 
4 
> oieetin = ll for k = p, 
== 
4 
y jpAiy = 0 fork #y., 
i=l 
must hold. This is written briefly as 
4 
QipaAiy = 5x ° ; 30.21 
EE: ; Calan (atta epuadily (30.21) 


Hence, the column orthonormality for the matrix (a;,) holds. The row orthonormality 


also follows from equations (30.1) and (30.2) by starting from the transformation inverse 
to (30.20) 


4 
=> bine. (30.22) 
k=1 
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4 4 4 
) U 
0= Pda E YD buat 2a 


je) i= leKev— k= 


_ 


it then follows analogously that 
4 
> Bixbiv = Sty, 
i=1 
or after renaming the indices 
4 
YS byibin = Biv. (30.23) 
k=! 


Hence, the 5;,-matrix is orthonormal also with respect to the columns. But now the b,, 
from (30.22) are related to the a;, from (30.20), because from (30.20) and (30.22) it follows 


that 
4 4 4 
oe == > inxe = ys > mb, 
k=1 k=1 v=] 
4 
=> Oj Div = Biv. (30.24) 


k=! 
A comparison of (30.23) and (30.24) yields 


ix = Dy , (30.25) 


namely, the matrix b,; is the transposed @;,-matrix. Insertion into (30.23) yields 


4 
> Milne = Bir, 
k=] 


and a further renaming of indices yields 
4 ’ 
aeons. yew of Mago (30.26) 
i=l 


This is the row orthonormality of the matrix (@;,). Although we have performed these 
considerations for the four-dimensional space, each individual step also holds in N dimen- 
sions. Hence, the relations (30.21) and (30.26) also hold in N dimensions. 

With the column orthogonality (30.21) and the row orthogonality (30.26), it follows in 
general that always 


(2 2 
or. 
i i 


This is the invariance of the “magnitude” of the space-time distance under Lorentz 
transformations (30.15). Hence, this relation (30.15) holds not only for zero vectors (light 
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vectors)—that is, those for which ou a — (}—but for all vectors in the Minkowski space, 
hence also for those with )>, x? # 0. One says: It holds for all four-vectors. Later the 
concept of four-vector will be further specified. 

We now turn to the explicit determination of the Lorentz transformation. In the following 
consideration the frames K and K’ are moving against each other only in the x1-direction. 
The x;-direction is chosen parallel to the x,-direction; also the x2- and x5- or x3- and 
x4-directions are chosen parallel (see the figure). In this simple case it must be y’ = y, 
z' = z. Moreover, because of the homogeneity of space, the values of x; and xj, Must not 
depend on x2 and x3 because the choice of the coordinate origin in the x2, x3-plane has no 
physical meaning. The Lorentz transformation therefore simplifies to 


Xy = yx; +0+0+ ayaa, (30.27) y 
xh =O+22+0+0, (30.28) 
x, =0+0+2%34+0, (30.29) y 
Xs = 4X, +O +0 + atggxg. (30.30) x" 
The a;, may now be determined by the already known 
orthonormality conditions (30.21) and (30.26). One has sae 
row orthonormality v 


(30.31) Two inertial systems of equal ori- 


2 De 
a a8 1 = ie : ; ; 
entation move with relative veloc- 


ow, +e2,=1, (30.32) _ ity v along the z-axis. 
@ 110141 + 014044 = 0, (30.33) 
and column orthonormality 
a +02, =1, (30.34) 
a2, +a%,=1, (30.35) 
01110114 + O4; 0144 = 0. (30.36) 


From (30.27), it results that 


jes 14 a4, 
Xy = Ay X] + 4X4 = AY] (« a ms.) =a (x Br pe BG Bal 
1) Qj) 


Now we consider the coordinate origin of K’. There Xj = Q; thus 


14, O14. 
O= ay (x + ict) => Xx) =—-—Ict. 
1 it 


For the velocity it holds that 
Re et eee . v 
v=xX=-—ic > —=i-=iB with B= -. (30.37) 
& 6 
According to (30.31), 


2,2 
aj, +a, = 1, 
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For low velocities the relativistic mechanics must turn into the Newtonian mechanics. 
But there x; = x),; hence @;; = 1. Therefore, we find the limit 


1 
ae 
From there it follows that only the positive sign holds. We therefore conclude 
iB 
a ee 


From (30.32) and (30.35), we obtain 


B — 0: 


i, a a). 
Aig = tata), (30.38) 


and from (30.33) it follows that 


A =e oe a : 
14 JV1— p? 


The sign may be fixed by a similar consideration as that above. We have 


(30.39) 


tf 
Xq = gi X] + Ag4x4 
or 
ict’ = a4x + agict. 


For 

v>-0 => >t 

and for 

Bpo0 => >) 
iB 


Again only the positive sign holds. This implies 
it 
iP 


From the relation (30.39) 


44 = 


O44 = +041] 
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and equation (30.38), we obtain 
Q14 = —4), 


hence 


= es a 
The sign again may be determined directly, just as above. A compilation (relative motion 
of the two frames only in x-direction) leads to the transformation matrix: 


| ip 
eee 8) () =e = 
/} ms pe al = pe 
0 1 0 0 
ro , 30.40 
(dix) 0 ae 0 ( ) 
—ip ‘A 1 


A-B °° Vi-# 


The Lorentz transformation equations (30.27) to (30.30) therefore read 


a 
a 


x Vv 


an ear 


TRANSFOR MATa): 
7 


loge wT? 


x. (30.41) 


A quick glance at these equations shows that for v < c, that is, v +> 0 and/or c > oo, 
the Lorentz transformation (30.41) turns into the Galileo transformation (29.1). Actually, 
for v — 0 both coordinate frames become identical (x’ = x, y’ = y,z' = z,t’ = 1), and for 
c — oo the Lorentz transformations (30.41) turn into the known Galileo transformations 


xox vt, Vide Vo 
y=y, t=t (30.42) 


(compare Chapter 17, section on inertial systems). 


Definition of the four-vector 


Four numbers {x}, x2, x3, x4 = ict} that, with the base vectors e;, €2, €3, €4 of the Minkowski 
space, form a four-vector according to 


F = xO + X2€p + x3€3 + X4€4 
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are called components of the four-vector. They transform under Lorentz transformations 
according to (30.41). Conversely, if four numbers x, (v = 1, 2, 3, 4) transform according 
to (30.41), namely, under Lorentz transformations in a transition from an inertial system K 
to another one K’, then these numbers form the components of a four-vector. They form— 
briefly spoken—a four-vector. This is similar to the vectors of the three-dimensional space, 
the components of which must transform under space rotations according to the rotational 
matrix. 

We still note that the magnitude of a four-vector remains unchanged under Lorentz trans- 
formations (30.41). This is evident from equation (30.17) implied by the row and column 
orthonormality, but may also be verified explicitly by calculation. Actually, from (30.41) it 
follows that 


Rn 
xP tx? tx? tx? = x? + y? +27 — 071? 


! Pai eee: c ( y 
ap se ee ery t 3° 
1 ig ner ee fe v/c? 
= t 
feed aeeieedel ores 
; 2u 2u 
“LT=8 1-8 
ax pyr g2—7? 
Die ree 
= Xp + 4X4 +3 +24. (30.43) 


Thus, the invariance of the magnitude (30.16, 30.17) of a four-vector generally holds for 
arbitrary vectors in Minkowski space. Analogously to the rotations of the three-dimensional 
space for which according to (30.15) the magnitude of a vector remains invariant, Lorentz 
transformations are also denoted as rotations in the Minkowski space. In equation (30.4) 
the invariance (30.43) served as the starting point of our derivation of the Lorentz transfor- 
mation. To be more precise, we have postulated the invariance of (30.43) because of the 
covariance of the spherical flash of light, (30.1) and (30.2), and constructed the Lorentz 
transformation from this postulate. We have confirmed this once again for the particular 
transformation (30.40). 

It is important to note once more that we inferred the Lorentz transformations from the 
covariance (and invariance) of the expression 


Popa? cr =0K x2 4 y2 477% — 82. 


Vectors of this kind are called light vectors or better zero vectors. The propagation of light 
is described by such a zero vector. But now we point out that these Lorentz transformations 
keep also arbitrary (i.e., not only zero-type) four-vectors invariant in magnitude. 


382 THE LORENTZ TRANSFORMATION = 30 
a D 


Problem 30.1: Lorentz invariance of the wave equation 
Show that the wave equation Ay — (1/c*) (@2f/dt7) = 0 is invariant under Lorentz transformation, 


but is not invariant under Galileo transformation. 
To simplify the problem, only the time and one space component shall be considered, that is, 


W(x, y, Z, t) shall be restricted to (x, t) or w(x’, £’). 


Solution _The equation then reads 


ay 1 ey 


axe? ar 
The Lorentz transformation for the position and time coordinate reads 


ve ,  beexe 
V1-B J1-# 

The partial derivatives with respect to the nonprimed coordinates must be replaced by derivatives 

with respect to the primed coordinates. For d/0x one has as complete partial derivative 0/dx, = 


d (0x;/8x;)(8/4x;), and hence 


0 dx’ a ar’ a 
— = + 


Ax Ox Ox’ Ox at’ 


ox [aster JI — Bat’ 

According to the same scheme we obtain the second derivative: 
2 o2 
Qx2 «1 — B2 ax? ~—c2.: 1 — B2 ax’ at’ c4(1 — B2) ar? 


? 


d/dt may be written as 


0 ot od ox’ a 
ot Of Ot’ of dx’’ 
0 ] a v é 


a fi — 2 ar = 1 — gx" 


0° a) peer 


1 
a? 1p ar? i Bay ay” 1— BP aR? 
By insertion into the wave equation, we obtain 
oy lay] “(2 2v Py vey law wary way 
ax? 2 at? «1B? ax? coxa car Gare’ @axdr caxt® 


ax? wt | Lat Pw 


ee Ee oa | v7 /c? Fe sae 
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Hence, the invariance under the Lorentz transformation is proved. This result may be obtained more 
quickly by noting that the four-gradient 


5.2 x a at a. n a 
= —e, + —e, + — —e 
ne eee a 


is a four-vector, and therefore the four-scalar product 


= = ath a? a a? 
WY Se 5 59 Se sp Se SS 
Ory ox2 | ose Gx. 
a a? a? a? 1a- 
~ @x2 ay? az? ce? at?” 
must be a Lorentz invariant. 
We still investigate the wave equation with respect to the Galileo transformation. The Galileo 
transformation reads 


7 


x’ =x-—- vt, f =. 


The partial derivatives are related by 


a ox’ O at’ a rf at’ a ox’ a 

@x Ox ax’ Ox Ot" at or at’ Ot ax’’ 

ri) 0 a. 9 i) 

ax ax" at at’ sx’ 

a 8 a a 4 8 fee 
ax? Ox?’ oP at2' ax® ~ ar’ ax’ 


Insertion into the equation yields 
ry 1p Sv 1p wap  2w Hy 


Ox2 ce at? ax? = 2 ar — 2 ax? C2 At’ax’ 
vy 1/2 ay! 
=0= <= -—v- Qw. 
age (ats (55 va) : 


Obviously the wave equation is not invariant under the Galileo transformation. It is noteworthy, and 
we may be surprised in retrospect that the Lorentz transformations, as those coordinate transformations 
which keep the wave equation invanant, were not detected long before Einstein. After all, the 
wave equation was known since Maxwell. Obviously, basic discoveries mostly are not made in a 
straightforward way. 


Group property of the Lorentz transformation 
A nonvoid set G of elements G = {go, 81, 82,---} with g;, gx, g; € G and a combination 
law (®) are called a group if they have the following properties: 


1. The combination (@) is an inner combination that to each pair of elements g;, g, € G 
assigns a uniquely determined element g; = 9; ® g, out of G. 


2. The associative law (g; ® g;) © gx = gi ® (g; ® gx) holds. 
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3. There exists a unit element go in G with the property 


80 @ 8 = 81 @ 80 = Bi for all g; € G. 


4. To each g; € G there exists an inverse element g; ' also belonging to G and satisfying 

Bi @ 8; = 80. 

The set G has now the Lorentz transformations as elements (set of operations—as 
an operation one considers here the transition from one coordinate frame to a second 
coordinate frame moving with uniform relative velocity v with respect to the first frame); 
the combination means a successive application of the Lorentz transformations. As far as 
condition (1) is concerned, this means that the Lorentz transformation from K to K” is 
equivalent to the successive application of two transformations from K to K' and from K’ to 
K”. For sake of simplicity, here we again consider only particular Lorentz transformations 
in x-direction with parallel axes of K, K’, and K”. 

Transformation from K to K’: 


4 
ae = ” ora 


with 
Shee egp ee 
/1- 8 Ls 
0 1 O 0 
Ogu (B1) = 0 01 0 
—ipy 1 


——— 0 ——— 
1-86 y1- 6 


The transformation matrix from K’ to K”’ is 
4 
ue 
T=) Ott. 
c=) 


hex (B2) is composed just as a,,,(;), with the only difference that v; and f, are to be 
substituted by v2 and £2, respectively. For the transformation from K to K” it now results 
that 


Se = Yo eve (Br) tou (Bi) Xp (v, 0, 4 = 1, 2,3, 4) 
go uh 
= Vo ye (Brey (Br )Xy 
On 
ce aay 
“ 


where we have set o,,(B) = >, Oyo (B2)Oe (Bi) - 
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The expression }°, dy, (B2)o5 (Bi) simply means a matrix multiplication. In order to 
calculate a,,,(8), we will determine the individual coefficients of this matrix. For example: 


011 (B) = of) (Bo )ory1 (By) + 12 (Bz )or21 (B1) + 013 (Bo )ar31 (B1) + 0r14(B2)o41 (81), 
] Bo - Bi 


1 
a1(8) = —— +e 
Vi-Byl-A yi-by1-é 
] 
J (l — B3 — By + B7B3)/C + Bio)? 
» 1 
v1 — [(Bi + B2)/C. + Bi B2)? 
1 
ae Be 
with 
Bi + Bo 
= —_—_.. 30.44 
! 1+ Bi Bo oc 
From here we already get a prescription for the addition of velocities, namely 
U1 “> U2 
ag (30.45) 


In the subsequent text this “‘addition theorem” of velocities still shall be derived directly 
by another method. The other coefficients of the matrix a,;,(6) may be determined in the 
same manner. We finally obtain 


ee 
/1— p? J/1— p 
0 1 O 0 
Qn (B) = ; (30.46) 
0 0 1 0 
—ip 1 


Ji-P i-# 
where v and 6 are determined according to (30.45). 

From there it follows that the velocity of K” against K is equal to the addition of the 
velocities of K’ against K, and of K” against K’, according to the addition law (30.45) 
for relativistic velocities. At the same time we see: Two Lorentz transformations applied 
successively again yield a Lorentz transformation. This is nothing else but the closure 
property of the set of Lorentz transformations performed successively (condition (1)). 

Because of the principal equality of inertial frames K, there is no difference whether 
one performs at first a transformation from K to K’ and subsequently from K’ to K” or 
vice versa, that is, the combination “Lorentz transformation” is even commutative; the 
successive application of Lorentz transformations is arbitrary with respect to the sequence. 
This can also be seen immediately from (30.44). But be careful! This holds only for Lorentz 
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transformations with the same direction of the velocities, thus for inertial frames moving 


in the same direction. 

The second group property, the associativity of the Lorentz transformation, is also ful- 
filled. This follows by repeated application of equation (30.45), because for the Lorentz 
transformation with the velocities 6), B2, 63, we get 


(L(B1) ® L(B2)) @ L(Bs) = L(B), 


with 
B= (Bi + Br)/(1 + BiB2) + Bs _ Bi + Bo + Bs + Bibbs 
1 + (6) + B2)f3/(1 + BiB2) 1+ Bi Bo + Bibs + B2Bs 
and 
L(B;) ® (L(B2) ® L(B3)) = L(B’), 
with 
es Bi + (Bo + Bs)/ + BBs) — Bi + bo + Bs + Bibo bs 


~ 1+ Bi (Bo + Bs)/(1 + BBs) 1 + BiB + Bibs + Bobs 
Obviously, 6’ = B and, therefore, L(B) = L(A’). 
But this means 


(L(B1) ® L(B2)) ® L(Bs) = L(Bi) @ (L(B2) @ L(B3)), q.e.d. 


The unit element has the form 
io Gv 
0 ee ee 
O01 20 
000 1 


It corresponds to the Lorentz transformation from a system onto itself, namely, no change 
of the inertial frame. As required, the combination with the unit matrix is commutative 
(condition (3)). 

To any Lorentz transformation there exists an inverse one of the form 


§0 = 


v—> —v or B— —B, 


1 —ip 
v1 - v1 ~ 
0 a) 0 
0 0 1 0 

ip 0 ] 
/1 ms p? /\ pa Bp? 
Due to the orthogonality of the Lorentz transformation, the inverse element is obtained 


by permuting columns and rows in the transformation matrix; this simply means a reflection 
at the main diagonal of the matrix. One may easily verify that Ss 5 Mj (—B)aj(t+B) = bx 


Bij = ai;(—B) = 


0 
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(condition (4)). Hence, the initially imposed four conditions for the group properties of a 
set are fulfilled for the set of Lorentz transformations, that is, the Lorentz transformations 
form an infinite, continuous group (the number of elements of the set is not restricted). 


Problem 30.2: Rapidity 


Solution 


The Lorentz transformation relating the coordinates f, z and t’, z’ of two coordinate systems S and S’ 
in uniform relative motion along the z-axis with velocity v = fc is given by 


t=+t'y +z’ By, 
z=—tByt+z'y. (30.47) 


This transformation is similar in its structure to a rotation in the f, z-plane, 


t=+t'cosg+z' sing, 
z=-t'sng +z’ cosg. (30.48) 


However, the factors y and By in (30.47) are greater than 1, which can be achieved with the sine 
and cosine functions only for an imaginary argument y. One can make instead an ansatz for the 
transformation using the hyperbolic functions sinh and cosh with a real argument y: 


t= +t’ cosh y +z’ sinh y, 
z= -—t' sinh y +z’ coshy. (30.49) 


The argument y in these transformation equations is called the rapidity. 

(a) Calculate the dependence of y from y and B. 

(b) When applying two consecutive rotations, the two rotation angles can simply be added. Check 
whether this relation also holds for the rapidity in the consecutive application of two Lorentz 
transformations. 

(a) Comparision of (30.47) and (30.49) yields 

y =coshy and yB =sinhy. 
The factor f can thus be obtained as 

B=tanhy. 
(b) If t’ and z’ are written as 

t' = +t” cosh y’ +z" sinhy’, 

z’ =—1" sinh y’ +z” coshy’, (30.50) 
then inserting this in (30.49) yields 


t = +t” (cosh y cosh y’ + sinh y sinh y’) + z”(sinh y cosh y’ + cosh y sinh y’), 
z = —t’ (sinh y cosh y’ + cosh y sinh y’) + z”(cosh y cosh y’ + sinh y sinh y’). (30.51) 
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Using the addition theorems of the hyperbolic functions or reducing them to the exponential functions 
gives the resulting equations 

t = +t” cosh(y + y’) + z” sinh(y + y’), 

z= —t” sinh(y + y’) +z” cosh(y + y’). ais oP Ne (30.52) 
This corresponds to a single Lorentz transformation with rapidity 

y" — y + y’ . 
Thus, the rapidity variable is additive for two consecutive Lorentz transformations along the same 


direction, in the same way as the rotation angle is additive for two consecutive rotations around the 
same axis. 


Properties 
of the Lorentz 
transformation 


Time dilatation 


We first note that clocks at distinct positions x,, x2, ... y 


in an inertial frame may always be mutually synchro- j = as 
nized, that is, made to show equal times. This may be { 
achieved, for example, by emission of light signals 
in second intervals from clock 1 (time f,) to clock 2 
QE x 


(time t)). At the moment of arrival at x2, the time 
(x2 — x,)/c passed, such that 


AZ — x) 
yeh Spa 


We now consider the following example: 

A light ray is emitted by the light source Q in the 
system K and after reflection by the mirror S is re- EMQ x 
ceived at E. The measured time intervalis At = 2//c. the path of a light ray on the way from 

In the system K’ flying by, one measures a longer sender Q to detector E in the inertial 
time interval for the same process, as in this system system at rest (K) and moving with re- 


the light has to traverse a longer path to reach the SPect to the source (K’). An observer 
receiver at rest in K’ sees the light ray emerg- 


F ing from point Q, hitting the mirror (at 
Vice versa, an observer in the system K wouldalso ject in K) at M and reaching the x’- 


see such a time interval in the system K’ as dilated, axis again at E. 
as the path now appears longer. 
In the K -system it holds that 


l 
Afb t= 2 
Cc 
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After the Lorentz transformation in the system K’, it holds that 


i f f 


pees ty cand (v/c?) x, 
for v = 1,2. We now have x, = x2 because the light pulse is emitted and received at the 
same position in the K-system. Hence the interval is given by 


At 
The time interval At in the system at rest corresponds to the time interval Ar’ in the moving 
system. For our example it results that 


jie ae 


ei. 

The dilatation of the time intervals by the Lorentz transformation is of course independent 
of the special definition of the time interval adopted here. If in one system the time T 
passed, an observer moving relative to the system finds that his clock displays the longer 
time T/,/1 — B*. An observer will consider time intervals in systems moving relative to 
him always as dilated. This fact led to the concept of time dilatation. 

The same result is obtained in a somewhat modified experiment: If signals are emitted 
from the same position x in K at the times ft; and t), they will be received in K’ with the 
time distance 


t 


At’ = 


i (u/c eh (iG) x eee at 


Jie ji ~ view 


In the system K’, the signals are emitted at distinct positions x; and x,. We have 


h-t= 


cg eh . AS = ee 
This phenomenon will be elucidated further by the following example 31.1. It is important 
that the clock in the system at rest (in our case, the system K) always ticks at the same 
position (x; = x2) while, on the contrary, in the moving system (in our case, the system K’) 
these signals are emitted at distinct positions (x, # x;). This type of measuring process is 
the reason for the different values of the observation times in both systems. 

One may construct, although somewhat artificially, a measurement of the time intervals 
in such a way that the moving observer faces a shortening: At the times t; and ft in the 
system K at rest there occur two events at all points of a distance that is parallel to the 
x-axis (flashing of various lamps connected in coincidence — note that this cannot be a 


fluorescent tube). The time distance t, — 1; of the events is measured by means of a moving 
clock from the moving coordinate frame. 
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We then have 


ty — ty — (v/c?)(x2 — x1) 


JB 


Let the measurement be performed always at the same position in the moving system; hence 
we have 


/ 


, 


2 xi = Wh) 
J1- 8 


and by elimination of x. — x; 


bt = (bh —t)Vv1— B. 


It is evident that this kind of measuring time intervals, for example, for the decaying muon 
in the following example, does not apply. 


t a, 
Sy) ee 5| 


Example 31.1: Decay of the muons 


The time dilatation may be proved by means of a cosmic process: The earth is surrounded by an 
atmosphere of about 30-km thickness screening us off from influences from the universe. If a proton 
from the cosmic radiation hits the atmosphere, z-mesons are produced; several of them decay further 
into a muon (a “heavy electron’) and a neutrino each. Now one establishes the following: The muon 
has a mean lifetime of At = 2- 10~° s in its rest system. Classically, according to s = vu - At, it 
might traverse even with the speed of light only a distance of 600 m. Nevertheless the particle has 
been recorded at the earth’s surface. 

In the relativistic approach, however, this contradiction is resolved: Muons at rest have a mass of 
my c? = 10° eV. The “cosmic” muons are created at an altitude of ca. 10 km with a total energy of 
E=5- 10’ eV. 

Hence we have 


The expression for the relativistic energy E = mo c?/,/1 — B2 used here will be derived later on in 
Chapter 33. 

At is the lifetime of the muons in their rest system. Ax’ is the path of the muon during its lifetime 
At’ = At//1— B? in the moving system (i.e., we and the detector, fixed to the earth). At’ is 
determined by emission of two signals: The first one indicates the creation, the second one the decay 
of the muon in the moving system K’. 
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To get an upper estimate, we replace v by the speed of light, thus we find 
oe Toe? 
* 708 


More precise measurements’ actually gave a value of 38 km. 


.5-10°-2-10°8cm = 30 km. 


ee  ——— 


Problem 31.2: On time dilatation 


Solution 


We consider a spaceship that moves away from earth with the velocity v = 0.866c. Jt emits two light 
signals to earth spaced by At’ = 4 s (spaceship time). 


(a) What is the time distance AT (earth time) between the two signals arriving on earth? 
(b) What distance, measured from earth, did the spaceship cover between emitting the two signals? 
(c) A body at rest in the spaceship has the mass my = 1 kg. What is its kinetic energy measured from 


earth? 


(a) We denote the emission of the first and second light flashes as events A and B, respectively. In 
the spaceship frame S’ they have the space-time coordinates (x/,, t,) and (x, = x), f, =, + At’); 
in the earth-fixed frame S$ the coordinates (x4, t,) and (xg = x4 + Ax, tg = t, + At). The relation 
between the two coordinate frames is given by 

7 / ? v 

x=y(x' +t’), t=y(t'+5x’/), 
) 

with y = (1 — (v/c)?)7!/* = 2 for x = x, or xg, etc. Therefore, 


! ! t Ue, 
x4 = v(x, +ut,), i=y (*, or 54) 1 


Xp = y(x, + vt), ip=y (5 + 55) ? 
hence, using x, — x, = 0, 
Xg—X, = Ax=yvdt', te —t,a = At=yAr'. 
In S the two signals are emitted at the distance At = y Art’. During this time the spaceship moved 


forward by the distance Ax. The two light signals arrive at the earth-fixed point x at the time 7, and 
Tg = T, + AT, respectively. T, and Tp are calculated as 


X44 — XO Xp — Xy 
=. 


T, =tat+ Tg ='g+ ’ 
c. 


where (x, — xo)/c and (xg — x»)/c represent the transit times of the signals in § from point x, and 
Xg, respectively, to the point xo. Hence 


] 1 
Ty — Ty = AT = ty ~ ta + (Xp — Xa) = At + ~ Ax, 
(és: 


‘The first experiments of this kind were carried out in the late 1930s and early 1940s; see, e.g., Bruno Rossi, 
Norman Hilberry, J. Barton Hoag: “The variation of the hard component of cosmic rays with height and the 
disintegration of mesotrons,” Phys. Rev. 57 (1940) 461-469, and Bruno Rossi, David B. Hall: “Variation of the 
rate of decay of mesotrons with momentum,” Phys. Rev. 59 (1941) 223-228. The “mesotron” in these papers is 
the lepton, which is today known as the muon, 
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that is, the measured time difference between the received signals is composed of the time difference 
At in S (the emissions), and a transit time difference. With the equations derived above, we have 


= v jez (1 + v/c)Ar’ = 1+v/c ; 
eed (1 2 5) a V(1 + v/e)(1 — v/c) ~Vi- Wee 


With the data of our example, we obtain AT = 15s. 

(b) The path Ax covered by the spaceship between the two emissions as seen from earth is 
Ax = yvAt' = 2.1-10? m. 

(c) The body has a total mass of m = mgy = 2 kg and a kinetic energy of Eyin = (7m — mo)c* = 
9. 10'° J, which corresponds to about 0.7% of the total electric energy produced in the United States 
in 1999. The expression for the kinetic energy used here will be substantiated in detail in Chapter 33. 


Problem 31.3: Relativity of simultaneity 


Solution 


We observe that in a remote galaxy two events A and 
B happen at the same position within the galaxy. In 
galaxy time the event B happens by 4 s later than the 
event A. Further let the distance between earth and 
galaxy be practically constant for our problem, that 
is, the galaxy shall move with a constant velocity v 
perpendicular to the visual line earth-galaxy (see fig- 
ure). 

On earth the event B is recorded by 6 s later than , galaxy moving with velocity v perpendic- 
the event A. Find the velocity |v| of the galaxy relative yar to the distance from earth. 
to earth. 


ye 


z Earth 7° Galaxy 


The coordinate frame in the galaxy is denoted by primed quantities (5’), the earth-fixed frame by 
nonprimed quantities (S). The event A [B] takes place at galaxy time fr’, [t;,], and the signal originating 
there is received on earth at the time t, [fg]. According to the condition the signals emitted by the 
galaxy from the events A and B traverse the same way to earth, such that the me difference between 
At’ = t, —t),, =4sand At = tg — t, = 6 s is caused by the time dilatation only. Hence: 


tp —ta = Vtg — th) 
or 


From y immediately follows the velocity v = |v| of the galaxy relative to earth: 
- 1 a I 
ia eS Tae 


1 — v*/c? = 1/y?, and v is thus obtained as 


fy? -1 Hist i 
v=C ose. Te ala 
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Lorentz—Fitzgerald length contraction 


A further property of the Lorentz transformation is the length contraction measured under 
a relative motion of observer and object. Let us consider a rod of length / resting in the 
nonprimed frame K, and an observer in the moving frame K’; the frame K ‘moves with a 
relative velocity v parallel to the rod axis. 

The measurement of the length is performed in such a way that the coordinates of the rod 
ends are determined in the observer’s system at the same time (At’ = 0) and the difference 
is formed, i’ = x, — x}. 

According to the Lorentz transformation, 


Ye Ur 


The rod length is then 


ees 


Pee oa eee 
274) OS 
Jl — B 


Simultaneity of the reading-off for the observer means t, — t; = 0; that means 


(31.1) 


(—t) — (v/e)@2—m) _ 
Aa? 
From that we may determine the time interval t2 — t). If we still set x. — x; = / and 
investigate equation (31.1), there results 


Il = x ~x! = 1/1 — p. (31.2) 


For the moving observer, the rod resting in K appears to be shortened by the factor 
/1— pz. 

The cause of the length contraction is again the finiteness of the speed of light. Among the 
light rays from the rod ends—exploited in the measurement—which armive simultaneously 
at the observer’s position, the first one leaves the rod at the time 1; then a time interval 
ty — t; = vl/c* passes until the second light ray leaves the other rod end. 

Because the rod (or the observer’s frame) is moving farther during this interval, a 
contraction of the rod is seen by the observer. Because only the relative motion of observer 
and rod matters, we always get a length contraction, no matter whether the frame of the 
observer or that of the rod is considered as being at rest (or moving). 

Let the volume of the cube in its rest frame be V = Ax Ay Az; in the moving frame the 
volume is 


V’ = Ax’ Ay’ Az’ = Ax/1 — B2Ay Az = V¥1 — B?. (31.3) 


Thus, the moving observer measures a smaller volume. This measurement proceeds in 
such a way that one measures from the moving frame perpendicularly to the direction of 
motion the distances Ay’ = Ay and Az’ = Az, and parallel to the direction of motion the 


distance Ax’ = Ax,/1 — B?. 


t 


, 
a—7f = 0. 
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The phenomenon that time intervals appear as y” y 
extended for the moving observer, while space dis- 
lances appear as shortened, is due to the distinct Ay 
nature of the measuring process in these cases (in 
the case of time measurement, we have already met Ax x Vv 
two possibilities leading to dilatation or shortening, 
respectively). , 
If the measurement of length were performed by Volume contraction. 
emitting signals at the ends of the distance that are 
simultaneous in the resting system, and by determining the position of the signals with the 
moving tule, then t; = ft and 


In this measurement the moving observer would find no contraction but rather a dilatation 
of the distance. The difference as compared with the earlier prescription of measurement 
lies in the fact that the two measured values are now recorded simultaneously in the resting 
frame, but formerly simultaneously in the moving frame. 


Problem 31.4: Classical length contraction 


Solution 


Let a rod of length /) move with constant velocity v along the z-axis of a coordinate frame. Show that 
an observer at rest in this frame sees this rod as contracted also “fully without the theory of relativity” 
if the light propagates with finite velocity (classical length contraction). Hint: One should think about 
how the observer will define the length of the rod. 


The observer will conclude on the length of the rod from the light emitted by the beginning and by 
the end of the rod, and arriving simultaneously at his position. For simplicity we assume the observer 
to be at one end of the rod at some instant. 


Because of the finite speed of light c, the observer B sees the end of the rod at an earlier instant 
t =1/c at which the rod still was shifted left by the amount vt. Thus, he finds for the length of the 
rod 


~ 


~ l 
ie 

c 
l 


_ 
= eanye 


{I 
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This is the classical length contraction. However, if the rod is moving toward the observer, this 
classical consideration yields a length dilatation—similar to the situation with the classical Doppler 
effect. The classical consideration thus results—depending on the case at hand—in either a length 
contraction or a length dilatation. 

The relativistic consideration, however, yields a length contraction in all cases. 


Problem 31.5: On the length contraction 


A measuring rule of rest length / moves relative to an observer with the velocity v. The observer 
measures the length of the rule to be 2/. Find the velocity v. 


Solution We first derive the equation for the Lorentz contraction; according to the Lorentz transformations, it 


holds that 
—ot 
os eae (31.4) 
/1— 6? 
The length of the rule as measured by the observer is then 
, oy X82 —Xy — V(t 
eet eee (31.5) 


JVl— 6 
Simultaneity of the reading-off for the observer means that t; — t} = 0; that is, 


Bul (t2 — th) — (u/c?) (2 — x1) G 


aot Ji-P 


Uv 
> t-th= Fo Nala 


0 


With l’ = x} ~ x; and/ = x2 — xy, it follows after insertion in (31.5) that 


V=L/1— Bp. (31.6) 


According to the data, /’ = 5 !. Equation (31.6) then implies 


— 
]}—-—~-=-. 
/ @ 2 


From there it follows for the velocity that 


(?) =1-5=3 => v=0.745¢. 


Note on the invisibility of the Lorentz—Fitzgerald length contraction 


From the result of the length contraction it has been concluded that an observer would see 


a cube moving relative to him as a cuboid, and a sphere as an ellipsoid. However, this is 
not the case, as we will see now. 
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This fallacy has been noted by the Austrian physicist Anton Lampa? in 1924, but his 
short paper (in German) remained virtually unnoticed. Only in 1959 were Lampa’s main 
ideas independently rediscovered by James Terrell’. 

It turns out that the length contraction of spatial distances along the direction of motion 
under distinct methods of observation has distinct consequences. For elucidation we con- 
sider the optical image of a moving cube produced on a photographic plate parallel to a 
lateral face of the cube. 


a) 


Be 1=N1-B 
D A B 


Optical appearance of a cube at rest (a) and in uniform motion (b). Figure (c) shows the apparent 
rotation of the cube by the angle a. 


The condition of recording is again the simultaneous arrival of all light in the frame of 
the photographic plate. If the relative velocity v equals zero, we see (for the appropriate 
arrangement) only the face AB; the lateral faces AD and BC are not visible. 

If the cube is moving then, due to the finite speed of light, the light arriving simultaneously 
on the plate has been emitted by the cube at distinct times. Although the record is made 
under the same conditions as in the first case, this implies that the side face AD now 
becomes visible. 

A light ray from the point D travels by the time T = //c longer, that is, it was emitted 
earlier by this time, than a ray from the point A arriving simultaneously with the first ray. 
The same holds for the other points of the face AD. During the time //c, the cube moved 


2Anton Lampa, “Wie erscheint nach der Relativitatstheorie ein bewegter Stab einem mhenden Beobachter?” 
(How does a moving rod appear to an observer at rest according to the theory of relativity?), Z. Physik 27 (1924) 
138-148. Anton Lampa, b. Jan. 17 1868, Budapest, Hungary —d. Jan. 27 1938, Vienna. Lampa was a distiguished 
experimentalist working in the field of electrodynamics and electromagnetic properties of matter, and a talented 
teacher. The eminent nuclear physicist Lise Meitner was among his students in Vienna. From 1909-1919, Lampa 
was professor for experimental physics and head of the physics institute at the German University in Prague (now 
Czechia). He was one of the first German physicists fully grasping the importance of Einstein’s new special theory 
of relativity and managed to get Einstein on his first full professorship, the chair for theoretical physics at the 
German University in Praguc, in 1909. After the Great War, Lampa had to resign from his post in Prague and 
returned to Vienna. He did hardly any physics research anymore, but committed himself to adult education. In 
fact, his note on the appearence of a moving rod is his sole physics paper after 1919. 


3}, Terrell, “Invisibility of the Lorentz contraction,” Phys. Rev. 116 (1959) 1041-1045. 
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farther by the distance s = v -1/c =1- B, namely, the face AD is recorded on the plate as 
shortened by the factor 8. According to the Lorentz—Fitzgerald contraction, the face AB 
is recorded as shortened by the factor ,/1 — 6. From the two-dimensional photoplate one 
thus gets the impression that the cube is rotated by the angle o (tana = yB = B/,/1 — B?) 
and that the body apparently retained its shape. 


The visible appearance of quickly moving bodies* 


Until the appearance of the paper of James Terrell in 1959, it was generally believed that a 
moving body seems to contract along the direction of motion by a factor (1 — (v/c)”)'/?— 
Lampa’s note on this subject seems to have had no impact at all. The passenger of a fast 
spaceship would see spherical bodies as reduced ellipsoids, which, however, is impossible 
according to Terrell’s opinion and for the particular case of the sphere has been proved by 
R. Penrose.° The reason for that is seen by the following consideration: If we see or take 
a photograph of an object, then we receive certain quantities of light emitted by the body 
that arrive simultaneously on the retina or on the film. This includes the possibility that 
these quantities of light are not emitted simultaneously by all points of the body. The eye or 
the photographic device therefore perceives a distorted image of the moving object. In the 
special theory of relativity, this distortion has the remarkable consequence to compensate 
the Lorentz contraction such that the object appears not as distorted but only as rotated. 
This, however, holds exactly only for bodies that lie within a small solid angle—only then 
the image consists mainly of parallel light pulses. 


Optical appearance of a quickly moving cube 


To elucidate the situation we consider the image distortion under nonrelativistic conditions, 
that is, the light propagates with the velocity c in a frame at rest against the observer, and 
that the motion of the object does not cause a Lorentz contraction. In the frame of the object 
moving with velocity v, the speed of light along the direction of motion would be c — v, 
and in the opposite direction it would be equal to c + v. 

We first consider a cube of edge length / that moves parallel to an edge and is observed 
from a direction perpendicular to the direction of motion (it is observed from a large distance 
to keep the solid angle covered by the cube possibly small), The square ABC D opposite 
to the observer is perceived as nondistorted as all points of the face have the same distance 
to the observer. The situation is different for the square ABE F being perpendicular to the 
direction of motion. If the cube is moving, the face ABE F becomes visible: Due to the 
time shift of the light signals from the points E and F, which are emitted by (/ /c) seconds 


4We follow a paper by V.F. Weisskopf, Physics Today Sept. 1960. 
°R. Penrose, Cambridge Phil. Soc. 55 (1959) 137. 
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Optical appearance of a cube (classical and relativistic). 


earlier than the signals from the points A and B, the points E and F are observed with a 
spatial displacement of (//c)v at the positions E’ and F’. 

The face ABE F is thus seen as a rectangle with a height / and a width (v/c)/. This 
means that the image of the cube is distorted. In a nondistorted image of a rotated cube, both 
faces would appear as shortened; if the face ABEF were shortened by the factor (u/c), 
the face ABC D should be shortened by the factor (1 — (v/c)”)!/*, while nevertheless the 
face ABC D appears as a square. Therefore, in the classical consideration, the image of the 
cube appears as extended in the direction of motion. A similar consideration for a moving 
sphere shows that it would appear as an ellipsoid extended along the direction of motion by 
the factor (1 + (v/c)*)!/2. One gets still considerably more paradox results if the image of 
a moving cube in a nonrelativistic world is not considered under an angle of 90° relative to 
the direction of motion but under an angle of 180° — a, where a is a very small angle. We 
now look at the object to the left while it moves from the left toward our position. In order 
to simplify the consideration we assume v/c = |. The figure illustrates the new situation. 
The edges AB, CD, EF are denoted by the numbers 1, 3, 2. We assume that the edge | 
emits its light quantum at the moment t = 0. One sees that edge 2 must emit its light much 
earlier and edge 3 much later to get a simultaneous arrival at the observer’s position. 

Actually edge 2 must emit its light if it reaches the position of the point 2’, which is 
defined by the equality of the distances 2’2 and 2’M (the velocity v was assumed to coincide 
with the speed of light c!). 


Observer 


Fels rans classical 


2203 
relativistic 


Optical appearance of a cube moving (nearly) toward the observer. 
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The interval 2’2 is the distance traversed by edge 2 between the emission of | and 2. 
The length 2’M is the distance traversed by the light from 2’ to be “in line” with the light 
emitted by 1. Both the light as well as the edge move with the speed c; one can see that the 
distance 1M is equal to 12 (1M = 12 = 1). The corresponding also holds for edge 3. The 
intercept theorems imply 


She IN ie el 


Isina icosa 1. ee 


and therefore, 
3’N =/sina(1—cosa)?. 


Note that 33’ = 1N! 

The image of the cube is indicated in the figure by the points I, II, III. We see a strongly 
deformed cube, with edge 2 to the left of 1, such as if the cube were viewed from backward, 
and edge 3 far to the right of 1. In the direction of flight there results an extended image; 
the area between | and 2 appears as a square. 

The theory of relativity simplifies the situation. It removes the image distortion such 
that there results a nondistorted but rotated image of the object. This may be seen directly 
from the quoted examples. Let us assume that the cube is observed perpendicularly to its 
direction of motion; the Lorentz contraction reduces the spacing between edges AB and 
CD by the factor (1 — (v/c)”)'/? and keeps the spacing between AB and EF invariant. The 
image of the face ABC D is thus represented as shortened exactly by the amount needed to 
yield a nondistorted image of the cube rotated by the angle arcsin(u/c). If the cube moves 
with the speed of light toward us (a = 0), then the Lorentz contraction reduces the spacing 
between edges | and 3 to zero. The resulting image is a regular square that is identical with 
the lateral face ABE F of the cube. In the general case (finite a), the cube is observed as 
nondistorted, but rotated by an angle of (180° — a). 

Basing on the following consideration, we may show that this result is generally valid 
for any object. 


Optical appearance of bodies moving with almost the speed of light 


It is assumed that a bundle of light pulses onginating from N 


: B Ne 
points of the body moves along the direction of k such that A Cc 

all light pulses are on a plane perpendicular to k (see figure). D at 
This light bundle arrives simultaneously at the observer and 

creates the seen shape of the body. SS 


Such a bundle of light rays will be called a “picture.” Un- 
der nonrelativistic conditions the “picture” does not remain 
an image when seen from a moving reference system. The The points A, B, ... emit light 
reason is that in a moving frame the plane of the light pulses that arrives at the same time 
is no longer perpendicular to the direction of propagation. Uaioe arte Gare ec 
In a relativistic world the situation is different. There the 
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“picture” remains an image in any reference frame. The light pulses arrive simultaneously 
at the observer in any reference frame. 

This fact may be proved in the following manner. The light pulses are visible, that is, 
one may imagine them as being embedded in an electromagnetic wave just there where 
this wave has a peak (wave group). It is known that electromagnetic waves are transverse 
in all reference systems, namely, that the front side of the wave or the plane of the wave 
peak is perpendicular to the propagation direction in any system (the vectors of the electric 
and magnetic field oscillate | to the propagation direction k). It may also be shown that 
the spacing between the light pulses is an invariant quantity. One only has to introduce a 
coordinate frame, the x-axis of which is parallel to the propagation direction. 

The only variable quantity is the direction of propagation—the vector k. The change of 
the propagation direction is given by the aberration relation to be derived in the following. 

A light ray that encloses the angle @ with the x-axis is observed under the angle @ ina 
frame moving with the velocity v along the x-axis. The angle @ is the angle under which 
the observer sees the incident light coming in (see figure). As may be seen from the figure, 
in the resting frame the light needs the time t = P)P/c = PyP3/(c - sin@) for traversing 
the distance Po P). 

During this time, point P; moves to P;. The distance PP, is 


—= v PoP: 
P)Pj =v-t=- ate 


c sin@ 


ie x 
0 
Deduction of the relation for the aberration of light. 
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Taking into account the relation 
P, P; =c-cos6 -t = PoP; -cotd 
for the distance P,P; results in the expression 


—S  =—- Ss —— PoP3 v = 
P2P3 = P,P ae P; P3 eae — (- +c0s8) : 
sin@ \¢c 
The nonrelativistic aberration results from the fact that the light is observed under the 


angle (6’)n,, given by 


sin(@Jnr. = sin(w — 8.) = sin@ Jnr. 
Po P; sin ra) 


J PPS + P,Ps, Vl + 2(v/c) cos + v2/c? 


Because 0 = 2 — 6, we thereby obtained the relation between 0’ and 6 in the nonrela- 
tivistic case. To get the functional dependence of the observer angle 6’ on the angle @ in the 
relativistic case, one has to take into account that the determined distance P> P3 in the rest 
frame of the telescope (observer) because of the length contraction has the value PP, , 
which is calculated from the relations 


PyP; J) — v2/c2 = PyP; 


or 


P»P3 Res IE Ags tayrastc si a eae ee (31.7) 


(see (31.2)). The rest length here is the distance P,P}. It appears in the frame of the resting 
light source as PP; and is related with that quantity through (31.2) or (31.7). From there 
now results the wanted aberration relation: 


sing’ = sinx —@) = sind = 


Po P3 


SS! 
———2 PoP3 = 
| PoPs. + ">. —_(v/c + cos 8)? 
i eee 


- V1 ~(v/cP sind — 1 = (u/c)? sing me 
1+(v/c)cos6 == 1 —(v/c) cos@ ' el 


because @ = 2 — @. When changing from the frame “moving observer — light source at 


rest” to the frame “observer at rest — moving light source,” one has only to replace v > —v 
in (31.8), which yields 


V1 — (u/c)? sin@ 


sind’ = : 
1 + (u/c) cos é 


(31.9) 
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Expressed by the angles (compare the figure) 
W=n-60', G=xn—-6, (31.10) 
(31.9) finally reads 


/ oad 
eg ee (31.11) 

1 — (v/c) cos é 

Formally this is the same relation as (31.8), but—and this is important—the angles 
changed their meaning: According to (31.10), they are the supplement angles for 6’, 6 
to 180°. 

By the way, the inversion of equation (31.11) reads 


2/2) 3 i? 
7 antl late | (31.12) 

1 — (u/c) cos 6’ 
which is symmetric to (31.11), that is, only 6 and 6’ are interchanged, as one would expect. 

From the invariance of the image of a point, we may draw the following conclusions: 
The image of a moving point observed under the angle 6’ is identical with the image of the 
same point at rest and observed under the angle 6. We therefore see a nondistorted image of 
a moving object (point set) that is virtually rotated by the angle 6’ — 6. A spherical object 
therefore continues to appear as a sphere. 

This should not be interpreted as nonex- 
istence of Lorentz contraction. Of course, 
the Lorentz contraction happens, but it only 
compensates for the extension of the im- 
age caused by the finite propagation speed 
of light (see (31.7)). The classically ex- 
pected image extension is just balanced by 
the Lorentz contraction! 

It is appropriate to plot the angle 0’ ac- 
cording to equation (31.11) as a function of 
@. The figure shows this graph for v = 0(]1), 
for a small value of v/c (2), and also for 
v/c ~ 1 (3). We see that the virtua] rota- —s 
tion is always negative. This means that one n/2 m= 0 
sees also that side of an object that points Illustration of the aberration relation. 
opposite to the direction of motion. In the 
extremum case v ~ c, the angle 0’ is extraordinarily small for all values of 6, except for 
those where the angle 180° — @ corresponds to the value (1 — (v/c)?)!/. 

Because for an object moving past the angle @ ranges from 180° to 0°, we find that for 
v % c the front face of the object is visible only in the very beginning. During the oncoming 
the object rotates; hence also its face pointing opposite to the direction of motion becomes 
visible to us. This state continues until the object leaves us. From that moment one sees the 
object from the back. This paradox situation is possibly not so surprising, if we remember 


* 
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the fact that the aberration angle amounts to almost 180° for v ~ c. If the object is moving 
toward our position, we see the light from it coming up to us. 


Light intensity distribution of a moving isotropic emitter 


The situation becomes more transparent if we consider the light distribution as seen from 
the observer in more detail. Let us assume the moving object to emit rays that are isotropic 
in their own reference system, namely, their intensity is independent of the emission angle 
6. This radiation does not at all appear as isotropic in the frame of an observer at rest 
(laboratory system): Here it seems to be concentrated in the forward direction. For v ~ c, 
most of the emitted light seems to form a very smail angle 9’ with the direction of motion. 
This effect implies that an isotropic radiation appears as if almost the entire radiation were 
emitted into a spotlight cone. 

The connection between the angular distribution /(@) of the radiation intensity in the 
rest frame of the light source and the angular distribution I (9’) in the rest frame of the 
observer (in which the light source is moving) 1s obtained as follows: We consider a light 
beam that in the frame of the light source is emitted with the intensity / (6) under the angle 
6 and passes an infinitesimal area element dF = r? sin@d@dg (compare the figure). 


Angular distribution of light in two frames in relative motion to each other. 


In the frame of the observer, this light beam is detected with the intensity / (6’) under the 
angle 6’. It thereby passes through the infinitesimal area element dF’ = r” sin 6'dé'dg’. It 
is clear that the quantity of light passing through dF’ in the frame of the observer must be 
the same as that passing through dF in the frame of the light source, 


1(@)dF = 1(8')d F’. 
It is also clear that the increment dy’ = dg, because here dg is perpendicular to the image 


plane (compare the figure) and therefore is not affected by the transformation between the 
moving and the resting frame. 
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Moreover, we may choose r = r’ = 1: The factor r?(r) in the equation for dF (d F’) 
describes only the geometric widening of the light beam if we don’t let it pass at a defined 
distance (here r = r’ = 1) from the coordinate origin through the test area. We therefore 
obtain 


1(0) sin dé = 1(6’) sin6’d6", 


The aberration formula (31.9) thereby provides the relation between 6 and 6’. We use 
(31.9) because the light source shall move relative to the observer (see the following figure). 


dl 1 — v2 /e? do f1—v*/c? 
d§6—- 1+ (v/c) cos’ do’ 1+ (v/c) cos6”" 


Thus, we obtain as ratio of the radiation intensities 


(0) sin@’ dé’ 1 — v*/c? 
SCI was an 7 gh aa 31.13 
1(0’)—- sin@ dé 2 (1 + (v/c) cos 6)? ( 
or 
1(6’) — sin@ dé ; 1 ~ v*/c? 
= ee (9) Se 31.14 
1(@) sin’ dé’ Gr (1 + (v/c) cos 6’)? ( ) 
I+v/c 
1—-v/c 
15 
10 R= (JP =I 1-c/v) 


l+v/c 0 2 a 0 


1—o/v(1- l-v"/c 7) 


The relation of intensities K(6’) as function of the angle of observation 0’. 


The last formula (31.14) is the really interesting one because it expresses the intensity 
1 (0’) in the frame of the resting observer as function of his observation angle 6’. 7 (@) is the 
intensity distribution of the light source in the frame of the resting source. As was already 
stated above, we will assume the source as isotropic, namely, we set / (6) = constant. 
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Here 6’ is the observation angle with forward direction at #’ = 7. The function K (@’) is 
plotted versus 6’ in the figure. We see the maximum in the forward direction (@’ = 7) and 
the minimum in the backward direction (6’ = 0). 

At high velocities u/c = 1, the maximum becomes extremely sharp, such that the main 
fraction of the radiation is emitted within a small angle about 6’ = 2. The beam width is 
obtained from 


1 h0/ ee ee ne 
(1+ (v/c)cos@g)2 21—v/ce en 


Here, 0g is the so-called half-maximum angle: At the angle @,, the intensity of the forward- 
directed “spotlight cone” is reduced to half of the maximal intensity, which is reached at 
Onax = I. Rewriting of the first equation yields 


v2(1~=) = ] + = cos6p. 


One immediately sees that not every value of v is allowed, for example, v = 0 leads to 
the contradiction /2 = 1. The reason is that for v = 0 there is no change of the intensity 
7(@) = constant due to aberration. Hence there is no forward-directed “spotlight cone” that 
reaches half of its maximum intensity ratio at 62. 

It is evident that the light source must move at least with such a speed that 03 may take at 
least the value 0 (at backward angles the intensity ratio reaches only half of the maximum 
value). With cos? = cos 0 = 1, it then follows that v must take at least the value 


J/2-1 
J2+1 


For larger velocities one may evaluate a 0g € [0, 7] as solution of the equation 
cos 6, = =(/2 — 1) - /2. 


For high velocities 63 * 7, or 0g = ma ~ J, where @ is a small positive angle. With 
cos (w7 — 0) = — cos? + ~—1+ 367 = —In + $(m — 63)’, it follows that 


05 w= /2(/2—1)(-—1), 


that is, the width takes about the value Fi 2(V2 — 1)(c/v — 1). The value of 6’ for which 
K(6’) = 1 (6’ = 4) may also be given in a straightforward way. Then 


- (2) 


(i+ * cos). oe 


= 0.172c. 


v=C: 


must hold, that is, 


cos 4 -£(i-@)-)). 
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For high velocities again 0; * 7, namely, by means of an argument analogous to that 


above, one may determine 6) as 


we 1-3 (i- i=). 


0, & 


Doppler shift of quickly moving bodies® 


An observer moving with the velocity v observes 
in the moving frame (1.e., in his rest frame) light 
of frequency w’ = 27 v’ emitted by a resting light 
source with frequency w = 27rv. 

We are working in the frame of the light 
source K. 

The light source emits light of frequency w 
(period 7) under an angle 6 against the x-axis. In 
the figure each bar perpendicular to k indicates 
a “wave peak” of the light wave. What is the 
situation for the moving observer? 
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Instant f,: The first wave peak arrives and is 
detected. 
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The light source is at rest, while the ob- 
server moves by with velocity v. 
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Instant tf; The second wave peak ar- 
rives and is detected. 


$We also refer to the detailed work of Hasselkamp, Mandry, and Scharmann, Zeitschrift fiir Physik A289 


(1979) 151. 
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However, the observer moved with v toward the wave peak (therefore, he will measure 
a shorter spacing between the wave peaks, and, consequently, measure the ultraviolet shift 
of the Doppler effect). 

There holds (sure); x. —x, = u(t, —t)). (The observer meanwhile moved with v in the x- 
direction.) Moreover (compare figure): A = cT = a+b = c(t2—t)+ (x2 —x1) cos(a — 8). 
a is the distance covered by the wave peak 1 during the time ‘2 — 1); b follows from the 
geometry of the right-angled triangle. 

Therefore, 


cT = c(tz — tt) + v(t, — t}) cos(a — 8) 
v 
@T =(h-4)(1- ~ cos) 
But 72 — t; is just the time difference that would be measured by the observer as a period: 
It is just the time he sees passing between the arrival of two wave peaks—apart from the 


fact that he measures with a clock that is at rest in his moving frame. Thus one still has to 
Lorentz-transform: 


Path 1: 
cates v ai, 
1-h =y(h-4 = = (%2—x1)) 
v2 l x” 
= (2 —t) ( = :) = ie) 
c M 
thus 
b~-h = y(t = ANE 
x 


Path 2: true Position apparent Position 


y The real and apparent position of the 
oii (1; _ i ob aa = x))) light source, 


(in the primed frame the point of arrival of the two wave peaks is always the origin 
X> = x, = 0) 


bh-h=y(h-4t). 


Both arguments yield the same result (as it must be). We now denote DG = 2, that is, 
the period measured by the moving observer in his frame. 
We get 
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or 
: v 

DD yo(1 —_ ~ cos#) 
c 


This is the Doppler formula! 

Actually w’ is larger if the observer 
moves toward the light source, because 
then 6 € [7 /2, 7] <cosé@ € [—1, 0]. 
The additional factor y then provides 
the Doppler shift caused by the aber- () I 
ration: Even if the light source emits 0 Xx 
its radiation under 6 = 90°, the ob- 
server measures a higher frequency. 

The reason is: The observer still must = t=t,=r=0 
tilt his telescope against the direction 

of motion because of the relativistic 

aberration. He therefore virtually sees 

the light source coming up to him (al- 

though it just passes him; see figure). 

This implies the (relativistic) Doppler Q 
effect! 0 

This important relation still may be 
understood in another way: If we con- 
sider the light as a plane wave’ =t50 


y = ae ne 


and generalize the wave number vec- 
tor to a four-vector (compare to Chap- 
ter 33) 


Ks =(K2), ! 


W = Woe’ diy Kor ; 


we may investigate the behavior of the four-wave number vector under Lorentz trans- 
formations and also calcujate the Doppler effect. K, must be a four-vector. The phase 
ae K,,x, in the plane wave must be a scalar, because otherwise the interference prop- 
erties in distinct Lorentz systems would be different. But this cannot be true. Because now 
X, is a four-vector, K,, also must be a four-vector. 


7Plane waves can be described by functions of the type Yo cos(K - r — wr). The planes of constant phase 
@ = K -r — of are planes that are moving in the direction of K with the velocity v = w/|K| = w/K. We 
use the complex exponential in our description of the plane wave for technical reasons only. The imaginary part 
i Wp sin(K - r — wt) is also a plane wave. It is carried along, but not used. 


410 


PROPERTIES OF THE LORENTZ TRANSFORMATION = 31 


In the frame I’ moving with v, the plane wave is observed in the x’, y’-plane under the 
angle 0’ against the x’-axis with a frequency w’. The wave number vector K,, of the plane 
wave in the resting frame / of the light source is related to the four-vector Kj, via a Lorentz 
transformation (compare to (30.40)): 


cos 6’ y 0 0 ify cos @ 

, @ | sind’ 0 10 0 |wf] siné 
Maly | | 0} wan oF bel eo 
i -ipy 00 y i 


That this transformation correctly describes the situation of the figure may easily be realized 
by considering the corresponding transformation of the position vector, 


x’ = y(x — Bet), 
y =y, 
FE etka 


t= y(r-Bx). 
G 


From there it follows that the origin of the coordinate frame /’(x' = y’ = z’ = 0) has 
the x-coordinate x = Bct = vt in the frame /, as it must be because the frame /’ 
moves relative to 7 with v in the x-direction (and we have synchronized the times at 
t = tf) = t' = 0). Conversely, the origin of the frame I(x = y = z = 0) has the x’- 
coordinate x’ = —yBct = —Bct’ = —vt' in the frame I’, which is evident because the 
frame 7 moves relative to /’ with v in the (—x’)-direction. 

For the first and fourth components of the K/,-vector, we obtain 


/ 


0) , @ 
—cos#' = —(ycosé — By), 
c c 


/ 


-w w®,, : 
i— = —(—iBycosé@ +iy). 
cae 


Solving the system of equations for w’ and cos 6” yields: 


a) 0 ! 
pee cos = ae Ns : 
1 — Bcosé 1+ Bcosd’ 
w= Se w' = / K(6’)w 
1+ Bcos@’ ’ _ j 


Here K (9) is the quantity already defined in equation (31.14). As is easily checked 
by using the relation sin6’ = 1 — cos* 6’, the first line is equivalent to equation (31.8) 
(see above). The dependence of the frequency w’ of the received light on the observation 


angle 9’ coincides with the relation obtained by geometric consideration. This is the wanted 
aberration relation. 
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The aberration of the light emitted by fixed stars was first discovered and explained by 
James Bradley® (1728). 

To ensure that the light from a far remote star hits the eye of the observer moving with 
the earth, the observer must tilt his telescope according to the aberration relation. 

We shall get this phenomenon straight to our mind by a particular case of the aberration 
relation. Let us assume that the k-vector in the resting frame J of the light source just takes 
the angle 6 = 1/2 against the x-axis, that is, that the light is emitted just perpendicular 
to the x-axis and parallel to the y-axis. This corresponds to the case t = ft) = t' = Oin 
the above figure. We now ask under which angle 6’ the observer in the moving frame 1’ 
receives the light. According to the aberration relation, one then has (cos 6 = cos 2/2 = 0) 


cos 0’ = —B, 


namely, 6’ > 2/2, as is also indicated in the figure. But this means that the observer has 
to tilt his telescope against the direction of motion to get the k’-vector pointing along the 
telescope axis (see the following figure). 


x Star x 
| ‘ 
] : 
: 
& Ss le 
Observer Observer 
at rest in motion 


Explaining the aberration of the light from fixed stars. 


We still discuss the Doppler shift. If the observer moves from a wide distance directly 
toward the light source, the light must be emitted under 6 = z for him to receive it. 
According to the above formula, then also 0’ = m and 


1+8 


8 James Bradley, British astronomer, b. end of March 1693, Sherborne (near Dorchester)—4. J uly 13, 1762, 
Chalford (near Gloucester). Bradley was professor of astronomy at Oxford, then, following Edmund Halley on 
this post, astronomer royal and professor at Greenwich Observatory. In 1728, while searching for the parallax of 
stars, Bradley discovered the aberration of star light and used this observation to calculate the speed of light. In 
1748, he confirmed the nutation of the earth's axis, which had heen predicted by I. Newton. Bradley compiled at 
Greenwich a catalog with the precise locations of more than 3200 stars. 
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that is, the received frequency ” is larger than the genuine light frequency o. If the observer 
at far distance moves off the light source, then 6 = 6’ = 0 and 


1 ees 
a Se (OY) SI), 
ae oo: 


that is, the received frequency w’ is smaller than the genuine light frequency. The particular 
case § = 1/2 is also of interest. We have seen that then cos 6’ = —f (aberration formula), 
and therefore 


wy = ———- 0 = yw > w. (31.15) 


Although the light was emitted under 9 = 2/2, it is received in the observer’s frame 
under 6’ > 7/2, that is, such as if the observer moved toward the light source. This is 
accompanied with the usual Doppler shift to higher frequencies! 

We now describe what will be seen if an object moves away with nearly the speed of 
light: We first observe under an angle close to 6’ = 180°. Here we see the front side of 
the object whereby, due to the strong Doppler shift, a high intensity and a shift to very 
high frequencies are observed. One looks into the spotlight beam of the radiation. If the 
observation angle reaches the magnitude 6’ = m — (I — (v/c)?)/ the color changes to 
lower-frequency values, the intensity decreases, and the object seems to rotate. 

If 6 = mw — 2'/4(1 — (v/c)*)"”", thus is still close to 180°, we are beyond the “spotlight 
ray”; the color now has significantly lower-frequency values than in a frame convected with 
the object. The object has now rotated completely, and we see its side pointing opposite to 
the direction of motion. The front side is invisible because all rays emitted forward in the 
moving frame join into the small “spotlight cone.” The images seen at angles smaller than 
x ~ 2!/4(1 ~ (v/c)?)'/” remain essentially unchanged until the object disappears. 

All these considerations are only then exact if the object is confined within a very small 
solid angle. Only then the image nearly consists of parallel light pulses. At larger values 
of the solid angle, we expect distinct rotations for the various fractions of the image that 
lead to image distortions. Whatsoever, Penrose has shown that the image of a sphere has a 
circular circumference also at large observation angles. 


Relativistic space-time structure—space-time events 


In a four-dimensional coordinate frame, as was introduced for the mathematical description 
of the Minkowski space, we may no longer operate with the concept “position” as in three- 
dimensional space. We therefore introduce the concept “event” to stress the equality of 
spatial and time coordinates. The four-dimensional space of three position coordinates and 
one time coordinate is frequently denoted simply as space-time. 

A mass point that moves or is at rest relative to its inertial frame is described as a function 
of time and space, thus as a curve in space-time. This curve in the Minkowski space is 
called a world line. 
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The time behavior of a point being at rest (A) (repre- ct 
sentation in the two-dimensional subspace of the Minkowski 
space), as well as that of a mass point moving relative to 
an inertial frame (B) may be described geometrically as 
is shown in the graph. The reciprocal slope of the curve 
specifies the velocity of a moving mass point. 

At an angle of 45° against the x-axis one has the line 
of light; it holds that 


x 


ct 
tanea=—=1 3 c= 
x 


A curve bent to the right represents 4 mass point worid line of a point at rest (a), in 
getting faster; a curve bent to the left represents a per- accelerated motion (b), and mov- 
manently decelerated point. Because the speed of light ing at the speed of light (c). 
cannot be exceeded, the smallest possible slope equals 1. 


Relativistic past, present, future 


In the Minkowski space the length element ds? = dx? + dy? + dz* — c?dt? is invariant 
against Lorentz transformations. Because of the 
coordinate ict in the four-dimensional space-time oy ds2=0 
compound, the length element is no longer positive- ds? <0) 
definite. The following cases may be distinguished: Future 
(a) ds? > 0 
This distance is called spacelike since the “spa- 
tial” part of the length element is larger than the 
time part, that is, 


Present 


dx*+dy’+dz*> cd?’ 
(nee! eee, 
spatial part of ds? time part of ds? Past 


ds2 <0 


If, for example, two events happen at the same Light cone 


time but at distinct positions, then dx? + dy* + Two-dimensional subspace of the four- 
dz* #0 and c7dt? = 0. dimensional space-time. 

For an observer at the origin of the above frame, those events that have a space-like 
distance to him cannot be found out because of the finite speed of light. No information 
may be obtained from this region. The speed of the information transfer would have to be 
larger than the speed of light. The spacelike distance remains spacelike under any Lorentz 
transformation. 

(b) ds? <0 

Such distances are called timelike, because the time part of ds* dominates, that is, 


c* dt” > dx? + dy’ +. dz’. 


One is dealing with events that happened already or will happen, thus events that we 
“have seen” or “shall see” if we understand ourselves again as observers at the origin. 
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Events from the past may be identified by their aftereffects, conversely, we may influence 
the future by events that have lasting effects. The region of the Minkowski space for which 
ds* > O remains inaccessable to us. 

The timelike distance specifies that dx? + dy? + dz* < c? dt’. In this case there exists a 
Lorentz transformation for which ds? = ds” = —c? dt” and dx” + dy” + dz” = 0. This 
means that these events may be observed. 

(c) ds? =0 

This is the region of the light cone; the region of the greatest possible signal velocity 
that characterizes the zero elements. The spatial part of the length element is equal to the 
time part, namely 


dx? + dy? +dz* =’ dr’. (31.16) 


Vectors d7 with ds* = dr - dr = Oare also called zerolike or lightlike. They lie on a cone 
in four dimensions, because we would have to draw four coordinate axes for a complete 
description of this hypersurface. 

For a resting observer at the position x = 0 at the instant f = 0 all those events constitute 
the present which also happen at the time t = 0. The past corresponds to the events with 
t < 0, the future to all events with t > 0. This convention is independent of the position. 
The observer has access only to those events that for him are in the timelike region. 

As simultaneous one declares all those events for which in any moving frame it holds 
that tf; = ¢,. Simultaneous with the event x’ = 0, r’ = 0 for an observer moving with v are 
the events 


is t —(v/c?)x e 
V1— p? 
that is, all events for which in a resting frame 


v 


i= —xX. 
c2 


holds. Every event in the interval —x/c < t < x/c (the hatched region in the last figure— 
the present) may for an observer moving with the appropriate velocity between +c be 
simultaneous with the event at x’ = 0, ct’ = 0. In other words: Two events that lie in a 
spacelike distance to cach other can be made simultaneous. For this purpose one has only 
to describe these events in an inertial system with the appropriate velocity. 


The causality principle 


The causality principle of classical mechanics states that an event cannot happen earlier 
than its cause, that is, the triggering event must have taken place earlier than the resulting 
one. 

If this principle shall continue to hold in the theory of relativity, there must not exist an 
inertial system in which the causal relation of the events is inverted. 
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As an example of an appropriate course, one may take the blackening of a photographic 
plate following a light flash. If the causing event happens in the system K at the time ft 
at the position x, the resulting event at the later time tf > t, at the position x, then any 
transformation to a K’-system must satisfy 

t, —t, > 0. 

As the speed of light represents the greatest possible signal velocity, for the causal 
relation in the frame K 

te) 
Tt) 
holds; that means 
eh — 1) 213 — 21). 


For the time difference in the frame K’ moving with v relative to K, 

ie Ea hy) (v/a Aw) 

5 ian! — a a ee eee a oer ea aa 

mee ae 
holds. Because now c(t2 — fj) > (42 — x,) and v/c < 1, there follows that for all inertial 
frames 

t, —f, > 0. 


The order of sequence of causally related events is therefore independent of the reference 
frame; the causality principle remains valid in relativistic mechanics. 


The Lorentz transformation in the 
two-dimensional subspace of the Minkowski space 


The length contraction and the time dilatation may well be visualized in this subspace. 
We distinguish between the real coordinates x(x’) and ct(ct’) on the one hand, and the 
Minkowski coordinates x(x’) and ict(ict’) on the other hand. At first the representation is 
in real coordinates: 

The relation between two systems moving relative to each other is given by 


Pee (u/c) ct Pde (u/c) +x 
f= ee 


To get the position of the primed coordinate axes, we set 


(31.17) 


v a 
ye = (0) Sp = Sh (t'-ax1s) 
Z 
and 


v ; 
ct’ =O=ct—-x (x’-axis). 
c 


416 


PROPERTIES OF THE LORENTZ TRANSFORMATION = 31 


The inclination angle a of the ct’-axis against the cf-axis is determined by tana = 
x/ct = v/c. The inclination angle 6 of the x’-axis against the x-axis is given by tan B = 
ct/x = v/c. Hence w = , that is, both axes are inclined by the same angles against the 
corresponding coordinate axes of the resting system (x, ct) (compare the figure). 

For a complete representation of Lorentz contraction and time dilatation we consider the 
behavior of the unit scales on the two axes. Because s? = 5s? = x? —c?? = x” — cr is 
invariant under Lorentz transformation, x? — ct? = 1 represents the invariant unit scale in 
all Lorentz systems. The associated world lines are equilateral hyperbolas with light cone 
as asymptote (compare the figure). 

These hyperbolas cut out the unit scales on 
the axes. The unit scale in the (x, ct)-frame 
(K) is OA. An observer at rest in the frame 
(x’, ct’) (K') sees it with the length OB’, 
that is, shorter than his own scale OA’. The 
measuring signals are namely emitted at the 
points x = 0 and x = 1 in K; the endpoints 
of the distance 01 in K are represented by 
the world lines x = 0 and x = | (parallels 
to the t-axis). This corresponds to the unit 
distance at rest in K. In the frame K’ at the 
same time (t’ = 0) a picture is taken, that is, 


BIA os 


the intersection point of the x’-axis with the Graphical representation of the Lorentz trans- 


world lines of the points 0 and | resting in K formation in eaakaaaeaeianaes 


is determined. 

Conversely, an observer at rest in K sees the scale OA’ as OB, that is, shorter than his 
own scale OA. Hence the Lorentz contraction is a mutual effect. The mutual control of the 
clocks proceeds in the corresponding manner. 

A more convenient geometrical representation of time dilatation and Lorentz contraction 
that makes the comparison with unit scales unnecessary is obtained by using the coordinate 
X4 = ict instead of the time coordinate cf. Equations (31.17) then turn into 


lgaeas (x1 at iBx,) (x4 = iBx;) 


xy Jia x =, a 1), 2 Ta (31.18) 
The associated Lorentz transformation is 
y 0 0 iys 
0 I 0 70 
Quy = ame to (31.19) 
—~iyB 00 y 


Here 1/,/1 — 62 = y has been abbreviated. Q@,y 18 an orthogonal transformation and 
may therefore be represented as 


xX, =cosyx, + sing x4, X4, = — SING x + cosy x4. (31.20) 
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By comparison of coefficients of (31.18) and (31.20), we get 
cosy=y>I and sing=ifpy or tang=if. (31.21) 


Because cosy — y > 1. y must be an imaginary angle. The trigonometric functions 
(HY. sINyY. any. Coty for imaginary arguments y = ia (q@ real) are defined by the 
corresponding senes expansions. For example. cos y = costia) = 1—(ia)*/2!+(ia)*/4! - 
= ] Set?! +a7*/4!+--- > 1. Hence, cos ia is larger than | and may even diverge to 
infinity in the limit a — oc. Correspondingly, sinia = 
ia/1! — (iay? /3' + --- =i(a/1! +a? /3! + ---), namely, 
purely imaginary. In fact, the series expansions of the 
tnigonometric functions sin and cos for imaginary argu- 
ment ia yield the hyperbolic functions, sinh and cosh. If 
we compare with Example 30.2, we see that a is just the 
rapidity introduced there. 

Because orthogonal wansformations are angle-conserving, Graphical representation of the 
(3] 20; may be represented as a simple rotation of the axes —_Lorentz transformation in Minkowski 
(compare figure). coordinates. 

Lorentz contraction and time dilatation be- 
come evident from the figure by geometrical con- 


siderations: 
One has 
_ ko _ blo 
COS Y Y 
and es 
T = Thcos¢g = Toy. (31.22) a 


Lorentz transformation in Minkowski coor- 
When using x4 = ict, the geometric relations dinates. 
for the Lorentz contraction and time dilatation 
may be read off directly from the diagram. It is not necessary to investigate the behavior of 
the unit scales! But be careful! Only the geometry \s correctly reproduced by the drawing: 
For Exampic. 7 in the diagram is smaller than 7;,, but actually it holds that 


thus TJ > 7p. 


The relation for the length contraction and time dilatation 1s mutual for both inertial 
frames. This fact has been explained for the length contraction by the cases (a) Ly rests in 
K’. and (by Ls rests in K in the above figure: In both cases one always measures in the 


correspondingly other (moving) system 


I” 


L< = Loy) — Pp. 
¥ 


The length measurement in a coordinate frame is always performed at the same instant; for 
example, in case (a) at fixed x4, and in case (b) at fixed xj. 
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Problem 31.6: Lorentz transformation for arbitrarily oriented relative velocity 


Let S be an inertial frame. Let a frame S' move with uniform velocity v against S. Show that the 
Lorentz transformation from S to S’ looks as follows: 


x =x, +y [x — B(cr)], Ve ee 


ct’ = y [ct — B- x]. =-, 
with x, and x; denoting the components of x perpendicular and parallel to B, respectively. 
Solution _(a) If v points in the x-direction, then one gets the well-known relation 


x = yl — Bi(cr)], y=y, a 


ct’ = y[ct — Bx], Zine. p=-. 


(b) The general Lorentz transformation is then determined by the condition 

Roce (ct) =x" (ch), 

This is now fulfilled by the above relations: 

x? — (ct) =x) + y? [x] — 2B x,ct + B’ (ct)? — (ct)? + 2B xct — (Bx)’| 
=x) ty? =[(1— B’)x) — (et) — B)| 


= x° — (ct)?. 


Remark: The generalization of the Lorentz transformation for an arbitrarily oriented relative ve- 
locity may also be performed by writing down the formulas analogous to (31.18) for a translation 
parallel to the y- and z-axis, respectively, and then performing these three special Lorentz transfor- 
mations successively. But one has to be careful, because Lorentz transformations do generally not 
commute, that is, the order of the transformations is important. 

The second generalization for arbitrarily oriented axes may be made based on the remark that the 
rotations of the ordinary three-dimensional space, for unchanged time, also belong to the general 
Lorentz transformation. It then suffices to add such rotations to the special Lorentz transformations 
and to suspend the parallelity of the axes. 


Addition Theorem 
of the Velocities 


In this chapter we investigate the behavior of the velocities under a Lorentz transformation. 
For this purpose we consider a particle with the velocity w in the coordinate frame K. What 
is the velocity of the particle in the frame K’ moving against K with the relative velocity 
v = (v,, 0,0)? 

We first restrict ourselves to the x-components of the velocity. According to the Lorentz 
transformation, we have 


x—vt ee a 

or for the differentials: 
a dx —vdt Pre dt ~ (v/c*)dx 

aE -e 

In the frame K we have dx = w,dit,dy = wydt, dz = w,dt, with Ww = (w,, wy, Wz) 
being the velocity in the frame K. By inserting dx = w,dt in dx’ and dt’, we get 
_ (wx ~ v)dt jie (v/c?)w,) dt 

i= B JB 

The x-component of the velocity in the primed system is given by w!, = dx'/dt'. By 

forming the quotient of the differentials (32.1), we find 


dx’ 


obs (32.1) 


dx pe 
dt' * 1 = (u/c?)w, 


w, is obtained in a similar way from (32.1) with y’ = y, dy’ = dy = wydt, and dt’: 


P Wy/ 1 — B? 


s 1 — (v/c?)w, 
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w’, is obtained in the same manner as wy: 


HPs Weyl pe 


Me TT (vfe2yw, 


Therefore, the velocity w’ of the particle (with the velocity 
w in K) as seen from the frame K’ moving relative to K 
is completely determined by the transformation equation for 
the three components w’,, w,, w’: 


— : ———— (w; - v, WyV1 — B*, wy 1 — B?) 


1— 1— (v/c2)w, 
(32.2) 


w Ww 
vas a — 
K 
e 
Bs 
ee 
v 


Illustration of the velocity vec- 
tors w (in K) and wy (in K’). 
The relative velocity of both 
systems is v = vez. 


The first component of this result is identical with our earlier one, equation (30.45), when 


replacing v > —v, 


If one assumes that a massless particle propagates in K with the speed of light |w| = c 
and that the relative velocity of K’ with respect to K again equals v = (vg, 0, 0) the question 


arises which velocity w’ Ke observed in K’. 


We insert in |w'? = w? = w? + w? + w? the nonprimed quantities from (32.2): 


(w, ~ v)? + (w? + w?)(1 — B?) 
(1 —vw,;/c?)? 


(pe 


(2 — 2w,v + (v?/c?)w? + v? + w? + w? — (v?/c?)(w? + w5 ie | 
=e ——_————— $$ eee 


(c? — vw,)? 


Because the particle is moving in K with the speed of light, we have wz + w? + w? = c’. 


Hence we obtain 


pee E — 2wyv + (v*/c*)w? oe (c? — vw,)* fo 
(c? — vw)? 


(c? — vw,)? 


It is evident that also in K’ no larger velocity than the. 
speed of light c can be measured, independent of the ‘ 
magnitude of the velocity v of the relative motion of the 
two coordinate frames against each other. If we set 


v= (2c, 0, 0), 
= (c, 0, 0), 


E : ; : In the inertial frame K, light is mov- 
the particle moves in K with the speed of light, and K’ ing with the velocity c along the 


also moves with the speed of light relative to K in the x-axis. The frame K’ is moving with 
opposite direction. velocity v = —ce, onto the frame K. 
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This interesting case shall be discussed here in brief. Naively one might expect to get 
“twice as fast light.” But this is not true: For the x-component, according to (32.2), it holds 
that 


F WwW, — V 
T= W/ew, 
After insertion we get 
: Ze 
Taya 
One might also try to generate “light resting” in K’ by setting v = (c, 0, 0). The K’-frame 


moves so to speak with the speed of light parallel to the light beam. The transformation 
(32.2) yields in this case 


w RMD Foveee TMi 


? W,—v Wy —C 
Ot Se Ss SS ee 
Be we we 


also in the limit w, —> c. The observer in the system K’ thus sees the light as propagating 
with the speed of light along the negative x’-direction. One again realizes the meaning of 
the speed of light c as limiting velocity for any motions. For v < c, (32.2) turns into the 
Galileo transformation: 


et 


W = (w, — V, Wy, Wz), 


as expected. 


Supervelocity of light, phase, and group velocity 


The addition theorem of velocities discussed in the preceding sections implies that the 
speed of light must be considered as upper limiting velocity for the propagation of physical 
phenomena. 

But nevertheless, one may quote physical phenomena or experiments where a superve- 
locity of light may be reached: 


1. The light ray emitted by a rotating light source (compare figure) shall hit on a far remote 
screen. If the screen is sufficiently far away from the light source, then the luminous 
spot caused by the light ray on the screen moves with supervelocity of light. 


Screen 


Vv>c 
(Spot) 


Ijehtsomrce 


The luminous spot on the screen may move with superluminous velocity. 
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2. Inoptics the speed of light in a dispersive medium is calculated from the law of refraction 
co/c =n, (32.3) 


where Co is the vacuum speed of light, 7 is the refractive index, and c is the wanted 
propagation velocity of light in the corresponding medium. There are substances (€.g., 
metals) with a refractive index n < 1, such that because c = co/n one has c > Co, that 
is, supervelocity of light in media with n < 1. 


One has to distinguish between the phase and the group velocity: 

The phase velocity is the traveling velocity of the phase of a propagating wave. Visually, 
the phase is the instantaneous state of motion of a vibration. For example: wy = A cos(kx — 
wt) is a wave (more strictly: a plane harmonic wave). Its maximum amplitude y = A is 
reached, for example, for values of the argument (the phase) kx — wt = 0. This maximum 
amplitude obviously moves with the velocity dx/dt = x/t = w/k. For the traveling 
velocity of the other maximum amplitudes at kx — wt = nz, one obtains the same result. 


This is the phase velocity eta 
mplitude 


Phase Phase 


mle 


It is important to understand that such 
a plane wave extending from —oco to 
+oo cannot transfer information. In or- 
der to transfer information, the unifor- 
mity and “monotony” of the wave must 
be destroyed, that is, one must create a wave peak (wave group) and see how it propagates. 
Only this perturbation is visible (recordable). 

The group velocity, on the contrary, 
is the propagation velocity of a wave 
packet (pulse of waves), that is, the su- 
perposition of several individual waves. 

According to the given definition of 
the wave group, a wave packet w(x, t) Illustration of a wave packet. 
may be represented by the expression 


llustration of a plane wave. 


kg+Ak 


W(x,t) = | c(k)e!' >) dk, (32.4) 
ko —Ak 


where kp = 271/Ag is the wave number about which the wave numbers involved in the wave 
packet are centered (Ak is assumed to be small). Here and in the following discussion, what 
is really used 1s only the real part of the function e'“'~**), thus e cos(wt —kx). The imaginary 
part of the function is simply taken along, but not used. This makes the calcultations easier. 
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Because Ak is small, we may expand the frequency w, which in general is a function of k, 
into powers of (k — ko): 
dw 


) ot (Fe). ko) + 


k = ko + (k — &p), 
and set k — ky = &. Taking € = k — kg as the new integration variable and assuming the 
amplitude c(k) to be a slowly varying function of k, w(x, t) may be represented in the form 
Ak 
W(x, t) — (Kye! (eo! kox) i ell dafdkyot—x5 ge, 
~Ak 


Performing the simple integration with respect to €, we find 


5p. y Sta {I(de@/dk)ot — x] AR} icant —kyx) 
y (x,t) = 2c(ko) ana ge= e 
= ¢(x, £) - el ot hor) | (32.5) 


Because the argument of the sine involves the small quantity Ak, the quantity c(x, f) 
as a function of the time ¢ and the coordinate x will vary only slowly. Hence, c(x, t) may 
be considered as the amplitude of an almost monochromatic wave, and (wot — kox) as the 
phase. We now evaluate the point x where the amplitude c(x, t) takes its maximum. This 
point shall be denoted as the center of the wave group. Obviously the desired maximum 
occurs at the point 


(Z) : 
x=[{—] 2. 
dk}, 


This implies that the group center will move with a velocity uv that is obtained by 
differentiating the preceding equation with respect to f; this velocity is the group velocity 


= (3) 32.6 
Verie~ dk ee ( dl ) 


The theory of relativity makes only a statement on the speed of light as an upper limit 
for the propagation of particles and the transport of energy (signals), that is, on the group 
velocity. For the phase velocity, on the contrary, which is not capable of transmitting 
signals, namely, cannot transport energy and therefore cannot mediate causal relations, 
such a restriction (as expressed by an upper limiting velocity) does not exist. 

In the first example, this means that the observer at the screen cannot use the luminous 
spot moving with v > c to transmit signals with supervelocity of light. He would have to 
“radio” to the light source after passage of the luminous spot, in order to control the further 
course of the spot on the screen. 

Also in the second example (32.2) the phase velocities co, c determine the refractive 
index. We shall see in the lectures on electrodynamics that also in media with n < 1 the 
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signal velocity of light is always < cp (compare the volume of the lectures about Classical 
Electrodynamics, Chapter 19). 

This distinction between the two velocities removes the seeming contradiction occuring 
in the two examples: Supervelocities of light may occur only for the phase velocity, that 
is, the phase of a wave may actually propagate with a velocity v > c. Physical information 
may, however, be transferred only by a wave group. The group velocity of signals (signal 
velocity) is always smaller than the speed of light in vacuum for all physica] situations 
studied so far. 


The Basic 
Quantities of 
Mechanics In 
Minkowski Space 


A vector in R* is characterized by specifying three quantities, for example, the position 
vector 


Pe (4 e7) 


by the three spatial coordinates. They transform under rotations of the coordinate frame 
according to the three-dimensional rotation group (see equations (30.13), (30.14)). Corre- 
spondingly, a four-vector is characterized by four quantities that transform according to the 
Lorentz transformation (compare the discussion in Chapter 30). 

The analog to the position vector is in the four-dimensional Minkowski space the vector 


> A 
r= (X49, 23, X4) = (2, y, Z, fer), 


which is denoted as world vector (four-vector). It includes, besides the three space coor- 
dinates, an imaginary additional component being proportional to the time. Four-vectors 
shall be identified by a double-arrow, such as r. 

A four-vector transforms under the Lorentz transformation similarly as a vector in 
R? transforms under a rotation. This will become clearer by interpreting the Lorentz 
transformation as a rotation in the Minkowski space with an imaginary rotational angle ¢, 
compare (31.20) and (31.21), yielding 


] 
cosg = ———— > 1. 


1— p? 
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Lorentz scalars 


Scalar quantities, both in R3 as well as in R4, are characterized by their invariance against 
a corresponding rotation. Let us consider once again the square of the distance. By using 
the orthonormality relations, we obtain 


a Ded Date D (x Ris De Run) 
n n n j k 


i a Ss ~ Rnj RakXjXk = y y ( ) Ryj rn XjX 
a ky n 

= DD dus mt ) ays Se y a Be 
oer ; : 


with n,k, j = 1,2,3 in R?, and n,k, j = 1,2,3,4 in R*. The orthonormality of the 
transformation matrices R,,; reads 


Six = oe Ryj Rak 


with n, j,k = 1,2,3in R®, andn, j,k = 1,2, 3,4 in R*. 
Such an invariant (scalar) against Lorentz transformations is also the infinitesimal square 
of distance in the Minkowski space 


ds* = ds” = dx? + dy? +d2 —c’dt? = dx* + dy? +.dz” — cdr”, 


because it is the four-scalar product d rd r, where d r= {dx, dy, dz,icdt} is the 
infinitesimal world vector. One then also speaks of a Lorentz invariant or of a Lorentz 
scalar. The time t by which one differentiates in Newtonian mechanics, for example, when 
calculating the velocity or the acceleration, is not transformation-invariant, because “ict” 
is the fourth component of the world vector, and hence is no scalar. But now we have 
to find a Lorentz-invariant time, mainly for the reason to obtain again a four-vector when 
differentiating a four-vector. In other words: We want to establish clear relations concerning 
the transformation behavior of the various quantities (velocity, acceleration). 
To get a Lorentz-invariant time unit, we start from 


—ds* = c*dt? — (dx? + dy? + dz’) 


and define 


ee Pe Oat 
ae - os fyfd ieee 
c Cc 


1 dx? + dy? + dz? 
te ped awe: 

c dt? 
= dt,/1 — B?. 


=a 
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The quantity dt has the dimension of a time. dt is denoted as the proper time of the 
system, as in the rest system (proper system) it is identical with the coordinate time di 
measured there, because there v = 0 and therefore 6 = 0. Depending on whether dr is real 
or imaginary, one distinguishes timelike- and spacelike-related domains of the Minkowski 
space. 

As already stated: In the rest frame of a body its proper time t is equal to the coordinate 
time t; from there also originates the name “proper time.” 

We consider in the following how the three-dimensional quantities of the Newtonian me- 
chanics are modified in the four-dimensional Minkowski space. We thereby follow the idea 
that the natural laws are Lorentz-covariant, namely, must be formulated as four-dimensional 
laws (expressed by four-scalars, four-vectors, etc.). This is basically the principle of rela- 
tivity: In all inertial frames there hold (formally) equal natural laws. 


Four-velocity in Minkowski space 


To get the four-velocity, one must differentiate the world vector 
=> 
r= (x1, X2, x3, X4) 


with respect to the Lorentz-invariant proper time dt: 


2 dt _(_ i ip is iy 
dm \ Tee Ji-g Jiap Jf e 
1 
J1— p? 
Obviously, 
=> = l / a Seana 
ve v= DO eae —c)=-¢ . (33.2) 
The expression 
= ] 
ec) (33.3) 


¥1— jp? 
represents the four-velocity and reflects the relation with the “ordinary” three-dimensional 


velocity v. The fourth component at first sight has no particular meaning. The components 
of v= {v1, V2, v3, v4) transform under Lorentz transformations (30.40) according to 


He 
Ue = as 
k 


One should be clear that if we had differentiated in (33.1) with respect to the ordinary 
coordinate-time ¢ (and not with respect to the proper time tT), then we would have obtained 
the four-component quantity {x;, x2, x3, ic}. But this quantity is no four-vector. Its trans- 
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formation behavior against Lorentz transformations is not clear (complicated). Only the 
pre-factor 1/,/ 1 — B* in (33.1) converts this four-component quantity into a four-vector. 


Momentum in Minkowski space 
In R? the momentum is defined as 
p= mov. (33.4) 


The question arises as how to generalize this momentum into the four-dimensional. 
The nonrelativistic relation (33.4) must be generalized in such a way that (33.4) is always 
obtained as the nonrelativistic limit. We are looking for a four-momentum vector. 

Analogously to (33.4), we therefore define the momentum in R* by 


ee mo . mo 5 mo ‘ icmo 
TS pe Via f/f 2 eee 


= (mv, icm) = (p,icm). (33.5) 


The first three components, as it must be, convert in the nonrelativistic limit into the 
Newtonian momentum (33.4). The fourth component will be interpreted later on. P obvi- 
ously is a four-vector because the rest mass mo shall be a scalar, and V isa four-vector, as 
we just have seen. 

Note that the mass m is no longer a constant but varies according to the equation 

mo 
m= ————, (33.6) 
JF 

with mo being the rest mass of the particle in the state of rest (m = my for v = 0). The rest 
mass is a Lorentz scalar, that is, it is the same in any inertial frame. The mass m, on the 
contrary, is no Lorentz scalar but, as is seen, up to the factor ic is the fourth component of 
the four-momentum vector. The mass m thus varies with the velocity. For v > c, the mass 
becomes infinitely large. Therefore, one must expend, more and more energy in particle 
accelerators to further increase the velocity of highly relativistic particles (v © c). 


Minkowski force (four-force) 


In R? the force is defined by Newton’s force law as 


d d 
K = Ae =s aq P (33.7) 
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the Newtonian force. This relation must also be generalized to four dimensions, namely 
such that the four-force becomes a four-vector and that the Newtonian force (33.7) results 
as the nonrelativistic limit. Analogously to (33.7), we define the force in R* by 

> d-> 1 d = : 

f= (P) = Tip di (P). (33.8) 
This is also the Lorentz-covariant basic equation of relativistic mechanics. There occur four- 
vectors to the Jeft and right, similarly as in Newtonian mechanics expressed by the basic 
law (33.7) with three-vectors on both sides of the equation. This dynamic basic law (33.8) 
has been guessed. The principle of relativity (Lorentz covariance of the equations), the 
simplicity and the analogy to the nonrelativistic basic law (33.7), as well as the fact that 
the latter one must be contained in the new law (33.8) as a particular case served as guide 
for setting up (finding, guessing) equation (33.8). Similar to the nonrelativistic case, the 
basic law (33.8) has not only statutory character but also the character of a definition. 
Equation (33.8) defines the special form of the four-force and its relation to the three-force, 
which reads in detail 


1 d 
Pos lay tem). (33.9) 


/\ — p2 dt 


=> 

Because in (33.8) the four-vector P is differentiated with respect to the (Lorentz-scalar) 

proper time t, the four-force formed this way is again a four-vector. From there result as 
components of the Minkowski force or four-force: 


K, : d d 
F, = — with K, = —(mv,) = mo— wee! : 
JVl— p dt dt 1 — p? 
ji = Ss with K, = Se, = a a , 
as /y = p? 1 LV: aa dt Vp a Sars are fe B ’ 
K, A d d v 
—————————— K,=— j= — | ————- |; 
Fs WB weed ag (=) 


F 1 d i cmp = icmy | B B 
Wiser) fi elds 
pea: 
= icmp 3 - (33.10) 
“(= BYP 

Here K,, K,, K, are the components of the ordinary three-dimensional force. The fourth 
component F4 has for the time being no meaning in the three-dimensional case. But one 
should note that the relativistic mass (33.6) has already been included in K,, Ky, K,. Thisis 
also an important point of relativistic mechanics. The velocity-dependent mass is no fiction 
but manifests itself directly in the basic law. This has been proved experimentally by many 
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experiments; such as by the experiments of Kaufmann, who demonstrated that electrons 
of high velocity are deflected in magnetic fields actually according to the relativistic mass 
(compare Example 33.2). In the rest frame of the particle (6 = 0) the four-force 


(Fi, Fo, F3, F4) = (Kz, Ky, Kz, 9) an: (33.11) 


in its first three components is identical with the ordinary (three-) force. We may in principle 
construct the four-force also by starting from the rest frame, namely, from the right side 
of (33.11), and derive the four-force in an inertial frame in which the particle is moving by 
a Lorentz transformation. This idea will be pursued in the following example. 


Example 33.1: Construction of the four-force by Lorentz transformation 


We will derive the four-force 
pk iy~ -K} (33.12) 


from the Lorentz transformation properties of F“. Here K = d/dt (my) is the three-force, and v = cB 
is the velocity of the particle. In the rest frame of the particle it shall hold that 


Fit = (Ko, 0}, (33.13) 


that is, the relativistic four-force is in its first three components identical with the three-force in this 
system. This equation ts consistent with (33.12) to be proved. In a frame in which the particle moves 
with v, (because we obtain this frame from the rest frame of the particle by a boost in (—v)-direction) 
it holds that 


FY = ah (—v) Fy 

or 
v 
KF, = = 4) iy — — 
= Y (Fou 3 Fi) Y Foy = ¥ Kou, 
1, Lyn LG (33.14) 
U wv 7 

F4 =y (F + i Foi) = ty — Fou = ty — Koy. 
Here Fi) and F; denote the spatial components of the four-force parallel and perpendicular to the 
direction of motion, respectively. The similar holds for Ko and Ko,. In order to prove equation 
(33.12), we still have only to find out how K is related to Ko. Then Ko may be substituted on the right 


sides of (33.14), and we shall obtain (33.12). The relation between the three-forces K and Ky may be 
derived as follows: 


d 
K= wee (33.15) 


In another inertial frame S’ moving relative to S with V = (V,0, 0), the force on this particle is 
given by 


d 
K' = (n'y), (33.16) 
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with 


t' = yy(t - (V/c’)x), 


1 


p! 


' Vi 
m = mMoyy =m—, 


uv 


hs erics 


Obviously (addition theorem of velocities), 


] 


— vy? fe? ~ 


1 


Vl—V2/e?v,, J1- ar 


ae v,-V 
~\1—(v,V)/e2” 1—(v,V)/e2 ' 


I 


1— (v,V)/c 


J1 = (v2) fee 


1 


ae 


(l= Vie)’ ce 


(1—v, V/c?) c 


2 = 20, V + v2V2/c? — v2 — V2 +20, V — v2 — v2 + (V2/c2) (v2 + v2) 


(1- v,V/c?)” e 


i 


(1—v,V/c2)’ 


and therefore, 


d 


Thus we have 


dt d 


c2 — v2 — V2 4 02V2/e2 


1—v,V/c? 


m=" aa VIe 


1—v,V/e? 


vy —V 


Vl—v?/c2 =m 


————— oo ES Se 
‘dt’ dt (m2; — V2/c2 1 oa] 


because V = constant and dx/dt = v,. 
It further follows (because yy = 1/,/1 ~ V?/c? = constant) that 


1 
K’ = ————_ 
" 1-Vo,/e? 
Now 
aie Gar 


dt 


( 


d 
dt 


dm 


mov, — V— 


dt 


ie 


(1 — v?/c?) (1 — V?/c?)’ 


1—v,V/c? 


fie V2/c2 
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(33.17) 


(33.18) 


(33.19) 


(33.20) 
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and 
dm d av-V oo \ aa 
a a Ore ots ve 
v v ey v a 
= 2 : (mor.™) ar 2 ee — e é (mor *) ate ; * Cu) 
me (moy®) = v- ee (33.21) 
c dt € c? 
yielding for K 
V 
oS : (,- Sox, 1, Ky ~ uk) 
x u,V 
1- 2 
V 
Se K, = . (v, Ky ate uv, K,) : (33.22) 
v,V 
1 ar es 


If the particle was at rest in the frame S (v, = v, = v, = 0), then 
E.G e (33.23) 


For the other components of the force K’ it holds that 


ae 1 5 (me fame] 
= Vo, \ dt [ye | —aerye 
w(i- S) J1- V2/e v,V/c 


1 d V1 —V2/c? 
i oo" = | ao ; (33.24) 
TY. Gees Sa > eae 
is Cc 


and analogously: 


Vl=—V2ic .. 
— ok, (33.25) 
i 


Cc 
If the particle was at rest in the frame S, then 


= /1—V2/e?K,, 

Ki = J/1— V?/c?K.. (33.26) 
Equations (33.26) have been derived with the assumption that the frame S’ moves relative to S with 
V = (V,0, 0). For an arbitrary direction of motion we introduce the notations || (for components 
parallel to V) and | (for components perpendicular to V) and obtain 

Ky = Ki, 

, 1 
K,=— K.. (33.27) 


Pay 
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The frame S shall now be that frame in which the particle is at rest, the frame S’ that one in which the 


particle moves with v. Then obviously yy = eae = ———, and therefore (with the notations 
1-V2/e2 af 1 -u2/c? 


of (33.14)), 
Kj, = Ko, 
] 
K, = rae (33.28) 


By inserting this in (33.14), it follows that 


Fy = y Ky, 
F, = yK,, 
ee _¥ 
F* =iy—K, =iy—-K, (33.29) 
(s ic 
because v- K, = 0 by definition, that is, 
v 
Fe {yK, iy -k| . qed. (33.30) 
Because of (33.21) (v- K)/c’ = dm/dt, one immediately sees that 
dm 
F* = ciy—. : 
aye, (33.31) 


Hence one obtains the expression for F“ already known from (33.10). 


Kinetic energy 


The kinetic energy in Newtonian mechanics is calculated as follows: 


i 


ar 
= | K-—dar’. 
T(t) i a dt 


hy 
Differentiation with respect to the time yields 


dT d 

fei ieee a ay, (33.32) 

dt dt 

By inserting here for K = dp/dt = modv/dt, that is, the relation according to 
Newtonian mechanics, we find 


dT =myv-dv 

or after integration 
T, —-T; = — v3 —- Uj. 
2 1 5 yn 2 1 


This is the well-known expression for the kinetic energy in classical (Newtonian) me- 
chanics. 
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On the contrary, when inserting for p = mv = (mg/./1 — 6?) v, that is, the relativistic 
(three-dimensional) momentum (see equation (33.5)), into the relation (33.32), we obtain 


dT 4 | ee 
db dt Vee 


and with v = ve, we get 


because 


B d B Te | 
dt \./p= 62) dt \aieen 
as one may prove by differentiation. Integration with respect to the time yields 


t 


T= 2 rd 1 ee moc? 
= moc? fo 2 Se 


to 


t 


_ 9 1 5 ] 
oe Lhe ena 


If for % = 0, v = 0, or 8 = 0, one finally obtains 


moc? 


Ai-# 


The expression moc? is practically denoted as rest energy. By rearranging the terms, we 
get the relation 


— moc? = (m — mo)c?. (33.33) 


T+ moc? = mc? = E. (33.34) 


The famous equation 


E=mce* (33.35) 
is one of the most important statements of the theory of relativity: Energy and mass are 
equivalent. E is called total energy: That is the entire energy of a free particle. For free 
particles it is composed of the rest energy (moc?) and the kinetic energy ((m — mg)c?). 
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For particles in a force field, the total energy includes also the potential energy (compare 
the text later on): The interpretation of the rest energy mo c* as a new independent fraction 
of energy must ultimately be verified by questioning of nature (experiment). Examples 
in this context will be presented in the following. But we may already now provide an 
argument for the physical reality of the rest energy, by considering a fission process of a 
particle of mass mp into two daughter particles m; and mz. In general, mp # m; +m . The 
rest energy therefore contributes to the energy balance in the decomposition of a particle. 
This possibility would get lost if we would consider in (33.34) the rest energy as always 
being constant and would absorb it into the constant E on the right-hand side. For v « c, 
thus 6 < |, the relativistic kinetic energy must turn into the kinetic energy of Newtonian 
mechanics. From 


|e ee (33.36) 


Ji-B 


one obtains by expanding the square root 


1 be3 
= } = pp? apd para) oe 2 
T = moc (1458 come ) moc 
or 


1 1 
T = moc? + Smov +++. — moe: © smov? +--- 


At low velocity (v < c) one has to a very good approximation T = imo v’, which 
corresponds to the nonrelativistic expression for the kinetic energy. 

The equivalence between mass and energy (33.34) has been confirmed in nuclear physics 
in a variety of cases; for example, in nuclear fission an atomic nucleus of mass M splits into 
two nuclei of about the same size with the masses M, and M). One finds M > M; + Mp. 
The mass defect corresponds to the energy difference 


AE = (M — My, — M))c’, 


which is released as kinetic energy in the fission process. ! 


Example 33.2: Einstein’s box 


In the following thought experiment invented by A. Einstein in 1906” we shall consider the relation 
between the inertia of matter and radiation energy. We will investigate which amount of inert mass 
(quotient of momentum and velocity) is equivalent to a given energy. For this purpose we assume 
that at the left end of a box of mass M and length L being initially at rest (displayed in the figure (a)) 
a cloud of photons of energy E is emitted. 


'A detailed discussion of masses and energy relations may be found in J.M. Eisenberg and W. Greiner, Nuclear 
Theory Vol 1: Nuclear Models, 3rd ed., North-Holland, Amsterdam, 1987. 


2. Einstein, Annalen der Physik 20 (1906) 627-633. 
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a) 


“> Ae = 


Einsteins box: The emission of a bunch of photons (a) at the left border of the box creates a recoil. This 
results in a motion of the box towards the left by the distance Ax, until the light is reabsorbed at the 
right border of the box (b). 


The photon cloud or radiation carries a momentum of p = E/c, see (33.61). Because the total 
momentum of the system must vanish as before the emission act, the box gets a momentum transfer 
of p = —E/c. Because of this recoil, the box moves with the velocity v: 


= (33.37) 
Mc 
After the time Az the radiation hits on the opposite wall of the box, which thereby again comes to rest, 
because the momentum transferred by the stopping equals the negative initial momentum. Therefore, 
the box is displaced by a distance Ax given by 


le 
Ax = vAt = -——. (33.38) 
Mc 
If we put the center of mass R, of the system into the coordinate origin, then its position must 
remain unchanged also after termination of the experiment. This is only then possible if we attribute 
a mass 7m to the photon cloud, such that 


_ AxM+mL 
es ie 


$ 


0. (33.39) 


Together with (33.38), we thereby obtain 


mL EL 


Verbally expressed: Equation (33.40) describes the inertia of the energy, that is, any change AE 
of the energy of a body causes a corresponding change Am of its inert mass. 

In our example this means: At that end of the box where the photon cloud is emitted, the inert mass 
reduces by E/c*. Correspondingly, the inert mass of the box increases again by the same amount 
when the photon cloud is stopped or thermalized at the other end of the box. We still note that by 
taking into account this circumstance as well as the transit time changed by the recoil of the box, the 
result of (33.40) remains unchanged. 


reer 


KINETIC ENERGY 437 


Example 33.3: On the increase of mass with the velocity 


x x x x 


A 
if ny; 
1 
t 


x 
Plate ca 


Source Photographic plate 
x x x x x x 


Simplified, schematic view of Bucherer's experiment, which uses a capacitor as a velocity filter. After 
leaving the capacitor, the 6 rays (electrons) are deviated by a magnetic field and detected on a pho- 
tographic piate. The magnetic field B is oriented into the plane of the drawing. It is denoted by the 
crosses (x). 


Already in 1897 Thomson could measure the ratio of e/m for electrons by using cathode rays. 
In 1901 W. Kaufmann’ demonstrated, utilizing the parabola method, that the value e/m depends on 
the velocity of the B-rays. In 1908 A.H. Bucherer* from Bonn performed an improved experiment to 
determine e/m using fB-rays. The experimental set-up is shown in the figure: 6-rays from a radium 
source were emitted between the plates of a large capacitor. The potential difference between the 
plates creates an E-field in negative y-direction, whereby an electron experiences the force F-; = —eE 
along the y-direction (e > 0!). Due to the applied magnetic field an electron moving in the x-direction 
undergoes the Lorentz force Fg = ~-ev/c x B along the negative y-axis (compare Volume III of the 
lectures: Classical Electrodynamics). Because the plate diameter of the 


capacitor is large against the spacing of the plates, only such electrons may d iS 
escape for which |F_| = |Fa|, hence, ~ 


r sof, 
e-B=eE, 
(& 
v E 
= apes 33.41 
= oie ( ) 


2R-d 


(Remark: This relation holds also in the relativistic case although we have 
calculated with the nonrelativistic expressions for F, and Fs. The reason 


for that is that a factor 1/,/1 — v?/c? cancels on both sides of (33.41), 
compare vol. III of the lectures.) Hence the capacitor acts as a velocity filter Height D in the right- 
(crossed fields). angled triangle. 


3W. Kaufmann, Gétt. math.-nat. Klasse 143 (1901); Phys. Zeitschr. 4 (1902) 55. 
4A. H. Bucherer, Verh. d. Deutschen Phys. Ges. 6 (1908) 688. 
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After leaving the E-field the electron moves on a circular path of radius R due to the B-field (this 
also holds in the relativistic case; compare the volume of the lectures about electrodynamics). From 
the geometry of the figure one reads off, using the well-known theorem for right-angled triangles, 


d(2R —d) = D’, 
D? +d? 


= : 33.42 
c= (33.42) 


By setting the Lorentz acceleration equal to the centripetal acceleration, one gets 


mv = “B-R 
ts 
or 
mv Di +d? _ mv 
2d —Sssé@W CS 


Bucherer’s results for e/m of B-rays (electrons) 


/ iyo 
u/e e/m = pa Ma Ls e/mo 
0.3173 1.661 -10'' Chkg 1.752 -10'' Chkg 
0.3787 1.630 1.761 
0.4281 1.590 1.759 
0.5154 1.511 1.763 
0.6870 1.283 1.766 


© Kaufmann 
® Bucherer 
x Guye & Lavanchy 


0 0.2 0.4 0.6 0.8 1.0 
vic 


The inertial mass of the electron as a function of its velocity. The measurements are by Kaufmann 


(Phys. Zeitschr. 4 (1902) 55), Bucherer (Verh. DPG 6 (1908) 688), and Guye and Lavenchy (Arch. de 
Genéve 41 (1916) 286, 353, 441). 
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With equation (33.41), it results that 
e 2d Ea 

- =. 

m  (D?+d?*) B 


Bucherer reversed the polarity of the E- and B-fields, yielding a second luminous spot on the 
photographic plate, and he determined d as the half-distance between the two luminous spots. The 
experiment was performed for vanous B- and E-field intensities or electron velocities. The results 
are listed in the table. 

The value for e/mo is calculated from the measured values for e/m and u/c. The following figure 
summarizes the experiments of Kaufmann, Bucherer, and Guye and Lavanchy,> which impressively 
demonstrate the velocity dependence of the electron mass. 


(33.43) 


Problem 33.4: Relativistic mass increase 
Calculate the velocity and the path of a relativistic particle of rest mass mo in the gravitational field 
of the earth for the initial condition r(t = 0) = 0 and v(t = 0) = we,. 


Solution _Insertion of the velocity-dependent mass 


MoC 


ny) = (33.44) 
2 — yt 
in the equation of motion yields 
d ee 
Ay ey) = m(v)¥+ aw (V-Vv)V 
= m(v)ge.. (33.45) 


The velocity components in x- and y-directions vanish because of the initial condition. From 
(33.45) it then follows that 


; ] 2. 
Ue Tg ete v.=8 
4 
= wv (+575) ae 
1 ce —v’? ( v, ‘ 
DS ere a : 33.4 
Seen FT vee — ) Foe te & oe. 
The solution of (33.46) results from 
i 
xa v2)! = = (Artanh ~ ~ Art h-) 
c c 
i) 
] _— 
= = Artanh (——*.) = 5). (33.47) 
c C— VU, U9/Cc Cc 


5Ch.E. Guye and Ch. Lavanchy, Arch. de Genéve 41 (1916) 286, 353, 441. 
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We thereby have used the relation 


Artanh x — Artanh y = Artanh oe (33.48) 


The velocity of the relativistic particle is 


v(t) = (v9 + tanh (£1) (c+ vo tanh (2 rt) Bes, (33.49) 


For t — 00 (or tanh gt/c — 1) it approaches the limit velocity c. 
The function z(t) is obtained by integration of (33.49): 


Up cosh (E") +csinh (=r) 
c Fs 

c cosh (=r) -++ vp sinh (=) 
c c 


a in [cosh (<1) ve = sinh (1)| ; (33.50) 


z(t) = cf ar 


With coshx ~ 1 + x?/2, sinhx ~ x and In(x + 1) ~ x forx < 1, we obtain 
a c 

z(t) ~ —gt” + vot fort << —, 
2 8 


namely, the normal free falling. 
For t — 00, one has z ~ et if Up) Kc. 


Problem 33.5: Deflection of light in the gravitational field 


Einstein speculated in 1911 whether the relation m = E/c? for the inert mass of radiation energy 
may be inserted in the gravitational field to describe the deflection of light rays from remote stars 
by the sun. The deflection causes that an observer supposes the position of the star to he along the 
extension of the straight line a (dashed line). Thus, the direction of the star seems to be displaced 
(see figure, in particular figure (b)). 


; Apparent 
Light ray aa 
from Star p 0 cs = een of Star 
ae ao p Tae 
True Position Observer 
of Star 
(a) (b) 
Classical sketch (a) of the deflection of a photon grazing the rim of the sun at O, and the real deflection 
behavior (b). 


Already in 1901 the German astronomer J. Soldner had made a similar calculation in which he 
described the light as a Newtonian particle with the velocity c. Calculate the deficction angle a of a 
photon grazing the border of the sun (see figure) with the assumption that the photon passes the sun 
with the velocity c on a straight line. Let the component of the gravitational force perpendicular to 
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Solution 


the path of flight (F cos @) integrated over the entire flight orbit provide the transverse momentum 
component. 


The transverse momentum component Ap = f F cos6 df represented in the figure is calculated 
between the limits +oo whereby the origin of the path x is put into the point of contact 0. The 
momentum is p = E /c—see equation (33.61)—and dt = dx/c. For the distance C P, one may take 
from the figure 


(CP) = 7 R? 
1 oo 
F cos —= a Ff ———— 33.51 
a c = + ra ( ) 
MR 
Pe eae oie 24 R%»-32gy 
_ ymMR a _ 2ymM 
6 R22 R? ie caeRo 
We thus obtain for the deflection angle a ~ tana = Ap/p 
2ymM 2yM 
ee (33.52) 


Remc Rc? - 


Insertion of the numerical values My = 1.99 - 10* kg, Ro = 6.96: 108m, y = 6.67 - 
10°"! m*/(kgs”), ¢ = 2.998 - 10° m/s yields a deflection angle of a = 0.875”, a result that at 
first is believed as quantitatively only conditionally correct. Surprisingly, in the general theory of rel- 
ativity the calculation of the deflection of a light ray in the Schwarzschild field yields the same value 
except for a factor of 2, thus a = 4yM/Rc* = 1.75”. Experimental investigations between 1919 and 
1954 yielded values between 1.5” and about 3” (Finlay-Freundlich, 1955; von Kluber, 1960). These 
measurements on the average seem to yield 2.2”, which would be too large by 25 %. In 1952 van 
Biesbroeck found in a precision experiment the value 1.7” + 0.1”. More recent measurements from 
1970 (Hill, 1971; Sramek, 1971) at Mullard Radio Astronomy Observatory of Cambridge University 
and at the National Radio Observatory (USA) essentially confirm the value obtained by van Bies- 
broeck, which agrees well with the theoretical prediction. The most accurate measurements of the 
deflection of radio waves grazing the sun using state-of-the-art long-baseline interferometry® yield 
a confirmation of the general relativistic prediction for the deflection of 0.9998 +0.0008. It should 
be noted that the most sophisticated optical observations’ during solar eclipses can give no better 
confirmation than 0,950.11 of the Einstein prediction. 


6D. E. Lebach et al., “Measurement of the solar gravitational deflection of radio waves using very-long-baseline 
interferometry,’ Phys. Rev. Lett. 75 (1995) 1439-1442, 

7R. A. Brune, Jr. et al., “Gravitation deflection of light: solar eclipse of 30 June 1973. I. Description of 
procedures and final results,” Astron. J. 81 (1976) 452. 
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The Tachyon hypothesis 


We have scen that the speed of light is an upper limiting velocity. But a limit has two sides. 
With this hint the hypothesis has been set up that there might exist particles with a lower 
limiting velocity that equals the speed of light. 

These hypothetical particles are called tachyons (Greek: tachys = fast). Their existence 
does not contradict the theory of relativity. If the relativistic energy E = mo c7/J/1— B? 
(compare to (33.33)) is plotted as function of the velocity, then the pole at B = 1 separates 
the velocity range into two regions. The range v < c is the (so far) accessible one, the range 
v > c is that of the tachyons. However, it must be assumed that the rest mass Mp of the 
tachyons is purely imaginary (Mo = imo) to ensure that their energy 


Mo ce? imo c mo ce 


E=— = —_—_—. = —_— 
Vi-P Pot BT 


for B > 1 (which characterizes the tachyons) remains real. Thus one drops the reality of 
the rest mass but sticks to the requirement for always real energy. Finally, it is the energy of 
a particle that is being measured. Its mass is — more or less — a proportionality factor (e.g., 
in the basic law of dynamics). 


Tachyon region 


v 


é 
Pole 
The tachyon hypothesis: What is the energy at v > c? 


From the preceding sketch one may immediately read off several further properties of 
tachyons. 


1. Tachyons have a lower limit of velocity = c. There is no upper velocity limit (c < 
|Viach. | < 00). 


2. For real energy the rest mass Mo of tachyons has an imaginary value. 


3. If a tachyon has the speed of light, then its energy and momentum become infinitely 
large. 


4. If a tachyon loses energy, then its velocity increases. At E = 0 one has |Vtach.| = 00. 


Further properties shall be 
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5. Tachyons may in any energy state emit massless particles (photons, neutrinos). They 
therefore must carry additional quantum numbers, such as electric charge. 


6. The number of tachyons at a given instant in a given space is not uniquely determined. 
It depends on the position of the observer. 


7. Assumption: Tachyons are electrically charged particles. This is necessary, as already 
noted in (5), to enable them to radiate light waves (photons). 


This latter property significantly increases the chance of detection (if these particles 
should exist at all). According to the theory an electrically charged tachyon should release 
a Tscherenkov radiation® (these are electromagnetic head shock waves (more precisely: 
Mach shock waves), which always arise if ordinary charged particles are passing a medium 
with a higher speed than the speed of light in this medium).? 

A useful comparison for elucidation is the Mach cone.!° It arises, for example, by an 
aeroplane flying with supersonic speed. 


™~ Wave Front 


Airplane 


illustration of the Mach cone at supersonic flight. 


® Ravel Aleksejevich Tscherenkov, Soviel physicist, b. July 28, 1904, near Voronesh, since 1959 professor and 
since 1964 member of the Academy in Moscow. In 1934 he discovered the Tscherenkov radiation. In 1958 he was 
awarded with the Nobel Prize, together with I.M. Frank and J. Tamm. After the war Tscherenkov was involved in 
the construction of an electron synchrotron at the Lebedev Institute. 

The principle of Tscherenkov radiation finds application in experimental high-energy physics and nuclear 
physics in the so-called Tscherenkov counters. They consist essentially of a medium of high refractive index, 
such that the velocity of fast charged particles entering the counter exceeds the speed of light in this medium and 
these particles therefore emit Tscherenkov radiation. The radiation may be observed and thus indirectly serves for 
detecting the particles. 

'0Eynst Mach, physicist and philosopher, b. Feb. 18, 1838, Turas (Moravia)}—d. Feb. 19, 1916, Haar near 
Munich. In 1864 he was appointed professor of physics in Graz, in 1867 in Prague, in 1895-1901 professor of 
philosophy in Vienna. As physicist he investigated in particular acoustic and optical problems. He improved the 
stroboscopic method and successfully applied Toepler’s schlieren method for investigating flying missiles. He 
especially studied the motion of solids with supersonic speed. 
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The Tscherenkov radiation is the analog to Mach’s shock wave that arises during the 
motion of a body witha speed above the phase velocity of the elastic wave in the surrounding 


medium. |! 
Because a tachyon always moves with superspeed of light, it should permanently emit 


visible Tscherenkov radiation in vacuum. The disadvantage is that the tachyon loses energy, 
and therefore its velocity increases to infinity during the radiation process. This difficulty 
shall be circumvented by a permanent supply of energy to the tachyon mediated by an 
electric field. Thereby the velocity would decrease again, and the Tscherenkov radiation 
should be recordable. 

Finally, it should be pointed out that the tachyons so far are nothing else but a “possibility 
of theory.” An experimental proof is still missing. 


Derivation of the energy law in the Minkowski space 


Let us consider the scalar product of four-force and four-velocity: 


2 
adr @r dr md (dr oT 

dt (Ge! dt 2 de \ de ; 
The normalization of the four-velocity is constant and equals the negative square of the 
speed of light 

=\ 2 2 

d 1 ] 
is =% t= (Wie) | = a ee ee (33.54) 


dt J1— B? Vie 
Therefore the scalar product vanishes, 
dy 
dt 
Evaluation of the scalar product component by component yields the relation 


== ()) 


K, K K, 1 d icmo 


ee Oe (PMI 
Vi Ji- BF Ji Ji peat \ iB 


li 
© 


i dx dy dz 
J1 — p? dt’ dt’ dt’ 


‘Nin nuclear physics Mach shock waves were detected by H. Gutbrod et al. in a fast, “supersonic” collision of a 
small nucleus through a large one. They were predicted almost 15 years earlier by Scheid, Miiller, and Greiner (W. 
Scheid, H. Miiller, and W. Greiner, Phys. Rev. Lett. 32 (1974) 741). These nuclear compression waves represent 
the key mechanism for the compression of nuclear matter. This phenomenon is exploited for studying the equation 
of state of nuclear matter, see, e.g., W. Greiner and H. Stécker, Scientific American, Jan. 1985, and H. Gutbrod 
and H. Stécker, Scientific American, Nov. 1991. Furthermore, the shock-induced compression of nuclear matter 
can compress and at the same time heat the elementary matter so strongly that the nucleons are decomposed to 
their constituents, quarks and gluons. This reaction is supposed to create a quark-gluon plasma, a state of matter 
that existed in the very first instants of the world shortly after the Big Bang. 
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or 


From that follows 


(K - dr — d(mc*)) = ~(dV + d(mc’)) = 0, (33.55) 
where the relation V(r) = V(x, y,z) = — ie K - dr has been used, which means a 
restriction to conservative force fields. The integration of (33.55) yields the relativistic 
energy law 

V(x, y, z) + mc* = constant = E. (33.56) 


Also here we see, in a different way than earlier, that mc* must be interpreted as the total 
energy (rest energy moc” + kinetic energy (mc? — moc”)) of the mass m. 


The fourth momentum component 


So far we could not yet interpret the fourth component of the four-momentum (33.5). We 
will now express the momentum by the energy. For this purpose we first calculate the fourth 
momentum component. By insertion of E = mc? into the fourth momentum component 
pa = imc, it follows that 


9 < 
; moe  tE 
ps4 =ime =i— = —. 
c 


The components of the four-momentum then read 


iE 
pi=mv, P2 =m, p3 = m3, a= se (33.57) 


with 
mo 


Hence, the fourth momentum component essentially represents the energy of the mass 
point. 
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Conservation of momentum and energy for a free particle 


From (33.8) and (33.9), it follows (see also (33.10)) that 


at 1 =) = 
iG re aa 
K icmoBB 
-(aep ates) ina 


If no three-forces are acting (i.e., K = 0), from the first three components it obviously 
follows that 


d 
aa —0 
PF (mv) : 


hence, 


m —> 
v =constant . 


This is the relativistic form of the momentum conservation law for a free particle. This 
vector equation immediately implies that the direction of v is constant. If we now consider 
the magnitude of the vector equation and employ mp = constant, then it follows that 
(v = |v\) 
v 

¥1—(v/c)* 
that is, the magnitude of v also must be constant. Therefore, also 8 = v/c = constant, i.e., 
f = 0. Hence, from the fourth component of (33.58) follows: 

dE 

—=0 or E=me* 

dt 


This is the energy law for a free particle. 


= constant, 


= constant 


Relativistic energy for free particles 


The scalar multiplication of two four-momenta yields 


P. P= (p, imc) - (p, imc) = p* — m?c? = = p?— mc 
and also 
P- P=m2d- v= —m2?, 
because ¥ » U= —c? (see equation (33.54) above). From there we get 


p~—mc = —mic?, 
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and with mc = —: 
Cc 


2 
2 ae 
a 


ye 


BE? = prc? + mict, 
OF 
E? = (pc)? + (moc?)* = (mc*)?. (33.59) 


This is the relativistic energy-momentum relation for a free particle since no additional 
potential occurs. Note that formally also negative energies are possible. 


E, = +¥ (pc)? + (moc?) , E, = —/ (pe)? + (moc?)?. (33.60) 
If a particle has the rest mass zero (photon, neutrino), then 
E=p-c. (33.61) 


For photons the quantum theory states that their energy is proportional to the frequency, i.e., 
E = hw. Here h denotes Planck’s elementary quantum of action. According to equation 
(33.61), for the momentum p of the photon it immediately follows that 
ish 2m i 2 
pyaar leet elle ay vy eel ema (33.62) 
a c c re Xr 
with k as wave number. This is the de Broglie relation between momentum p and wave 
number k. It plays an important role in the discovery of quantum mechanics. Since now the 
momentum direction p surely must coincide with the propagation direction k of the light 
wave (only this is physically meaningful), this equation may also be written in vector form, 
namely 


p =hk. (33.63) 


The relativistic energy spectrum (33.60) E 
is illustrated in the figure. This spectrum 
later on follows also in the relativistic quan- 
tum mechanics from the Dirac equation, the 
relativistic form of the Schrédinger equa- 
tion. It is valid for fermions with spin 1/2, 
hence, for example, for electrons. An elec- Se Daerave 
tron being in a state of positive energy might Ye Continuum 
“spontaneously” switch to arbitrary lower ECOL SoS 
states and thereby radiate off energy. This The relativistic energy spectrum of a free par- 
process would never terminate since there ticle. e means an electron, o means a hole 
always exist further, lower states for elec- (Positron). 
tron transitions. 

A radiation catastrophe that of course never has been observed would be unavoidable. 
In order to avoid this difficulty, one must assume that the states of negative energy are 
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completely occupied: An electron then cannot change to the negative energy states since 
this is forbidden according to the Pauli principle. The energy continuum occupied with 
electrons (the “Dirac sea”) is homogeneously and isotropically distributed over the entire 
space. The Dirac sea so to speak represents the vacuum. It shall carry neither charge nor 
mass. A hole (unoccupied electron state in the sea) behaves like a positive electron, which 
is a positron. A light quantum (photon) with sufficient energy hw > 2mgc” may lift an 
electron from the negative sea into the positive energy continuum and thereby leave behind 
ahole (positron). This is the base of the electron—positron pair production or, more generally, 
the particle—antiparticle production, which thus is founded by the theory of relativity. 

The theory sketched here also meets with difficulties; first of all the infinitely large mass 
and the infinitely large charge of the vacuum (occupied negative energy continuum) must 
be eliminated (“renormalized”). This concept will be formulated and realized in quantum 
electrodynamics, !” 


Examples on the equivalence of mass and energy 


(a) An example on the equivalence of mass and energy is the positron—electron annihilation. 
The positron is the antiparticle of the electron. Antiparticles are in general elementary par- 
ticles that may arise in reactions with very large energy conversions together with ordinary 
particles, and in essential properties (electric charge, magnetic moment) appear so to speak 
as their mirror image. An interpretation of their appearance is given by quantum mechanics 
in its relativistic generalization of the Dirac wave equation. According to this theory the 
particles may have both positive and negative energy states. Particles and antiparticles dis- 
appear (annihilate) in common just as they appear in common (pair annihilation and pair 
production, respectively). 

(b) The mass defect: If one adds the individual masses of the protons and neutrons 
forming an atomic nucleus, and compares the sum with the result of measuring the mass 
of that nucleus in the mass spectrograph, one realizes that the composite nucleus has 
a lower mass than the sum of the individual masses of its nucleons. A fraction of the 
mass “disappeared”; it has been converted into energy (binding energy). This is a further 
confirmation of the equation E = mc’. For example: The mass of an He nucleus (a particle) 
is Myc? = 3727.44 MeV: on the contrary 2M,c? +2M,c? = 3755.44 MeV. The binding 
energy of the a particle is therefore 


2M,c? + 2Myc? — Myc? = 28 MeV. 


Problem 33.6: Mass loss of sun by radiation 
The mean sun energy density irradiated onto the earth’s surface is 


€= 14-10 erg-cm7?- 57’. 


'2We refer to Volume 7 of the lectures: W. Greiner and J. Reinhardt: Quantum Electrodynamics, Spinger Verlag 
New York 2003. 
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Solution 


How much of mass is lost per second by the sun when recalculating this energy loss to mass loss? 
What would be the lifetime of the sun if this rate of loss remained constant (m, = 1.99 - 10** g)? 


The sun shall radiate energy uniformly and isotropically. A spherical surface about the sun at the 
distance sun—earth (7, == 1.5 - 10'5 cm) has the area 


F = 4nr? = 2.83 - 10” cm’. 
The energy release in the interval At = 1 s is therefore 
(Ve Sie 10 3 AN; 
= 1.4-10°-2.82- 107’. erg- cm™s7'- cm’- s 
= 3.96 - 10° erg. 


This corresponds to a loss of mass per second of 


=44-10°2  (¢=3-10"cm-s°'), 


7 = 
2 


Am = 


For the lifetime of the sun, we then get 


m, _ 199-10" g-1s 
Am ~—s- 4.4- 102 g 
This problem is, however, unrealistic because due to energy conservation laws for the elementary 
particles only a fraction of the mass may annihilate at all. If one assumes that about 1/1000 of the sun 
mass may annihilate, there remains a lifetime of the sun of about 10'° years, which compares with 
the estimated age of the world. 


Tr=At = 4,53. 10” s = 143-10" years. 


Problem 33.7: Velocity dependence of the proton mass 


Solution 


The rest mass of the proton is my(p) = 1.66- 10-7’ kg. Calculate the mass of the proton moving with 
(a) 3-10’ m/s and (b) 2.7 - 10° m/s. 

Compare the kinetic energy of the proton in both cases according to the classical and the relativistic 
calculation. (1 Joule = 1 kg m?/s* = 0,62 - 10'* MeV.) 


For the given velocities one evaluates the following values for 


© 
i) 
_— 


P=—> and y= 


(ayn B= Oley — 12005; 
(brs 091 y= 2.3: 


For the proton mass it follows from the relation that 
mo ym 
i = 
ie . 
(a) m = 1.005mpy = 1.67- 10-”’ kg, 
(b) m = 2.300mo = 3.82 - 10-7” kg. 


The relativistic kinetic energy 


T = E — Ey = moc’ (y — 1) 
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is then 


(a) 

T =m: (3- 108) - 0.005 = (1.5- 10-")g - 0.005 
= 7.5-10°"' Joule, 

(b) 


2 
Rem Ge 10h = 13 = 13-107! Joule. 


A comparison of the velocities and the kinetic energies shows that cases (a) and (b) differ by a 
factor 9 in the velocity, but by a factor 260 in the energy. 
The classical calculation of the kinetic energy 


1 1 
ie mov" = zmoc Be 


yields 
(a)T=7.5-10%3 and (b)T=61-10''J. 


For case (a) the classical and relativistic energy are roughly equal. For case (b) the relativistic value 
is by a factor 3.2 higher than the classical result, which is also expected from the calculated 6-values. 


Problem 33.8: Efficiency of a working fusion reactor 


In 1970 the total energy consumption of the world amounted to 5.5 - 10'* kWh (kilowatt hour). A 
fusion reactor could produce energy by the reaction 7D +? D +4 He + energy. (7D—deuterium with 
my(?D) = 2.0147 amu, *He—helium with mo(*He) = 4.0039 amu, where 1 amu = 1 atomic mass 
unit = 1/12 (rest mass of {7C) = 1.685 - 10°?” kg.) How many kg deuterium would be needed to 
generate the world energy consumption of 1970? 


Solution —_The rest mass of two deuterium nuclei before the reaction is 
mo(before) = 2my(7D) = 4.0294 amu, 
while the rest mass after the reaction is 
my(after) = mo(*He) = 4.0039 amu. 
Hence, the mass loss during the reaction is 
Am = mo(before) — mo(after) = 0.0255 amu. 


The released energy AE is calculated according to the relation E = mc’ as AE = (Am)c° . 
This means that per deuterium—mass the energy 
AE _— Am 
2my2D) — 2mo(?D) 


c? = (0.00633)c” 


is produced. Inversely, the quantity of deuterium (mass M) needed for a definite quantity of energy 
E to be produced is 


oe 1 
as D) = 3 000633" 
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The factor 0.00633 is a measure of the efficiency of the reaction 7D +* D -* He + energy. For an 
annual energy consumption of (1 kWh = 3.6: 10° Joule) 


E =5.5- 10" -3.6- 10° Joule + 2: 10” Joule, 
one therefore would need (1 Joule = 1 kg m? s~”) 


2 2-10" 1 Joule s? 
MG) rey ee ey dO ke 
i (3-105)? 0.00635 km? 5: 10° kg = 350t 


of deuterium. 


As the earth’s oceans contain ca. 0.2 °/9 deuterium, mankind would get rid of any energy problem 
for 1 million years—if fusion reactors were available. 


Problem 33.9: Decay of the 7+-meson 


The rest mass of the 7 *-meson is m,, = 139.6 MeV/c’. The 2*-meson decays into a anti-muon (j* 
lepton, a “heavy positron”) with the rest mass m,, = 105.7 MeV/c’ and a neutrino v, with the rest 
mass m, = 0. Find the momentum and the energy of the arising muon p*. 


Solution In the figure below the quoted decay is sketched, (a) in the rest frame of the 2*, and (b) in the 


laboratory system, as bubble-chamber record, with the subsequent decay 4* — e* v,v, ina positron 
and two neutrinos. 


a) 


Pea 
". 


m*-meson 
(at rest) 


neutnino 


iy 
, 
n'-meson : 


me meee ee eee 
- 


The requirement for conservation of the four-momentum 
> => => 
Pp a u + Pp v 
implies the conservation of both the momentum as well as the energy. In the following we employ 


the relation for the magnitude of the three-momentum p =| py |=| p, |. The total energy of the 
anti-muon jz* is then 


Ee = cp? + mc’, 
and the energy of the neutrino is 


E; =c’p’ because my = 0. 
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It further holds that 


Joi, = 1B ap lh, 


or 


myc = ,/c2p? + c4m2 + cp. 


Forming the square and rearranging yields 


F Bete, | | ne — ee) 
EEN Cie) 2 |. ene a 


and by inserting the rest masses m,, = 139.6 MeV/c? and m,, = 105.7 MeV/c? we get 


105.7 
cp = : [139.6 — ———— > 105.7| MeV = 29.8 MeV. 


D 139.6 


For the kinetic energy of the anti-muon jz*, it then follows that 


T, = E—m,c* = /c2p? +m2ct —m,c’ 
= [V (29:8)? + (105.7)? — 105.7| MeV = 4.1 MeV. (33.64) 


Problem 33.10: Lifetime of the K+-mesons 


The lifetime of a K*-meson (the positively 
charged variety of the K-mesons) ist = 1.235- 1 g@-No 
10-8 s when measured for K-mesons at rest. 

The following figure displays the decay data of 

a K-meson emitter with a momentum of 1.6 
GeV/c and 2.0 GeV/c in the laboratory system. 

Here the fraction (N/No) of the surviving K- 
mesons (Ny, is the total number of K -mesons in 

the beam) is plotted versus the flight path cov- 0.1 
ered. Let the origin of the length scale be chosen 
arbitrarily. Because the K-mesons are moving 
practically with the speed of light, the scaling on 

the abscissa may also be understood as a time 

scale as adopted in the laboratory system. 

One sees, however, from the figure that the 
K-mesons with a larger laboratory momentum 0.01 
are virtually (in the laboratory) longer-lived. ~"~Q 10 20 30 40 50 im) 
However, to a certain time interval in the lab- 
oratory system there corresponds a shortened Decay of Kaons from emitters with different ve- 
time interval in the rest frame of the K-meson, !0Ccities, as seen in the laboratory frame. 
due to the time dilatation. The latter interval 
becomes shorter, the larger the momentum of the K-meson in the laboratory system is. Show that 
the data given in the figure are consistent with the lifetime of a K*-meson quoted above, if the 
phenomenon of time dilatation, as is required by the special theory of relativity, is taken into account. 
(The rest energy of the K-meson is moc? = 0.494 GeV.) 


1 = 
E (at /= 15m) 
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Solution 


The figure shows the quantity N/ Np versus the flight path / in semilogarithmic scale. The two decay 
curves are straight lines in this representation, i.e. the decay data obey the equation 


N =e”, (33.65) 


because then In(N/ No) depends linearly on /, corresponding to the scale on the ordinate. But then it 
holds that 


ii (=) = a (33.66) 


and we see right now that 4 denotes that flight length after which the surviving rate of K -mesons 
dropped to the value 1/e. From the figure one therefore extracts 


(oes Pim for momentum p = 1.6 GeV/c, 

is, c= i153 inal for momentum p = 2.0 GeV/c. 
Denoting the velocity of a K-meson by v = fc, a meson needs the time At to cover the distance /: 
a! 
as 


We therefore may write equation (33.65) in the form 


At 


N = Noe 4, (33.67) 
We compare this result with the known form of the decay law: 
N = Noe 4", (33.68) 


where Ar’ denotes a time interval measured in the rest frame of the K-meson. Such an interval At’ 
undergoes a dilatation in the laboratory frame and is measured there as At = y At’. A comparison of 
(33.67) with 


N = Noe“? = Noe 8" (33.69) 


therefore leads to 


A 
He = ae ce t-—— (33.70) 
A YT Byc 
Because of the relation (33.68) r is the lifetime of the K-meson as is measured in tts rest frame. 
For K-mesons with momenta in the given order of magnitude the velocity v practically equals the 
speed of light, i.e, 8 ~ 1. The momentum of the particles may, however, be calculated exactly; 


according to 


pe=m ype? (p= mv = moyv = moyfe), (33.71) 
we obtain 
pe 1.6 
= ee 3.039 for = 1.6.GeVic. 
A Sag ITT aa 


2.0 
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For the mean lifetime r in the rest frame of the K-meson, one thus obtains from relation (33.70) 


a (sax) S105 10s ope foc 


3-108 m/s) 3.239 
and 
15m ] 
(995107 for p = 2.0 GeV/c, 
id (songs! 4.049 Pear : 


which agrees with the value given in the formulation of the problem. However, the lifetime measured 
in the laboratory frame is obviously 


Pry ee (33.72) 
Be 
because of relation (33.69), such that the lifetime in the laboratory frame appears as extended by a 
factor of + 3 or ~ 4 against the lifetime in the rest framie of the K-meson. The faster the K-meson 
moves, the larger is the time dilatation and the longer is its “lifetime” in the laboratory frame. To 
determine the velocity of the K-mesons, we write a = By and obtain 


Wat ade soo B 2 

Bye lige colar) 
or rewritten 
B 1 

1 Ae ee ee 
(iteats Emig 
pe or p= bs eke 

1 +a? Vito? J/l+ py? 


For a K-meson of momentum 1.6 GeV/c, we found By = 3.239; thus for 8 
3.239 


= ————. = 0.955, 
v1 + 10.49 
results, that is, v = 0.955c. The K -mesons practically move with the speed of light, as was assumed 


above. 


Problem 33.11: On nuclear fission 
One of the basic reactions in nuclear fission is 
n+ .U > SU — 2Sr+ Xe + 4n, 
The masses of the essential reaction partners are: 
my(°°U) = 235.175 amu, 
mo(’Sr) = 91.937 amu, 
mo('Xe) = 139.947 amu, 


mo{n) = 1.009 amu 
(amu = “atomic mass unit,” 1 amu = 1.6585 -10°*’ kg). Calculate the energy released per reaction. 


How many kg of uranium are needed to produce the worldwide total electric energy consumed in 
1970 (5.5 - 10’? kWh) with an efficiency of n = 0.5? 
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Solution 


mo(n) + mo?U) = 236.184 amu = 391.711 - 10-7” kg. 
mo(St”) + mo(Xe!) + 4mo(n) = 235.92 amu = 391.273 - 1072” kg. 


Thus, the mass defect of the reaction is 


Am = 0.438 - 10°?’ kg 


or 
AE = 3.94-107'' J, 


To release 5.5 - 10'* kWh of electric energy (1 kWh = 3.6 - 10° J), one needs about 3920 t of 
uranium **°U. With a density of 18.7 g/cm’, this would correspond to a cube with an edge length of 
5.94 m. 


Problem 33.12: Mass—energy equivalence in the example of the z°-meson 


Solution 


The 2°-meson is an electrically neutral particle that decays into two high-energetic photons. The rest 
energy of the 77°-meson is moc? = 135 MeV. 


(a) Find the energy of the photons if a 2° decays at rest. 


(b) Find the maximum and minimum energy of the y-rays in the laboratory frame if the 7° there has 
a total energy of Ej, = 426 MeV. 


(a) Let the two emitted photons have the energies E,, E, and the 
momenta p; and po, respectively. Because of the energy-momentum 
conservation law then 


E, + E, = E = moc’, Pi + po = 9, 


thus [p;| = |p2| (see figure). 


Decay of the 1°-meson 
Moreover, into two photons. 


E; : 
Ipi| = — (i = 1, 2), 
c 


and therefore, 


(b) Because Ey, = mc? = 3.16moc? = /10 moc? for the velocity of the 2°-meson in the laboratory 
frame, it follows that y? = 10 or B = 0.9486. The 2°-meson thus moves with a velocity of 
|v{ = 0, 9486 ¢ in the laboratory frame. In the rest frame of the meson it now decays into two photons 
as was described in (a). In the laboratory frame the two y’s may now be emitted under arbitrary angles 
against the beam axis (direction of v ) and there also appear as more or less red- or ultraviolet-shifted 
(see below). 

Ey imax) 18 obtained if an emitted y moves along the direction of v (see figure), E,(min) is obtained 
if a y moves against the direction of v. We denote the rest frame S of 2° by nonprimed quantities, 
the laboratory frame S’ by primed quantities. The energy Eo(y) = 67.5 MeV (measured in S) of an 
emitted photon transforms as the timelike component of a four-vector, thus: 


E' = y{Eo — B - (cp). 
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v 
Se soe 


or PUN UN NA @ Uptatetatete 2 
E{min) E,{max) 


The situation before (left) and after (right) the decay of the 1°-meson. 


In S one has |p| = Ep/c, and the maximum (minimum) y-energy is obtained if p points in negative 
(positive) B-direction (as seen from the S-frame). Hence: 


ee) 
Eyimaxy = ¥ - Eo(1 + B) = ey - Ey = 416 MeV, 


and 


1 — 
yA Ae 5 Ey = 10.9 MeV. 


Problem 33.13: On pair annihilation 


Solution 


Let an isolated system contain 6 - 10?’ protons and the same number of antiprotons at rest. (mo(p) = 
mo(p) = 1.7- 10-7 kg.) Let all protons and antiprotons annihilate each other and produce 30- 10°’ 7- 
mesons. What is the mean kinetic energy of the 2-mesons? (mo(21)/my(p) = 0.15.) 


The total mass of the system is Miia = 12 - 10’? m(p). Because 30 - 10°’2-mesons are created, 
each of them on the average has a total energy of myxa(7) = ¥ mo(p) = 0.4mo(p). From there 
immediately follows a mean kinetic energy of 


Exin 0) = [mtyorai (Ht) — mo(a)]e? = [os = me Mpc 
mo(Pp) 


= (0.4 — 0.15) - 0.937 GeV = 234 MeV. 


Problem 33.14: Kinetic energy of the photon 


A certain radioactive nucleus emits photons of energy Photon Source 
E = hv and momentum p = hv/c. A precision tech- Vv 
nique based on the “Mossbauer effect” allows frequency 

measurements up to an accuracy of dv/v = 10°'>. The 

photons of frequency v are absorbed by a detector. If the 

emitter and the detector are at equal altitude above the L 

earth’s surface, the detector receives a photon of frequency 

v’ = v. This is no longer true if the emitter is at an altitude | Source 


L above the detector (see figure). ae V 
(a) The rest mass of a photon is mp = 0. What is the Me ve 
actual mass of a photon of energy E = hv? Detector Detector 


(b) If a photon falls through an altitude L in the earth’s Emission and detection of photons in 
gravitational field, then its potential energy decreases. the gravitational field of the earth. 
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Solution 


As aresult, the photon gains “kinetic” energy. How large is the photon energy E’ when the photon 
hits the detector? 


(c) What frequency v’ is measured by the detector? 


(d) Assume that the photon falls from an altitude L = 10 m. Could one measure the frequency shift 
in the gravitational field of earth by means of the Mossbauer effect? 


(e) Could this effect have a bearing on the light emission of very heavy stars? 


(a) Because E = hv = mc’, it follows for the mass of a photon that 
hv 
Li) =. See 
oF 
(b) The potential energy of a photon of mass m at the altitude L above ground follows from 


dE E 


—_ =me = — 
dx 8 ge 


by integration; thus 


L ie 
E' = Bell” we (148) =n(1+ 8). 
c Cc 


If the photon “falls down” by the altitude ZL, it gains this energy according to 
L 
igh = (1+) am 
E 


(c) The new frequency immediately results from there as 


(d) As a relative frequency shift, we consider the quantity 


L 
OVE £2 19-5. for L = 10m. 
v 


That is, with a fall distance of 10 m on earth, the effect is measurable by means of the MGssbauer 
effect. The experiment was performed first in 1960 by Pound'? and Rebka with a fall distance of 72 
ft (about 22 m). They obtained an experimental value of (5.13 + 0.51) - 10°'° as compared with the 
theoretical prediction of 4.92 - 107". 

(e) If light leaves the gravitational field of the emitting body, it gains potential energy and therefore 
appears as red-shifted. We therefore see very heavy stars “colder” than they actually are at their 
surface. 


'3Robert Vivian Pound, b. 1919, Ridgeway, Ontario, Canada. He held research positions at MIT from 1942- 
1946, and at Harvard from 1946-1989. Pound did pioneering work in the areas of nuclear magnetic resonance 
(NMR), radar, and experimental tests of Einstein’s general theory of relativity. The experiment of “weighting 
photons” was done in collaboration with his graduate student Glen Rebka. 
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Problem 33.15: The so-called twin paradox 


Solution 


On the earth are living triplets A, B, and C. At earth time t = 0, B and C each board a spaceship 
and go away from earth on straight lines. A observes the travels of the brothers from the earth and 
realizes the following by his clocks and scales: B for one year experiences a uniform acceleration, 
such that he comes from velocity zero to a velocity of v = 0.8c. He then flies for another year with 
this constant velocity. During a further year B reduces his velocity and reverses it to —0.8 c. He again 
flies for one year with this velocity, and in the course of a further year he reduces his velocity to zero 
to land again on earth. C makes a similar trip as B, during which he, as stated by A, in one year 
uniformly accelerates to a velocity of 0.8 c, but then flies 11 years with this velocity, within a further 
year returns in the same way as B, with constant velocity flies back 1] years, and then reduces his 
velocity during one year to zero and lands again at A on earth. Let B and C have determined the 
duration of their trip with the same kinds of clocks as A did. 


(a) Sketch the states of motion of the three brothers in a space-time (f, x) diagram. 


(b) The two brothers B and C compare the duration of their trips after the landing of C on earth. 
What difference exists between the duration of C’s trip determined by C’s clock and the duration 
of B’s trip determined by B’s clock? 


(c) For the observer A on earth, the time difference between the duration of C’s trip and that of B 
amounted to 20 years. Compare this statement with the result from (b). Doesn’t this lead to a 
contradiction to the postulate of relativity of the special theory of relativity, which states that all 
inertial frames are on equal rights? 


(d 


— 


Let us assume that a further observer D at the moment t = 0 was accelerated instantaneously to 
its velocity v = 0.8 c. According to A on earth, D moves away from earth for 10 years with this 
constant velocity; then he instantaneously turns his velocity around by a strong acceleration and 
flies back to earth with v = 0.8c. After 10 more years of flight with constant speed, he again 
reaches the earth, where he instantaneously reduces his speed to zero and lands at A. We shall 
assume that the number of heartbeats of A and D measures their corresponding proper time that 
has passed. How does the space-time diagram of A and D look like? How much did A and D age 
during the flight of D? 


(a) In the space-time diagram, the motions of A, B, and C look as plotted in the figure: 


t (years) 


) 


0 5 
Space-time map of the journeys of the triplets A, B, and C. 
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(b) Since B and C have passed acceleration periods, we cannot calculate the proper times tg and 
Tc of the trips of B and C, respectively. However, the acceleration periods for B and C were identical, 
hence we may calculate the difference of the proper times t- — tg by considering only the intervals 
of constant velocity. As seen from earth these are for the motion of B in total 2 years, for C in total 
22 years. B and C flew during these periods with the same velocity of vu = 0.8 ¢ relative to earth. We 
then may calculate At = tc — tg by means of the time dilatation factor: 


[Ni =e QOS) Se ate 
or 


Ar=y'-20y =V¥1—0.8?-20y = 12 years. 


Thus, if B and C compare the trip durations measured by their own clocks, they realize that C was 
12 years longer on the way than B. If they directly compare the display of their clocks, it tums out 
that C’s clock shows 8 years less than the clock of B, who after his return to earth still had to wait 20 
earth years for C’s return. 

(c) Although after landing of C on earth all three brothers may compare their clocks at one position 
on earth, the time difference of the tips of C and B according to their statements amounts to 12 
years, although A states 20 years for that. One might now argue as follows: During the phases of 
constant speed A moves with a speed of |v| = 0.8c relative to B or C, such that both B and C see 
the time evolutions at A slowed down. For reasons of symmetry the relativity principle should then 
imply that the above difference on their statements was not permissible. This reasoning is, however, 
wrong. There is no symmetry between the motion of A and the motion of B or C, because the latter 
both were accelerated (absolutely) and thus did not always stay in an inertial frame. 

(d) The space-time diagram of A and D looks as follows: 


t (years) 
20 


15 


10 


0 XG 
Space-time map of the journey of voyager D. 


During the flight of D 20 years of proper time passed for A, while D ages by only Atp = 
At-y ' = 12 years. Thus D aged by 8 years less than A did. The proper time that passed between 
two space-time points x and y thus depends on the trajectory T of the observer between x and y. It 
is given by the arc length r(1) = + {”’ ds of the trajectory between x and y. That in our example 
Tp < Ta, although the world line of D in the above figure is larger than that of A, is a consequence 
of the indefinite metric of the space-time continuum. 
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Problem 33.16: Kinetic energy of a relativistic particle 


Solution 


The kinetic energy of a nonrelativistic particle reads 


1 Pp 
T = =mv = —, 
dss Cir 


where p = mov is the momentum of the particle. Find a formally similar expression for the relativistic 
kinetic energy. 


One has 


iam Sa (33.73) 
V1 —v*/ce? 
for the relativistic total energy of a free particle and 
mov 


JVl—v?/c? 


for the relativistic momentum. According to (33.59) for (33.73) the following form still exists: 


(33.74) 


p=mv= 


Ee = cp St (moc?) 
= Ap? + E2, (33.75) 
with Ey = moc’ the rest energy. Hence 
cp’ = E’ — Ey =(E— Eo)(E + Ep), 


and therefore it follows for the relativistic kinetic energy that 


; ey cp 
T=E-E& = ———- = -——_—_ 
9 (E+ Eo) (m+ mpye? 
Saas (33.76) 
This is the desired form. Obviously one has 
p p 
lim T = = —— 
lim 7 eon. (33.77) 


and 


A my? m?/\ — v?/c? y? 


is mo (1+ 1/y1— v*/c2) i. mo (1 oy w/c?) 


my é 
= =. eee Ve p Vv. 
i+ ie 


These relations were pointed out first by W.G. Holladay (Vanderbilt University, Nashville, Ten- 
nessee.). 


Applications of 
the Special 
Theory of 
Relativity 


The elastic collision 


In the general collision problem we are interested in the changes of momenta and energies 
of the colliding particles. The only assumption about the interaction adopted here is that it 
shall act only at very small distances between the particles. The problem may be solved by 
means of the conservation laws of momentum and energy. We denote the four-momenta of 


=> => => = 
the two particles before the collision by P and P, and after the collision by p’ and P’. The 
four-momentum conservation law then reads 
= => 


=> =) 
P+ P=p'+P’. (34.1) 


The four-vector equation comprises two conservation laws, namely that for the usual 
three-momentum 


p+P=p+P (34.2) 
(see equation (33.57)), and that for the energy 
e+ E=e'+F'=E, (34.3) 


where with the rest masses of the particles mop and My 
2 2 


e js 
ame +p, | > = Myc +P (34.4) 
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are the energies of the particles before the collision. Because the collision was supposed as 
elastic, the rest masses mp and Mp remain unchanged in the collision process. Therefore, 
the energies of the particles after the collision are given by e’ and E’, where 


ae DO eee E” 2S pa = 34.5 
Pig +p’, Sob +P”. (34.5) 
The total energy of the considered system has been denoted by E. In (34.2) and (34.3), the 
rest masses and the components of the initial momenta are to be considered as given. We are 
looking for the components of the final momenta p’ and P’. Hence, we have four equations 
for six unknown quantities, such that the general solution will contain two undetermined 
parameters. 

The collision problem becomes most simple in that coordinate frame where the initial 
momenta p and P are oppositely equal. This is the frame in which the total momentum 
vanishes and therefore the center of mass of the two particles is at rest. This is the rest frame 
of the center of mass, which is often denoted more briefly as the center-of-mass system. 
In this frame because of (34.1) also the final values p’ and P’ of the momenta must be 
oppositely equal. 

On the other hand, the energy law (34.3) requires 
that the magnitudes |p| = |P| and |p’| = |P’| of the 
momenta remain unchanged in the collision: 


[pl = IP’ ie 


or simply 
p= Pp, (34.6) 


with the abbreviations p = |p|, P = |P’|, etc. In the 
collision process only the straight line along the initial 
direction of the two momenta is arbitrarily rotated in 
space (see figure). The elastic collision in the center-of- 
The deflection angle a represents one of the unde- SS system. 
fined parameters. The second parameter is the azimuth 
angle specifying the position of the plane defined by p and p’, which evidently may be 
arbitrarily rotated about the direction of p. 
Of particular interest for physical applications is the case with one of the particles, for 
example, the second one, being at rest before the collision: 


P=0. (34.7) 
Formula (34.2) then simplifies to 
p=p+P. (34.8) 


The energy equation retains its form (34.3), but now from (34.4) it follows that 


é 
— = Moc. (34.9) 
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In this case one may choose the angle 4 or a as the 
first undetermined parameter (figure). The second pa- 
rameter is again the azimuth angle, which determines 
the position of the drawing plane of the figure that 
may be arbitrarily rotated about the direction of p; it 
has no meaning for the following calculation. 

The solution of this particular collision problem Momentum balance of a colliding par- 
might be found from the solution in the center-of-mass _ ticle and a particle at rest. 
system by Lorentz-transforming to the rest frame of 
the second particle. Here we shall derive the final formula from (34.8), (34.3), and (34.9) 
by straightforward calculation. 

We choose the angle 6 as parameter and write down the trigonometric formula that 
follows immediately from the figure (see also equation (34.8)) 


Pp? = p* + p* — 2p p'cosd. (34.10) 


By forming the square of the relation following from (34.5) and (34.3) (e = E/c) 


& — (Mec? + P? = /mic? + p?, 


there results 


p? + mic? = P? + Mec? +6? —2e,/ Mac? + P?. 


When inserting in this relation the value (34.10) of P’”, the resulting equation contains 
besides the term with the square root only a part linear in p’. Thus, one may eliminate the 
square root by one more squaring and obtain an equation of second degree in p’: 


(mic? = Mec? =p — e? + 2p p'cos6)" — 4e?(Mgc? + p? + p® —2p p’cosd) =0. 
By explicitly calculating the square and rearranging the terms, one gets 


4(p*cos@ — «*) p® +4p p' cos6 (mic? — Moc” — p* +8”) (34.11) 
+ (mec? — M2c?)” — 2 (p? + 67) mac? + (c? — p?) M3c? + (p? — «?)’ =0. 


This equation can be brought to a simpler form by making use of the relations 


€ = y/ p? + mac? + Moc, (34.12) 


pe Me (34.13) 
Cc 
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which follow from (34.3), (34.4), and (34.7). By inserting (34.13) in the first summand of 
(34.11) and (34.12) in the second and third summands, a further muliplication by —1/4 
yields 


2 ey 
((< a Moc) — p* cos 0) oe (34.14) 
c 
— 2pp’cos0 (mae? + Mocy p? + mic) — p>c* (Mj — mq) = 0. 


In the second summand, one now replaces ,/ p? + mic? by e/c according to (34.4), and 
finally one ends up with a quadratic equation for p’: 


3 
((< + Moc) — p*cos 6) Bo (34.15) 
c 
/ a e 2.2 (ng2 oN 
— 2pp' cos (mic + Moc-) — p’c’ (My — mo) = 0. 
Solving for p’ yields the final result 


r P 


aa (Moc + e/c)? — p? cos? 0 


{cos6 (mic? + Moc ) 
Cc 
+ (<< ms Moc?) M2 — m2 sin? 6 | (34.16) 
c 


We still note that for Mp > mo only the positive sign before the square root in (34.16) 
must be admitted. According to (34.12), ¢ > p and therefore e7 — p*cos*@ > 0. The 
explanation for this behavior is provided by (34.16). In the case My < mo, the angle 6 
passes twice through the range 0 < 6 < Omax, whereby 9max follows from 


Mo = mo sin Cheers 


Therefore to any angle @ in this range will correspond two solutions of the collision problem. 
In the case Mg > mo, however, @ passes the range 0 < 6 < 7 once, hence for any value of 
@ there is only one solution. 

By inserting the value (34.16) of p’ in the first of equations (34.5), there results after an 
elementary calculation the value of e’/c. The final formula reads 


oe : S 22 
(6 “ (Moc + e/c)? = sama (6 + Moc) (Moc oe mic ) 


+ cp’ cos6,/ M2 — mi sin? 6 | (34.17) 


To finish the calculation, we still have to give formulas for P’ and E’/c. P’ may be 
calulated immediately from (34.7), namely 


P=p-p’, (34.18) 
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since p’ is determined by p’ and the angle 0. The energy E’/c is most simply calculated 


from (34.3) and (34.9): 

, e e’ 
—=Moc+-—--—. (34.19) 

c ch 


The formulas (34.16) to (34.19) represent the complete solution of the given collision 
problem. 


Compton scattering 


We will apply these formulas to the case of the collision of a photon with an electron at 
rest. The special feature of the photon is that its rest mass is extremely small against the rest 
mass of the electron and possibly even strictly equals zero. This simplifies considerably the 
algebra we had needed in the previous section. 

In the course on quantum mechanics, we will see in detail how the photon energy e is 
related to the frequency and the wavelength A of the radiation. We will find 


he -2n o he 
i ee 

Here i = h/27 is the Planck quantum of action (h = 1.054571 x 107*4 Js), and w = 2rv 

is the angular frequency of the photon oscillation. The momentum of the photon is given by 


€ Sha =v = (34.20) 


p =hk (34.21) 


which defines the so-called wave vector k of the photon. 

When photons of X-rays are scattered by electrons, a frequency shift can be observed, 
the amount of this shift depending on the scattering angle. This effect was discovered 
by Compton in 1923 and explained on the basis of the photon picture simultanously by 
Compton himself and Debye. 

The figure illustrates again the kinematical situa- 
tion. We assume the electron is unbound and at rest 
before the collision. Then the conservation of energy 
and momentum reads 


2 
ho + moc? = hw! + ——, (34.22) 
LS Conservation of momentum in Comp- 
v ton scattering. 
fk = hk + — 2 (34.23) 


J1 — B? 
To obtain a relation between the scattering angle @ and the frequency shift, we split up 
(34.23) into components parallel and vertical to the direction of incidence. This yields, with 
k=wa/c, 
hwo ho’ mov 
— = — cos? + 2 


c c J1— BP? 


Cos a (34.24) 
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and 
hw’ Mov 
— sin6 = + sina. (34.25) 
a /\ — p2 


From these two component equations, we can first eliminate a and then, by (34.22), the 
electron velocity v (6 = v/c). To this end, we bring the cos # term from equation (34.24) 
to the left hand side, sqare and add the square of equation (34.25): 


2 
h h ? 2 , 2 
(= as cos) ts (“= sé) = ( ou ) (cos? a + sin? a) (34.26) 
c Cc 


1— 


2 
hw\? hw ho! ho! \? mov mov 
— } —2——cos6+ = a DT : (34.27) 
c cone c /1— B afme 
c 


From (34.22) we get 


(ho — ho’ + moc?) 


(34.28) 


or 


2 2\2 7‘ 
oe ae eo{1- el). (34.29) 
) (h ) 


ce (hw — ho’ + moc? ; @ — ho! + moc? 


Hence, 
mae aed ( me?) (ew fa’ + mae?) 
= -? (hw — ho! + moc?) (moc2)” 
hw — ho’ 2? 
aie (eee Loy 
(moc?) 
1 ; 2 2 
= = ( (he ~ ho’ + moc)’ — (moe*)’) 


{I 


] 
a (fw hw’) +2 (hw — ho’) moc’) 


ho\’ (ho'\* hohe! 
(“) +(“) ~ I= + 2h (wo — 0!) mo. 


Cc 


Il 


Inserting this in (34.23), we obtain 


ho ho’ J 
a (I — c0s0) = 2h (w — w') mo. (34.30) 
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Using the trigonometric identity 


@ 
1 —cos6 = 2sin’ Bi (34.31) 
we finally obtain the following result for the frequency difference: 
: 2h mee 
w-W = —s ww sin’. (34.32) 
Moc 2 


If we put @ = 27c/A, we obtain the Compton scattering formula in the usual form with 
the difference in wavelength as a function of the scattering angle 6, 


a oy aia a 2A, sin? i (34.33) 
moc 2 2 

The scattering formula shows that the change in wavelength depends only on the scattering 

angle 6. During the collision the photon loses a part of its energy, and the wavelength 

increases (A’ > A). 

The factor 277h/moce is called the Compton wavelength i. of a particle with rest mass 
mo (here, an electron). The Compton wavelength can be used as a measure of the size of a 
particle. The electron has the Compton wavelength A, = 2.426 x 107!? m. 

The kinetic energy of the scattered electron is 


ay si 
T =hw —hw' =h2nc (; = =) ‘ (34.34) 


The Compton effect energy distribution of photons and electrons, showing the dependence on the scat- 
tering angle. The total available photon energy is the dashed grey line, corresponding to no scattering 
of the photon, @ = 0°. 
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or, using 
11 =A _ 1 De sin? $ (34.56) 
A A NA RAF 2ac sin? §$ 
and, again with 27c/A = o, 
. o) 6 
Sy pyrene (34.36) 


o—_—__—_—_—. . 
A+ 2Ac sin” $ 


Thus the energy of the scattered electron is directly proportional to the energy of the photon. 
Therefore the Compton effect can only be observed in the domain of short wavelengths, 
such as X-rays and y-rays. To appreciate this observation fully, we mention that in classical 
electrodynamics, no alteration in frequency is permitted in the scattering of electromagnetic 
waves — this change in frequency is only possible if scattering occurs at light quanta 
with momentum p = hk end energy e = hw. Thus the idea of light quanta has been 
experimentally confirmed by the Compton effect. 


The inelastic collision 


In an inelastic collision, kinetic energy is lost. By definition, also the rest masses of both or 
at least one of the colliding particles are changing. In this case the values of the rest masses 
before the collision shall be denoted by my and Mo, the values after the collision by m), and 
M,. Equations (34.1), (34.4), and (34.2, 34.3) hold also here without any modification. On 
the contrary, (34.5) changes to 


2 NUE: 
E 
(<) = moc’ +p”, (= ) = Mec? + P?, - (34.37) 


We still note that according to the adopted definition the inelastic collision must not 
necessarily be connected with a loss of kinetic energy. Kinetic energy is consumed only 
then if the sum of the rest masses is increased by the collision process, namely, if m4+M, > 
my + Mo. In the case m;, + Mj < mo + Mo, on the contrary, kinetic energy is created. 

The formulas (34.1), (34.4), (34.2), (34.3), and (34.37) may also then be applied if 
the two colliding particles disappear and two new particles are produced in the collision 
process. m, and M, then represent the rest masses of. the new arising particles. Such a 
case is the annihilation of an electron-positron pair, where mp = Mo = rest mass of the 
electron (positron) and my = My = rest mass of the photon = 0. We consider this process 
in the center-of-mass system of the electron-positron pair. Then p = —P. Therefore, 
according to the momentum conservation law (34.2), also p’ = —P’, that is, the two 
photons are emitted in opposite directions with equal momenta, hence also equal energies 
(figure). The relation between p and p’ follows from the energy conservation law. Because 


e/c = E/c = ,/mjc? + p? and e’/c = E'/c = p’, from (34.3) we get 


pl =sfmic? + p2. (34.38) 
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According to (34.20), the energy of every photon is 


hv =cp' = Jf miec4 + pec?. (34.39) 


The smallest photon energy therefore corresponds to the case p = 0 and is equal to the 
Test energy moc? of the electron. 

The inverse process of annihilation—the creation 
of an electron-positron pair—occurs in the interac- 
tion of a sufficiently energetic photon with an atomic 
nucleus. This is a process that differs from the col- 
lision considered so far. Before the interaction two 
particles are present also here: the photon and the 
atomic nucleus. After the collision, however, three 
particles are involved: the atomic nucleus and the 
electron-positron pair. The most important feature 
of this process, which is significant for the experi- 
mental verification of the theorem on the inertia Of \yomentum balance of a binary collision 
energy, can however be derived immediately from __ jn the center-of-mass frame. 
the energy conservation law. 

If we denote the photon energy by hw, the rest mass of the atomic nucleus and the 
electron (positron) by My and mo, and the final values of the momenta of the three particles 
by P, p_, and p;, we have 


hw + Moc? = (Mic! + P2c? + mic4 + p2c? + J/mic4 + pic?. (34.40) 


Here we assumed that the atomic nucleus was at rest before the interaction. From this 
relation follows immediately 


hw > 2moc’. (34.41) 


This means that the process is possible only with photons of an energy exceeding the sum of 
the rest energies of two electrons. This has been explained already in the preceding chapter. 

As another example of inelastic collisions we mention the nuclear reactions. If thereby 
only two particles are present also after the collision then the process is again described by 
equations (34.1), (34.4), (34.2), (34.3), and (34.37). But in this case the energy equation 
may be simplified since, as a rule, the velocities of all particles are small against the speed 
of light. For such particles, which are usually denoted as nonrelativistic, there holds to good 
approximation the relation following from (34.4) and (33.34): 


1 
C= moc’ + 5m0g 
Therefore, the energy law (34.3) reduces to 


(mo + Mo)c? + Exin = (my + Myc? + Exin- (34.42) 
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Here Ein and E;,,, denote the sum of the kinetic energies before and after the collision 
calculated by means of (33.34). When denoting the velocities of the particles before and 
after the collision by g, Q and q’, Q’, respectively, this means 


1 1 1 ake 
Exin = mo te 5 MoO”, Evin ae 50d ac 5 MoO”. (34.43) 


Decay of an unstable particle 


The most simple case is obviously that the unstable particle decays into two new particles. 
The most important results may also be derived here from the conservation laws. For sake 
of simplicity we consider the process in the rest frame of the original particle. From the 
momentum conservation then follows that the momenta p’ and p” of the two new particles 
must sum up to zero, 


p= —p’. (34.44) 


When denoting the rest mass of the original particle by Mo, and the rest masses of the 
new particles by mo, mo, the energy conservation law reads 


Moc = \fm@c? + p? + /my2c? + p?. (34.45) 


We thereby have taken into account the relation p” = p’ following from (34.44). If the 
rest masses Mo, my and m, are known, one may determine the value of p’ from (34.45). In 
this decay mode thus in the decay of particles at rest the new particles are always emitted 
with the momentum p’ following from (34.45), and therefore with the uniquely defined 
energy values 


moc’ + pe?, ee" = si ma?c* + pc? (34.46) 


The decay into more than two new particles may also be treated in a similar way. If one 
deals, for example, with a decay into three new particles, the conservation laws in the rest 
frame of the original particle read 


O=p'+p’+p", (34.47) 
Moc = [mfc? + p? + 4/mprc? + p’? + mpc? + p"”. (34.48) 


We shall not discuss these equations in detail but mention only an important qualitative 
conclusion. Contrary to the preceding case, the momentum equation now can no longer re- 
duce the momentum values arising after the decay p’, p’”, p’” toa single quantity. Therefore, 
from the energy equation determined values of these quantities no longer follow uniquely. 
In a decay with more than two product particles, the new particles are no longer—as in 
the case of two product particles—emitted with uniquely determined energy values but 
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shall show a continuous energy spectrum. This fact, by the way, led W. Pauli’ in 1930 to 
postulate the neutrino as a hypothetical decay product in the B-decay of the neutron.” Later 
on these particles were actually experimentally detected. 


Problem 34.1: The relativistic rocket 


Solution 


If rockets reach velocity ranges comparable to the speed of light, the equations of motions must 
be based on relativistic mechanics. Formulate the general equation of motion for this problem and 
discuss it for the one-dimensional case. 


We denote by p” the four-momentum of the spaceship, and by dq” = 5m-«a" the four-momentum of 
the mass 6m expelled by the ship per unit time, as seen from an inertial frame. Energy conservation 
requires 


p* = dq" + (p* + dp") (34.49) 


with the new four-momentum of the ship p” + dp". We insert dg“ and dp“ = d(mu") and divide 
by the proper time dt: 


=o tn. (34.50) 


6m/dt und dm/dt are the rates for the expelled masses and for the related decreasing mass of the 
ship. The relation 6m/dt = —dm/dt now no longer holds! We define 4 = 5m/dt: 


mu” + mu" = —)o". (34.51) 


We multiply (34.51) by u, and employ u,u“ = —c’ and u,u“ = 0 (here the Einstein sum 
convention is used, which means an automatic sum over pairs of equal indices), because 


is Eve Sir as 
ay tal =uue wu — 0! 


‘Wolfgang Pauli, Swiss physicist of Austrian descent, b. April 25, 1900, Vienna—d. Dec. 15, 1958, Zurich. 
Pauli was a student of Arnold Sommerteld in Munich, where he also became acquainted with Wemer Heisenberg. 
At a student in his third year, he wrote a review article on the theory of relativity for the Enzyklopddie der 
mathematischen Wissenschaften. With his doctoral thesis from 192] he for the first time cast doubt on the then- 
prevailing quantum theory (model of the atom of Bohr and Sommerfeld). His discussions with Heisenberg, Max 
Born, and Niels Bohr did contribute eminently to the development of matrix mechanics, the algebraic formulation 
of quantum mechanics. In 1926 he successfully applied the new theory on the hydrogen atom. Already in 1924 
he had discovered the exclusion principle (Pauli pniciple), for which he was honored with the 1945 Nobel Price 
(awarded in 1946). Also in 1924 Pauli postulated the existence of the spin of the atomic nucleus in oder to 
explain the hyperfine structure of atomic spectra. In 1927 he formulated a field equation for the electron, taking 
into account the spin in a non-relativistic manner. Pauli was a professor in Hamburg from 1926-1928, and at 
ETH Zurich from 1928 on. In 1930, he formulated the neutrino hypothesis, which was later on corroborated 
by experiment. From 1940-1945, he stayed in the United States, working mainly on the theory of mesons. His 
later works back in Zurich in 1946 centered mainly around particle physics and the quantum theory of fields. 
Pauli made a lasting impression on modem physics and its way of thinking. With his profound analysis of the 
epistemological foundations of this science and his harsh criticism of obscure thinking, he was known as the 
“conscience of physics.” 

2see e.g. W. Greiner and B. Miiller, Gauge Theories of Weak Interactions, Springer Verlag New York, 2000 
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From there it follows that 


5 
2 


(34.52) 


A=m 7 
uw 


Hence we have the equation of motion of a body with variable mass, as is represented by the 
rocket. 


wo", (34.53) 


d 
cil Nera 
dt ie) Uyw” 


Solving this equation for a one-dimensional problem causes no trouble. We write for the two 
velocities w and u 


~ = tanh¢, = = tanhé, (34.54) 
c 
and using h = c tana and a = 6 — @ we may express the velocity of the expelled matter relative to 
the ship. 
uyw" = c?(sinhé sinh @ — cosh@ cosh d) = —c’ cosh(@ — ¢) = —c’ cosha., (34.55) 


Equation (34.53) for 2 = 1 then takes the following form: 


d 

~ (mc sinh) = —-——c sinh, (34.56) 
dt c? cosha 

and finally reduces to the simple differential equation 


RGA O WDC ni ee 


cosha * 
m sinh 0 cosha + m6 cosh@ cosha = msinh¢, 
m(sinh @ cosha — sinh @) + m6 cosh@ cosha = 0, 
m sinha + m6 cosha = 0 


Dent: 
=> mb +m =0. (34.57) 


Here we have made use of the relation 
sinh @ = sinh(@ — a) = sinh@ cosha@ — cosh@ sinha. 


If with h the relative expulsion velocity of the mass is constant, @ may be given as a function of the 
mass: 


m\—h/e 
6 = log ( =) (34.58) 
M is the intcgration constant, which here plays the role of the start mass of the spaceship. 

— 926 oe 2hic 
Staness a 
c 1+e-% 1 —(m/M)?lc 


If we assume that the relative expulsion velocity of the expelled mass is about h ~ c and half of 
the start mass is released, then the final velocity is 


u 1-5" 3 


¢ e405)? 5 


A ponies 


u 
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Problem 34.2: The photon rocket 


Solution 


The emission of electromagnetic radiation is considered as an option for driving spaceships in future. 
Start from the equation (34.51) of the problem of the relativistic rocket and compare the two 
propulsion systems. 


The equation of motion reads 


d 
—(mu") = —AP*. H 
ae (mu") (34.59) 


P* is the four-momentum vector of the emitted radiation. We again multiply by u,, and get, using 
again the Einstein sum convention, which means an automatic sum over pairs of equal indices, 


mu,u" + mu,u" = —du, P# (34.60) 
mc? ; 
a because of u,u” = —c* and u,v” = 0. 
[Pi de® 


d ne? 

Se Onuey ( es ) pH. (34.61) 
dt ; 

We are already familiar with this result from the relativistic rocket. The difference is that the photon 

four-momentum vector is a zero vector, because of the vanishing mass: 

[nde (0p (34.62) 
We again consider the one-dimensional case. Equation (34.62) then reduces to 

(2 0 ee eee (34.63) 


If the spaceship flies in positive x-direction, the photons necessarily should have a negative 
momentum: 


Pp! =-—Pp*, (34.64) 
We now write down the discrete photon energy, using the de Broglie relation, thus 
h hv 
Vera pl (34.65) 
c c 
uyP* =u! P' ~ ub P* = (u) +u*) P! =—(u' +u4) Pt. (34.66) 


Equation (34.61) for 42 = 1 and x = 4 then becomes 
d ; 
(u’ + u*) ms (mu') = —mc’, (34.67) 
1 4, 4 4 re? 
(ui +u ) = (mu ne. (34.68) 
The sum of these two equations yields 


= (mu'+mu‘)=0 = = mu'+mu* = Mc, (34.69) 
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where with M the start mass of the rocket was introduced via the integration constant; this is the 
situation with u! = 0 and u* = c. 
Rewriting again the equation by means of the definitions 


u'=csinhO u* =ccoshd ; (34.70) 
there results 


m(sinhO+cosh0)=M <& m=Me~° 


Hoy ia 1 —(m/M)? 


Thus, the final velocity does not depend on the frequency of the radiation. Nevertheless, it will 
presumably take some time to overcome the enormous difficulnes in developing photon engines. 
Such an engine should of course provide a sufficient thrust. We also don’t see an advantage of such a 
type of engine over engines emitting massive particles near the spced of light. 


(34.71) 


Problem 34.3: The relativistic central force problem 


Solve the central force problem relativistically for a particle of mass m with the charge q and a central 
charge Q that is tightly fixed to the origin of the coordinate frame. You should take into consideration 
only the electrostatic interaction K = (Qq/r’)e,. 


Solution The relativistic form of the second Newtonian axiom is the four-vector equation 


d 
eS mo (34.72) 
with F being the four-force (33.8), p. 429, and u* the four-velocity (33.3): 
ies on 
Fe = (vk, iy k) (34.73) 
| 
u® = (yv,iye), (34.74) 


K and u are the force and velocity according to Newtonian mechanics, respectively. The expression 
used here for the fourth component F* of the four-force F“, 


v d 
Fai K =F ne 
c cdl 


follows immediately from (??), which states 
d , 
—mc =v-K. 
dt 


But we must use as the only force K in the relativistic expression only the Lorentz force acting on 
a charged particle. The other important interaction, the gravitation, cannot be treated without further 
ado in this calculus, since it depends on the masses involved. These problems will be treated in the 


general theory of relativity. Our central force problem is based on the electrostatic interaction of the 
two charges Q and q. 


K= —e,, (34.75) 
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Qq . Qqv_ Qq ). 


5 pee (vy he, iy Boe Be (34.76) 


We shall use cylindrical coordinates for this problem. But we have to take into account the dependence 
of the unit vectors on the time. To do this, we recall that the four-velocity u“(4z = 1,2, 3,4) is the 


derivative of the world vector x“ = (x', x”, x*, ict) with respect to proper time, 


u 


- = =| lo dx sc 


ar Pe /\ — Bp dt’ jit B? 


where y = 1 Ve 1 — B’, B = v/c, and v = dx/dt the usual three-velocity. In cylindrical coordinates, 
we have 


= (YY, icy), 


= ((re,)*, Z,icy) . (34.77) 
Here, the dot e means the derivative with respact to proper time t, thus 
yds» 1 d 
Tae apa 


In planar cylindrical coordiantes (z = 0), the world vector reduces to 


(...)° 


x =i(7enOaren)), 

where r = re, and the unit vectors in radial and in g-direction are 
e, = (cos, sing), 
€, = (— sing, cos¢). 


The four-velocity hence is 


m7 


d » Aes 
om = ((re,)*, 0, icy) = (Fe, +ré,,0, icy) . 


dt 
Because 
€, = Gey, even, 
we get 
= dx? 
i rs = (Fe, + rgey,0,icy) , (34.78) 
T 
d?x# * re oo - -_ _ dy 
ae = (i + re, + rpe, + rge, +rge,, 0, (coe : 


= ((F —r¢’)e, + (27g + rg)e,, 0, icy). (34.79) 


Newton’s equations in their relativistic four-form read 


d d (dx" 
Se I oo fale aed = FH. 
ie ge ( dr ) 
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hence in our case here 

mo ((7 — ry’)e, + (27p + rg) ey, 0, icy) = (v a i haces Qg ie ¢ Sy. «) ; (34.80) 
Comparing the components of the four-vectors and taking into account that 

yvV=re,+@e,, (34.81) 


we end up with the three equations 


Y 7 m (r —r¢”), (34.82) 
O=m ie +r¢), (34.83) 
~ 24; = m= (y0) = myc. (34.84) 


The dots always denote derivation with respect to the proper time T. 
Equation (34.83) multiplied by r yields as in the nonrelativistic case the angular momentum 
conservation: 


: % d - A 
my (2r7p +17) = mo= (r°o) => L = mor’ = constant. (34.85) 
The equation (34.84) ensures the conservation of energy: 


d 
- = (oye = ~22) =) => JP = myc = £4 = constant 


e Gee (34.86) 


moc? so myc?r 


Now we still wish to extract from (34.82) an equation of motion. For this purpose we employ the 
two conservation laws just obtained. 


( BE Oa ) 22 =m (*-4 ). (34.87) 


moc? = moc?r } r? mor? 


We introduce the variable s = 1/r and, as in the nonrelativistic Kepler problem, transform to a 
differential equation for s(@). 


ee ee 34.88 
do My dg’ ( 5 ) 
L vse ages 


r=. 


de eae ae? (34.89) 


1 1 d’s 
=> —~(E - 2) eee 227 7 23 
ae 0Qq5)Qqs ae (vs rr +L’s ) 


ere (2) ~ eis (34.90) 


DECAY OF AN UNSTABLE PARTICLE 477 


We define the “angular frequency” Q? = 1 — (Qq/mLc)? and thereby may at once give the 
solution of this well-known differential equation: 


1 EQq 
~=s = —-———— + Acos(Q¢). 34.91 
r iy coed Oe (20) ( ) 
There are bound solutions to the problem if 

E\Qq| 
q Q <0 and A< meLrctQe . 


In equation 34.91 we already have used that we wish to start with @ = 0 at the perihelion. Since 
2 differs from 1, there is no closed path, but rather an orbital precession arises (perihelion motion). 
A closed orbit does only exist for g = 0 or G@ = O, hence if there is no force. This means that 
the relativistic Kepler problem always yields rosette orbits, which show perihelion motion. This is 
plausible if we recall our discussion in Chapters 26 and 28. 

The constant A may be determined by inserting our solution in the following relation, which must 
be obeyed by the four-velocity u“ = (7, ¢, 0, yc) from equation 34.78: 

usu! = —c? =F + rg? — (cy)? (34.92) 
Inserting in this equation the definition of angular momentum 34.85, the conservation of energy 
34.86, and the relation 34.88 for 7, we get 


deve i? if EF * 1Og \" , 

part, a — — _ : at 34.93 
m5 a +o mS & a) 
If we further insert the solution 34.91 for the orbit, we get an equation we can solve for A: 

EQq i ie 


mL2c2Q? J me 


L? : 
— (40 sin(4) + (4 cos(Qh) — 


mo 


- e( cs 24 (4 cos(Q¢g) — aete)) 


2 


—C = 


moc? moc? mele? 
202 si cas? 2 EQqcosQ E* 07? 
ee Oe 5g FOr ese ea 
ms my myc’ St malres* 
Er | ,£Qq EQq ) 
= 2 A 2¢) —- ————— 
ine nace ( oY Meer 
079? ( Ecos 26 EQqcos Q¢ E°O*q ) 
- Sagenee oA Ve 34.94 
moc? - m> myc??? mela ( ) 


Collecting all the terms yields 


Ey" MoC \2 c E i 
Pees ees — => —_—_— —= A 9 
(<5) ( LQ ) LQ ) (a) : pte 


For A = 0, that is, for E/moc? = Q = J/1—(Qq/ mycL)?, the orbit 34.91 becomes a circle. 

We still note that a? in general may also become negative (Qq > mLc). Periodic solutions 
of (34.90) would then no longer exist. This case might occur if one lets, for example. the angular 
momentum L become very smal]. When considering this in an atom with a nucleus of charge Q = Ze, 
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and taking into account that the angular momentum of an electron (q = e) is of the order of magnitude 
mL ~ h (Planck’s quantum of action), we may expect this case for the following charge number Z: 


z> “131. (34.96) 
ce 


That means that this collapse occurs in atoms with a nuclear charge Z > 137, due to relativistic effects 
in the approximation of a point nucleus. The quantity c?/hc! = 1/137 is known as the Sommerfeld 
fine structure constant. 


Discussion of the solution The solution 34.91 is very similar to the Kepler orbits that we know 
already from Chapter 26 about planetary motions, see, for example, equation(26.32). We thus can 
write 34.91 as 

To 


ey are. Eee 34.97 
a aa reer sees = 
where 
1A 
= 34. 
r E|OqI ’ ( 4.98) 


Len? E \? smocy?2 Le [Et mich? 
= =a ee ee (oon E2 — m2c#Q?. 34.99 
<= F041 cee (Ga) = Begs (aaa) 


Here, the upper (lower) sign in 34.97 relates to attractive (repulsive) interaction, that is, unequal 
(Qq < 0)orequal(Qq > 0) charges. In the nonrelativistic limit, we have Q = | and E = moc? + Ens 
with |En,| < moc* and 34.97-34.99 reduce exactly to the conic sections of Kepler motion, where, 
obviously, the force constant y Mm has to be repalced by |Qq|. One ends up with 
L? 
ae 

mo|Qq| 

and eccentricity 


2E,,L? 
ez {/1+————. 34.101 
Yo mlOqr? (34.101) 


This corresponds to the results from Chapter 26. Jn the nonrelativistic limit, one thus finds again 
the well-known cicular, elliptic, parabolic, and hyperbolic orbits. The relativistic treatment, however, 
yields two interesting differences. 


(34.100) 


1. Because Q = \/1 —(Qq/Lc)’ < 1, the period of the orbit for periodic solutions is larger 
than 27. Hence for 0 < € < | there are no closed elliptic orbits any more, but 34.97 describes a 
rosette orbit. At each period, the turning points preceed by an angle Ag, as shown in the figure (for 
8 = 0.93). The constraint Q(27 + A@) = 27 yields for this angle of precession for Q close to 1 


1 (0Qq\ 2 
dor ig (145 (2) -1)= (24) . (34.102) 
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When expressed with the help of the ellipse parameters 
eccentricity € and major semi-axis a = ro/(1—e°), using 
the approximation 34.100 yields for the precession angle 


|Qq| 


Aé = x ————_"—~.. 
: * mocta (1 — €2) 


(34.103) 
Although our derivation was done for a charged particle 
in the electric field of a point source, one may be tempted 
to apply the result 34.103 also on planetary motion, since 
force laws of Newton for gravity and of Coulomb for elec- 
trostatic interaction have the same form. Newtonian grav- 
ity with a correction by special realtivity hence makes a 
prediction for the perthel motion of planetary orbits of 


A rosette orbit showing precession of the 
yM 1 turning point. 


A@ = 1— 


Py (34.104) 


This formula gives extremly small values for the perihel motion of the planets of the solar system. 
The overall precession of the perihel of the orbit of Mercury, for example, is predicted by this formula 
to be only 7 are seconds per century. The observed value not accounted for by perurbations of the 
other planets, however, is 42 arc seconds per century. This discrepancy can be resolved only within 
the framework of general relativity. The result obtained there is larger then formula 34.104 by a factor 
6. Hence, gravitation and electrostatic interaction differ fundamentally, the similarities in the force 
law notwithstanding 


2. In the case of large charges Qq or small angular momentum L the paratneter Q? may become 
negative. This changes the character of the solutions qualitativly. If we define in this case 


2 

& = (24) Pies. (34.105) 

thie 
the general solution of the differential equation 34.90 is 
4 ° EQq 
os Re +2 

s(?) =cje '* + oe? + er (34.106) 

From u,,u“ = —c’, a lengthy calculation along the lines leading to equation 34.95 yields 
BaNe MyC 
4¢;0. = ered + 4) . 34.10 
= les) LQ a 
Because the right hand side is positive, c, and c, must have 
the same sign. Without restricting the general case, one can 
choose the coefficients to be equal, ¢, = c. = tA, since any 
difference can be balanced by a rotation ¢ — ¢ + bp of the 
coordinate system. Hence, the general solution is 
7 : EQq 
s(@) = Acosh(Q@) + —, (34.108) 
($) t+ ae 

with the prefactor 

= E z Moc : ' } 

A=+,/( —-] +[-—=]. (34.109) — The collapse of the electronic orbit 

LeQ? ESS 


in a logarithmic spiral. 
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Thus, in 34.91 the trigonometric functions have to be replaced by hyperbolic functions. 

With repulsive interaction (Qq > 0) there are hyperbolic orbits further on. (Here one has to choose 
A < 0. Positive A together with 34.86 yields unphysical solutions with a Lorentz factor y < 0.) 

However, when the force is attractive (Qq < 0), there are dramatic changes in the type of the 
orbit. Because the hyperbolic function grows exponentially, r(¢) goes to zero for large angles @; 
the orbit has the form of a logarithmic spiral as shown in the figure. This “fall onto the center” will 
happen because the Coulomb force is enhanced by the Lorentz factor y in such a way that the angular 
momentum barrier can be surmounted at small distances. 

Such a collapse cannot be seen in macroscopic physics, already due to the finite extent of charged 
bodies. However, the question becomes of interest for (pointlike) electrons with charge g = —e in 
the field of a nucleus with Q = Ze. If one treats the motion of the electron within the framework 
of classical mechanics, but takes into account that atomic angular momenta are in the range of the 
Planck constant, L ~ h, the following condition for the collapse of the orbit results: 


soa! ~ 137, (34.110) 


where a ~ 1/137.036 is konwn as the Sommerfeld? fine structure constant. Hence, one would expect 
a collpase of the electronic orbits in atoms with nuclear charge Z > 137. 

Of coursc, this problem transcends the range of applicability of classical mechanics. But also 
relativistic quantum mechanics predicts a similar collapse if in an atom the parameter Za becomes 
greater than 1. This is closely related to the hypercritical problem of quantum electrodynamics that 


Arnold Johannes Wilhelm Sommerfeld, b. Dec. 5, 1868, K6nigsberg, then Prussia (now Kaliningrad, Russia)— 
d. April 26, 1951, Munich. Sommerfeld attended the Gymnasium in KGnigsberg (two slightly older pupils at the 
same school were Minkowski and Wien) and started his studies at the University of Konigsberg where he was 
taught by Hilbert, Hurwitz, and Lindemann. At this time the University of Konigsberg was famous for its school of 
Theoretical Physics, which had been founded by Franz Neumann, but Sommerfeld’s interests were in mathematics 
rather than physics. In 1891 Sommerfeld was awarded his doctorate from Konigsberg. In 1893 Sommerteld went 
to Gottingen, where he became Klein’s assistant. His research there was immediately influenced by Klein, who at 
this time was involved in applying the theory of functions of a complex vanable, and other pure mathematics, to a 
range of physical topics from astronomy to dynamics. Important work Sommerfeld undertook included the study 
of the propagation of electromagnetic waves in wires and the study of the field produced by a moving electron. 
As of 1897 Sommerfeld taught at Clausthal, where he became professor of mathematics at the mining academy. 
Then, three years later, he became professor of mechanics at the Technische Hochschule of Aachen. In 1897 (first 
as a professor of mathematics at the mining academy at Clausthal, then, after 1900, as professor of mechanics at 
the Technische Hochschule of Aachen), Sommerfeld began a 13-year study of gyroscopes working on a 4-volume 
work jointly with Klein. In 1906 he became professor of theoretical physics at Munich and worked on atomic 
spectra. He studied the hypothesis that X-rays were waves, which was proved by his collegue Max von Laue by 
using crystals as three-dimensional diffraction gratings. From 191! his main area of interest became quantum 
theory. Sommerfeld’s work led him to replace the circular orbits of the Niels Bohr atom with elliptical orbits: he 
also introduced the magnetic quantum number in 1916 and, four years later, the inner quantum number. It was 
theoretical work attempting to explain the inner quantum number that led to the discovery of electron spin. In the 
later part of his career, Sommerfeld used statistical mechanics to explain the electronic properties of metals. This 
replaced an earlier theory due to Lorentz. in 1905 based on classical physics. Sommerfeld’s approach was to regard 
electrons in a metal as a degenerate electron gas. He was able to explain features that were unexplained by the 
earlier classical theory. Sommerfeld had built up a very famous school of theoretical physics at Munich—among 
his most famous students are Heisenberg and Pauli—but its 30 years of fame ended with the Nazi rise to power. In 
1940 the school closed, but by this ume Sommerfeld was 71 years old. He survived World War II and eventually 
died in a street accident in Munich. 
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has been investigated extensively by the Frankfurt school and has far-reaching consequences. For 
example, it leads to a new understanding of the question “What is the vacuum; is the vacuum always 
empty?” We refer to the volume of the lectures on quantum electrodynamics, and the literature quoted 
there.* 


Example 34.4: Gravitational lenses 


The demonstration of light deflection at the border of the sun and its correct interpretation and 
theoretical description in the frame of the general theory of relativity, a few years after its formulation, 
represented one of the greatest triumphs of the new theory of gravitation by Einstein. According to 
the general theory of relativity, gravitation manifests itself as a modification of the plane Minkowski 
space-time geometry. In the vicinity of heavy masses, the space-time is distorted. Light rays that, 
as everybody knows, propagate along certain geodesic lines, that is, shortest (one may also say 
“straightest”) lines between two world points with ds? = 0, no longer follow straight lines in the 
Euclidean sense but in general bent curves (see figure). 


Lens optics for the Einstein ring. 


Thus, in a certain sense gravitational fields affect the light propagation just as an optically more 
dense medium with a definite refractive index does, as is known from geometric optics. We may 
well imagine that certain arrangements of masses create such a gravitational field, such that light 
emitted by a far remote object may be deflected when passing this gravitational field, similarly as 
on passing of an optical lens. Gravitational fields with such properties are denoted as gravitational 
lenses, analogous to the optical lenses. 

Einstein made a calculation on this problem where for the first time the following simple config- 
uration is considered: Let a massive object as source of a gravitational field be positioned between 
earth and a far remote source of light (e.g., a star), positioned exactly on the optical axis. In such a 
perfect alignment of successive objects only those light rays from the star may reach the earth which 
are focused toward earth by the intermediate gravitational field (see figure). 

Because of the azimuthal symmetry the star is imaged as a ring visible from earth. Because the 
star cannot be observed directly because of the intermediate object, one should see only a so-called 
Einstein ring instead of a pointlike light source. But the configuration just discussed represents a 


4For popular representations of this domain see, e.g., J. Reinhardt and W. Greiner, Physik in unserer Zeit, no. 6 
(1976) 171; W. Greiner and J. H. Hamilton, American Scientist 19 (1980) 154; J. Greenberg and W. Greiner, 
Physics Today (Aug. 1982) 24. A comprehensive, scientific presentation of the subject can be found in W. Greiner, 
B. Miiller, J. Rafelski, Quantum Eletrodynamics of Strong Fields, Springer-Verlag, Berlin, Heidelberg, New York, 
1985. 
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Deflection of light at the rim of the sun. 


particularly simple idealized case, and it may be highly unlikely to observe exactly such a situation. 
In any case one may calculate the imaging properties of general lens systems. It turns out that, besides 
such ringlike images, there is also a chance for double or triple images of an object. 

Particularly interesting objects of astronomy are quasars, known since 1963. Quasars are starlike 
(i.e., pointlike as seen from earth) light and radio sources displaying a strong red shift in the spectra. 
Therefore, they cannot be stars of our Milky Way but rather are very far remote objects, the red shift 
of which is a consequence of the expansion of the universe. 

In 1979 a pair of very closely spaced quasars was detected. The analysis of their spectra showed 
that these agree both in the relative intensity of the spectral lines as well as in their red shift. Further 
observations have shown that there is a galaxy with low red shift (1.e., closer to us) just between the 
two quasars. Hence it became likely that the double-quasar does not consist of two distinct objects 
but that the astronomers—hecause of the light deflection in the gravitational field of the galaxy— 
(see Problem 33.3) see two images of a single object.» Meanwhile, many more double- and even 
triple-images of quasars by gravitational lensing have been detected. 

The wave fronts emerging from the light source (quasar) are folded in the vicinity of a large mass 
(galaxy) such that three wave fronts are passing the observer (see figure). On earth one therefore sees 
three images of the quasar. That one sees only two images in the case of double-quasars may be due 
to the circumstance that one of the images is very faint or that two images are so closely spaced that 
they are no longer separated optically. 

The gravitational lens effect may be observed only in the radiation from quasars since the deflection 
angle as seen from earth is proportional to the gravitational potential of the lens at the position of earth. 
An estimation of the mass distribution in the universe shows that the probability of a gravitational 
lens effect with a remote galaxy as lens is by about the factor 10" larger than the probability of such 
an effect with a star from our Milky Way as deflecting mass. 

The first observations of gravitational lensing very done with arrays of radio telescopes. This 
technique yielded in 1987 the dicovery of an almost perfect Einstein ring.° 

Meanwhile, with the advent of the Hubble space telescope and large, modern ground-based 
telescopes with adaptive optics, the observation of gravitational lenses has become very common in 


>For an account by one of the discoverers of this first “double-quasar”, see F. H. Chaffee: The Discovery of a 
Gravitational Lens, Scientific American, November 1980, 60-68. 
© Jaqueline. N. Hewitt et al.: Unusual Radio Source MG 1131+0456—A Possible Einstein Ring Nature 333, 


537-540 (1988). An overview from this period is given by Edwin L. Tumer: Gravitational Lenses. Scientific 
American, July 1988, 26-32. 
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Observer 
Propagation of a wave front by a galaxy leading to a gravitational lens. 


astronomy. It is even used as a too] to extend the range of possible observations and to explore into 
new issues such as the quest for dark matter or the history of the universe.’ 

Thus, by observing gravitational lens systems, one hopes to clarify a number of highly interesting 
problems. The light observed has passed cosmic distances. Therefore, gravitational lenses should be 
affected already by the geometry of space-time as a whole. As the optical properties of a gravitational 
lens can be calculated exactly, one may take also the influence of the expansion of the universe into 
account. In principle it will be possible to determine the so-called Hubble constant, which, roughly 
speaking, connects the extension and the expansion velocity of the universe. A further interesting 
aspect arises concerning the so-called dark matter as discussed earlier in Section 28. Gravitational 
lenses must not necessarily be constituted of mass distributions (e.g., quasars, galaxies) that are visible 
via their electromagnetic radiation. From the relative rate of gravitational lens phenomena, one now 
might also conclude on the rate of distributions of dark matter in the universe. An estimation of their 
mass would then have a bearing on the decision between cosmologic models, which all involve a 
mean mass density as parameter. We shal] stop with these remarks and may wait with the expectation 
for further observations that will make the solution of these problem areas more accessible. 


7Examples for the various modern “applications” of gravitational lenses are give in the article by Joachim 
Wambsganss: Gravity's Kaleidoscope, Scientific American, November 2001, 52-59. See also our remarks in 
connection with the dark matter problem in Chapter 28. 
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